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Abstract

In this paper, I investigate wildly ramifiedG-Galois covers of curvesφ : Y → P
1
k

branched at exactly one point over an algebraically closed fieldk of characteristicp.
I answer a question of M. Raynaud by showing that proper families of such covers
of a twisted projective line are isotrivial. The method is to construct an affine moduli
space for covers whose inertia group is of the formI = Z/poµm. There are two
other applications of this space in the case thatI = Z/poµm. The first uses formal
patching to compute the dimension of the space of non-isotrivial deformations of
φ in terms of the lower jump of the filtration of higher inertia groups. The second
gives necessary criteria for good reduction of families of such covers. These results
will be used in a future paper to prove the existence of such coversφ with specified
ramification data.

1 Introduction

Let Rbe an equal characteristic complete discrete valuation ring with fraction fieldK and
algebraically closed residue fieldk of characteristicp. Let G be a finite group.

1.1 Questions and Results

The results of this paper concern families of smooth connectedG-Galois covers of the
projective line which are branched at exactly one point. (See Section 1.2 for precise
definitions.) In particular, one can ask:

Question 1.1.1.Do there exist complete non-isotrivial families of smooth connectedG-
Galois covers of the projective line branched at exactly one point?

Here a family of covers is isotrivial if the fibres of the family are isomorphic as curves.
Question 1.1.1 relates to the following:

Question 1.1.2.Given aG-Galois coverφ :Yk→P1
k of smooth connected curves branched

at exactly one point, under what conditions does there exist a deformation of the coverφ
so that the corresponding deformation of the curveY is non-isotrivial?
∗This research was partially conducted by the author for the Clay Mathematics Institute
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Question 1.1.3.Given aG-Galois coverφ :YK→ P1
K of smooth connected relative curves

branched at exactly oneK-point, under what conditions doesφ have good reduction?

In Section 3, I show that the answer to Question 1.1.1 is no:

Theorem 3.3.4.Let Ω be a proper irreducible k-scheme. Let PΩ be a ruled scheme over
Ω. LetφΩ :YΩ→PΩ be a family of G-Galois covers of smooth connected curves branched
exactly above one section. Let g be the genus of the fibres of YΩ. ThenφΩ is isotrivial. In
other words, the morphismΩ→Mg, takingω to the isomorphism class of the fibre Yω, is
constant.

Theorem 3.3.2 gives another result that proper families of covers of a certain type
must be constant. These results are of interest since the moduli spaceMg does contain
projective subvarieties [Dia87].

The proof of Theorem 3.3.4 uses induction to reduce to the case that the inertia group
is of the formI = Z/poµm. Under this assumption, the filtration of higher ramification
groups is determined by one integerj for which gcd( j, p) = 1, namely by the (lower)
jump (also called the conductor).

Suppose thatφ : Y→ P1
k is aG-Galois cover branched at exactly one point with inertia

I = Z/poµm and jump j. If G 6= Z/p, then there are several necessary conditions onj:
there is a congruence condition onj modm; if j ≡ a modm then there exists a lower
bound jmin(I ,a) for j. As a result there is a small set of valuesjmin(I), depending only
on I and not onG, consisting of the minimal possible jump for each congruence value of
j modm (Section 1.4).

With the assumption thatI = Z/po µm, Section 2 describes a moduli space forI -
Galois covers of Spec(k[[u−1]]) under a certain equivalence. This space is affine and is of
positive dimension if and only ifj 6∈ jmin(I). Analyzing the moduli space allows one to
answer Question 1.1.2 in this case:

Theorem 3.1.10.Let I = Z/poµm. Letφ : Yk→ P
1
k be a G-Galois cover of smooth con-

nected curves branched exactly at∞ with inertia I and jump j. Suppose g= genus(Yk)≥
2. Then there exists a G-Galois deformationφR : YR→ P

1
R of φ over Spec(R) which is

branched only at∞R and which induces a non-constant morphismSpec(R)→Mg if and
only if j 6∈ jmin(I).

Furthermore, analyzing the moduli space gives necessary conditions for good reduc-
tion for Question 1.1.3 in the case thatI =Z/poµm. See Proposition 3.2.4 for this result.

These theorems are used in [Pri] to realize the existence ofG-Galois coversφ : Y→
P

1
k of smooth connected curves branched at exactly one point for some inertia group

I = Z/poµm⊂ G and small jumpj ∈ jmin(I). The method is to consider such a cover
φ with sufficiently large jump. Using Theorem 3.1.10 one can construct a non-isotrivial
deformation ofφ. This deformation yields a proper variety ofMg and Theorem 3.3.4
allows one to say that it intersects the boundary. This produces a cover of this type with
smaller jump. I would like to thank D. Harbater for help with my thesis, in which I
developed a large part of this material.
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1.2 Notation and Background

Let k be an algebraically closed field of characteristicp. Let R be an equal characteristic
complete discrete valuation ring with residue fieldk and fraction fieldK. Let G be a finite
group and let Sylp be a chosenp-Sylow subgroup ofG.

If X is a scheme overR, we assume that the morphismf : X→ Spec(R) is separated,
flat and of finite type. AnR-curveis a schemeX over Spec(R) such that each irreducible
component ofX is of relative dimension 1 overR. TheR-curveX is proper if f is proper.
Let XK = X×Spec(R) Spec(K) andXk = X×Spec(R) Spec(k) be the generic and special fibres
of X respectively. IfX is ak-curve andS is ak-scheme, letXS = X×k S.

Suppose a schemeX is reduced and connected, but not necessarily irreducible. A mor-
phismφ : Y→ X of schemes is a (possibly branched)coverif φ is finite and generically
separable. Note that ifφ is a cover ofR-curves, thenφk may not be generically separable
althoughφK will be. A G-Galois coveris a coverφ : Y→ X along with a choice of homo-
morphismG→ AutX(Y) by whichG acts simply transitively on each generic geometric
fibre of φ (again allowing branching).

Suppose thatξ is a point of a schemeX. ThegermX̂ξ of X at ξ is defined to be the
spectrum of the complete local ring of functions ofX at ξ. Note that ifξ is a closed point
of a curveX then X̂ξ has dimension 1 ifX is a k-curve and has dimension 2 ifX is an
R-curve. Supposeφ : Y→ X is a cover. Letη ∈ Y be a closed point and letξ = φ(η).
The coverφ̂η : Ŷη → X̂ξ will be called thegermof φ at η. If φ is Galois andD is the
decomposition group ofφ at η thenφ̂η is Galois with groupD.

For allm∈ N with gcd(m, p) = 1, choose anmth root of unityζm∈ k such thatζm2 =
ζm1

m2m1. For g ∈ N, let Mg denote the coarse moduli space of proper smooth connected
curves of genusg, and letMg denote the compactification ofMg as in [DM69]. If Y is
a curve of genusg, let [Y] denote its isomorphism class. For ak-schemeS, let US =
Spec(OS[[u−1]]); if S= Spec(A) thenUS = Spec(A[[u−1]]).

For completeness, here is some information about inertia groups of wildly ramified
covers from [Ser68, Chapter IV]. Consider a (wildly ramified)G-Galois cover of curves
φ : Y→ X with branch locusB. For a closed pointξ ∈ B. let πη be a uniformizer ofY at
η ∈ φ−1(ξ).

Definition 1.2.1. a) Thedecomposition group Dof φ at η is the subgroupD = {g∈G :
g(η) = η}). Theinertia group Iof φ at η is the normal subgroupI ⊂ D which acts
by the identity onÔY,η/πη. (If ξ is ak-point, thenI = D.)

b) Thefiltration of higher ramification groups{Ii : i ∈N+} of I atη is defined as follows:
If g∈ I theng∈ Ii if and only if g(πη)≡ πη modπi+1

η .

c) The(lower) jumpsfor φ atη are the integersj > 0 such thatI j 6= I j+1; in other words,
j is a lower jump forφ if and only if j +1 = val(g(πη)−πη) for someg∈ I .

Note that, up to isomorphism, these objects do not depend on the choice ofη aboveξ.
If η is not a closed point ofX, the decomposition group, inertia group, filtration of higher
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ramification groups, and jumps forφ at η are the corresponding objects over the generic
point of η. If η is a point of height one then the inertia groupI of φ at η is of the form
I = Poµm whereP is a p-group and gcd(m, p) = 1.

Let X be a smooth connected proper curve of genusgX with rX marked points{xi}
over an algebraically closed fieldk of characteristicp. Let φ : Y→ X be aG-Galois cover
of smooth connected curves branched only at{xi}. An important problem is to classify
all groupsG for which such a cover exists, as well as to classify all the possibilities for
the inertia groups above the branch points, along with their ramification filtrations.

Abhyankar’s Conjecture [Abh57, Conjecture 1] is the main result in this area.

Theorem 1.2.2 (Abhyankar’s Conjecture). (Raynaud, Harbater)
Let G be a finite group. Let p(G) ⊂ G be the subgroup generated by all the Sylow-p
subgroups of G. Let X be a proper smooth connected curve of genus gX over an alge-
braically closed field of characteristic p and let{xi} be a finite set of rX points of X with
rX ≥ 1. There exists a G-Galois coverφ : Y→ X of smooth connected curves branched
only at{xi} if and only if the quotient G/p(G) can be generated by at most2gX + rX−1
generators.

Proof. [Ray94, Corollary 6.5.3]; [Har94, Theorem 6.2].

Definition 1.2.3. A finite groupG is quasi-pif G is generated by its Sylow-p subgroups.

Furthermore, the inertia groups ofφ in Theorem 1.2.2 can be chosen to be thep-Sylow
subgroups ofG [Har93]. In the case thatX ' P1

k and rX = 1, then the group theoretic
condition in Theorem 1.2.2 is thatG = p(G) or equivalently thatG is quasi-p.

Corollary 1.2.4. Let G be a finite group. There exists a G-Galois coverφ : Y→ P
1
k of

smooth connected curves branched at only one point and having inertia group I= Sylp if
and only if G is quasi-p.

Proof. [Ray94, Corollary 6.5.3].

Since there are many unanswered questions about inertia groups forG-Galois covers
φ : Y→ X of smooth curves overk, this paper restricts to the case whereX ' P1

k and
whereφ is branched at exactly one point. In this caseG must be a quasi-p group.

1.3 Inertia Group Invariants

Let I = Z/poµm with gcd(m, p) = 1. Let c denote the chosen generatorζm of µm from
Section 1.2 and choose a generatorq of Z/p. The invariantsα(I) anda(I) defined below
give information about the structure ofI by describing the action ofµm onZ/p.

Definition 1.3.1. Let I = Z/po µm with generatorsc of µm and q of Z/p as above.
Consider the homomorphismg : µm→ Aut(Z/p) given by g(c) : q 7→ cqc−1. Define
α(I) ∈ (Z/pZ)∗ to be the number such thatcqc−1 = qα(I). Let n′ = #Ker(g) and letn be
such thatm= nn′.
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The invariantα(I) does not depend on the choice of generatorq (Lemma 1.3.3). Note
that the order of the prime-to-p part of the center ofI is n′. The subgroup Ker(g) = 〈cn〉
is precisely the subgroup which acts trivially onZ/p. The numbern satisfiesn|(p−1).

Definition 1.3.2. Let I = Z/poµm, with generatorsc of µm andq of Z/p as above. Let
g : µm→ Aut(Z/p), α(I) ∈ (Z/pZ)∗, and n|(p− 1) be as in Definition 1.3.1. Write
p− 1 = n1n. Let ζp−1 ∈ k be the chosen root of unity from Section 1.2. Leta′(I) ∈
{1, . . . p−1} be such thatα(I) = ζa′(I)

p−1. Define theinvariantof I to bea(I) = a′(I)/n1.

Lemma 1.3.3. i) The invariant a(I) ∈ Z, 1≤ a(I)≤ n.

ii) The invariant a(I) satisfiesgcd(a(I),n) = 1.

iii) The invariant a(I) does not depend on the choice of q.

iv) The invariant a(I) depends on the choice of c as follows: if c◦ = cβ for someβ such
thatgcd(β,m) = 1 then a◦(I)≡ a(I)β modn.

Proof. i) For the first statement, it is sufficient to show thatn1|a′(I). By Definition 1.3.1,

cn acts trivially onq. Soq = cnqc−n = qα(I)n
. So 1= ζa′(I)n

p−1 = ζa′(I)
n1 . The second

statement is automatic from the bounds ona′(I).

ii) Considerg : 〈c〉 → Aut(Z/p) wherec : q→ qα(I). By definition n = m/n′ is the

order ofα(I) = ζa′(I)
p−1 ∈ (Z/pZ)∗. Thusn = (p−1)/gcd(p−1,a′(I)) and son1 =

gcd(p−1,a′(I)). Thus gcd(n,a(I)) = 1.

iii) If q′= qβ theng(c) : q′ 7→ cq′c−1; butcq′c−1 = cqβc−1 = cqc−1 · · ·cqc−1 = (qα(I))β =
(q′)α(I); since this change ofq does not affectg(c), it does not affectα(I) or a(I).

iv) This follows from the fact thatg is a homomorphism; in other words, ifc1 = cβ (with

gcd(β,m) = 1) theng(c1) : q 7→ qα(I)β
; thus α(I) ≡ α(I)β modp; thus ζa′1(I)

p−1 =

ζa′(I)β
p−1 and the claim follows by dividing each exponent byn1.

1.4 Covers of Complete Local Rings

Let U = Spec(k[[u−1]]) and letξ be the closed point ofU . (The choice ofu−1 rather than
u simplifies later notation.) Any connected normal Galois cover ofU has Galois group
I = Poµm whereI is a p-group and gcd(m, p) = 1. AssumeI = Z/poµm and describe
I as in Definition 1.3.1 and Definition 1.3.2. This section describes the structure ofI -
Galois coversφ : Y→U of germs of curves with lower jumpj in the filtration of higher
ramification groups aboveξ.
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Lemma 1.4.1. Let I =Z/poµm. Consider generators c and q of µm andZ/p andα(I)∈
(Z/pZ)∗ as in Definition 1.3.1. Ifφ : Y→ U is an I-Galois cover of germs of smooth
connected curves with jump j as in Definition 1.2.1 then the following are true:

i) The jump satisfiesgcd( j, p) = 1; there exists f(x) ∈ k[x] with degree j so that the
equations forφ generically can be chosen to be:

xm = u,yp−y = f (x).

ii) The Galois action on the generic fibre is given by the following equations for someγ
with gcd(γ,m) = 1 (after possibly changing the choice of q)

c(x) = ζγ
mx,c(y) = yα(I)−1,q(x) = x,q(y) = y+1.

iii) There is a condition on the exponents of f(x) modulo m, namely f(x) = x jgu where
gu ∈ k[u−1]. Also, f(x) andα(I) satisfy:

f (x) = α(I) f (ζγ
mx),α(I) = ζ−γ j

m .

iv) For n′ as in Definition 1.3.1, the cover satisfies n′ = gcd(m, j).

v) The invariant a(I) satisfies a(I)n′ ≡−γ j modm.

Proof. i) The proof (using Kummer theory, Artin-Schreier theory and [Ser68, Chapter
IV]) is classical.

ii) By Kummer theory, (with no change in choice of generatorc), c(x) = ζγ
mx for some

γ such that gcd(γ,m) = 1. By Artin-Schreier theory, there is a choice ofq with
the desired action ony. The action ofc extends toy and is of the formc(y) = yα′
for someα′ ∈ µm. Sincecqc−1 = qα(I) notice thatcq(y) = yα′ + 1 must equal
qα(I)c(y) = yα′+ α(I)α′. Thusα′ = α(I)−1.

iii) Applying the automorphismc to the equationyp−y = f (x) and noting thatα(I)p =
α(I) we see thatα(I)−1(yp−y) = f (ζγ

mx). Thus f (x) = α(I) f (ζγ
mx) which implies

that all the exponents off (x) must be congruent modulom. Since j is the degree of
f (x), it follows that f (x) = x jgu wheregu ∈ k[x−m] = k[u−1] andα(I) = ζ−γ j

m .

iv) By Definition 1.3.1,n′ = m/n wheren is the smallest integer such thatg(cn) = id.
Note thatcn(q) = qα(I)n

and by item iii)α(I) = ζ−γ j
m . Thusn is the smallest value

among alln0 such that 1= ζn0γ j
nn′ . Since gcd(γ,m) = 1 this is only possible ifn′ =

gcd(nn′, j) = gcd(m, j).

v) This follows immediately fromζa(I)n′
m = ζa(I)

n = ζa′(I)
p−1 = α(I) = ζ−γ j

m .
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There are some necessary conditions on the invariants associated to a Galois cover
φ : Y→ P

1
k which is branched at exactly one point. In particular, if genus(Y) ≥ 2 then

there is a lower bound onj which can be easily computed in the case thatI = Z/poµm.

Definition 1.4.2. SupposeI ' Z/poµm with gcd(m, p) = 1. Let n′ be the order of the
prime-to-p part of the center ofI . Let n be such thatm = nn′. Let a be such that 1≤
a≤ n and gcd(a,n) = 1. Define jmin(I ,a) = 2m+ n′ if a = 1 andn = p−1 and define
jmin(I ,a) = m+ an′ otherwise. Definejmin(I) to be the set of alljmin(I ,a) for 1≤ a≤ n
and gcd(a,n) = 1.

Note that j ≤m(2+ 1/(p−1)). Also, if j ∈ jmin(I) then gcd( j, p) = 1. To see this
whenn= p−1 anda= 1, note that gcd(n′, p) = 1 and jmin(I ,1) = 2m+n′= n′(2n+1) =
n′(2p−1) is prime top. If eithern 6= p−1 ora 6= 1, then jmin(I ,a) = n′(n+a). Consider
the inequalities 2≤ n+ a≤ 2n≤ 2p−2. The only possibility forp to dividen+ a(I) is
if n = p−1 anda(I) = 1 which is the earlier case.

Lemma 1.4.3. Supposeφ : Y → P
1
k is a G-Galois cover of smooth connected curves,

branched at exactly one point with inertia group I=Z/poµm, jump j, andgenus(Y) = g.
Then the values of m, j, and g satisfy the following conditions:

i) The numbers j and m satisfy j∈ N+, m∈ N+, gcd( j, p) = 1, gcd(m, p) = 1; and
j ≡ an′ modm for some a such that1≤ a≤ n andgcd(a,n) = 1.

ii) If d = #G and r= d/mp is the number of ramification points then the genus satisfies

g = 1+ r( j(p−1)−mp−1)/2;

iii) If g = 0 then G' Z/p, m= 1, and j= 1. If g = 1 then m= 1, p = 3 and j = 2 or
m= 1, p= 2 and j= 3. (These cases occur; see Example 1.4.4.)

iv) Suppose g≥ 2 and j≡ an′ modm with a as in i). Then j≥ jmin(I ,a).

Proof. i) Let ξ be the branch point ofφ and letη ∈ f−1(ξ). Let I ⊂ G be the inertia
group ofφ at η. Apply Lemma 1.4.1 to theI -Galois coverφ̂ of the germs of the
curves at the pointsξ andη.

ii) This follows by simplifying the Riemann-Hurwitz formula, 2g−2 =−2d+ r((mp−
1)+ j(p−1)), [Ser68, Proposition 4.4] and [Har77, Corollary 4.2.4].

iii) If g = 0 then simplifying (ii) yields 2= r(mp+ 1− j(p−1)). Sincer divides 2, the
subgroupI is normal inG. Thus the quotient ofY by I is an unramified cover of
P

1
k and is thus trivial. This implies thatG = I . Then the Sylow-p subgroupZ/p

is normal in a quasi-p groupG and thusG = Z/p. In particular, this implies that
m= 1. Then simplifying again gives 2= p+1− j(p−1) and soj = 1.

If g = 1 then simplifying (ii) yieldsj = m+(m+1)/(p−1). Sincen dividesp−1
(Definition 1.3.1) andj ∈ Z, n must dividem+ 1. Sincen also dividesm, it must

7



be true thatn = 1. Likewise sincen′ divides both j andm, it must dividem+ 1.
So n′ = 1 as well. Thusj = 1+ 2/(p−1) is an integer. Sop = 2 or p = 3 and
j = 1+2/(p−1) so j = 3 or j = 2 respectively.

iv) If g≥ 2, the first claim is thatj >m+(m+1)/(p−1). By ii), if g≥ 2 thenr( j(p−
1)−mp− 1)/2≥ 1. Thus j(p− 1) ≥ mp+ 1+ 2/r and j ≥ m+ (m+ 1)/(p−
1) + 2/r(p−1). If 2/r(p−1) < 1 then j > m+ (m+ 1)/(p−1) since j ∈ Z. If
2/r(p−1) ∈ {1,2} then the claim can be verified directly.

Now suppose thata is such that 1≤ a≤ n and gcd(a,n) = 1 and j ≡ an′ modm.
If n = p−1 anda = 1 then j >m+(m+1)/n = m+n′+1/n. Thus j ≥ 2m+n′ =
jmin(I ,1). If eithern 6= p−1 ora 6= 1, thenan′ > (m+1)/(p−1) so j ≥m+an′ =
jmin(I ,a).

Example 1.4.4.Let G' Z/p. There exists aG-Galois coverφ : Y→ P1
k branched at one

point with inertiaZ/p, jump j, and genus(Y) = g if and only if j ∈N+ with gcd( j, p) = 1
andg = ( j−1)(p−1)/2.

Proof. In this casem= r = 1, d = p. By Lemma 1.4.3, the conditions are necessary. If
j ∈ N+ with gcd( j, p) = 1 then the equationyp− y = x j will determine a coverφ with
jump j and genusg = ( j−1)(p−1)/2.

2 Moduli Space

2.1 Families of Covers

Let S be an irreduciblek-scheme. Afamily of curvesover S is a flat morphismX → S
of schemes of relative dimension 1. Afamily of (G-Galois) covers of curvesis a flatS-
morphismφS : YS→ XS whereYS andXS are families of curves overSand the fibres ofφS

are (G-Galois) covers. There are several types of isomorphism between families of Galois
covers of curves overS.

Definition 2.1.1. Let φS : YS→ XS andφ′S : Y′S→ XS be two families ofG-Galois covers
of smooth connected curves over an irreducible schemeS. Let g be the genus of the fibres
of YS.

a) The coversφS andφ′S areisomorphicif there exists anS-isomorphismf : Y′S→YS such
that f is G-equivariant andφ′S = φSf .

b) The coversφS andφ′S areweakly isomorphicif there existS-isomorphismsf : Y′S→YS

and f1 : XS→ XS such thatf is G-equivariant andf1φ′S = φSf .

c) The coverφS is constantif there exists aG-Galois coverφk : Yk→ Xk such thatφS is
isomorphic toφk×k S: Yk×k S→ Xk×k S.
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d) The coverφS is weakly constantif there exists aG-Galois coverφk : Yk→ Xk such that
φS is weakly isomorphic toφk×k S: Yk×k S→ Xk×k S.

e) The relative curveYS is isotrivial if the corresponding morphismτ : S→ Mg taking
S 7→ [YS] is constant.

Clearly, (taking the isomorphismf1 to be the identity) ifφS andφ′S are isomorphic
then they are weakly isomorphic, and ifφS is constant then it is weakly constant. IfφS

is weakly constant, thenφS andYS are isotrivial because the image ofτ in Mg is exactly
the unique point ofMg corresponding toYk. The converse is false sinceMg is not a fine
moduli space. However, one can say the following:

Lemma 2.1.2. Let φS : YS→ XS be a family of G-Galois covers of smooth connected
curves over an irreducible k-scheme S. Suppose that the relative curve YS is isotrivial.
Suppose the genus of the fibres of YS satisfies g≥ 2. Then there exists ańetale cover
i : S0→ S with S0 irreducible such that the pullbackφS0 = i∗φS is weakly constant.

Proof. Choosel ≥ 3 such that gcd(l , p) = 1. LetS2 be the closed subset of the Jacobian
J = PicS(Y) consisting of the kernel of the finite morphism[l ] of multiplication byl . Then
S2 is étale overSwith degreel2g. Let S1 be an irreducible component of the fibre product
overS of the irreducible components ofS2. Note thatS1 is irreducible andi : S1→ S is
étale. Consider the pullbacksJS1 andYS1. The morphismJS1→ S1 is now equipped with
l2g disjoint sections. Thus one can choose a Jacobi structure of levell onYS1, namely an
isomorphism between thel -torsion ofJS1 and(Z/lZ)2g

S1
.

The data ofYS1 and its Jacobi structure of levell gives a morphismτ : S1→Mg,l , the
fine moduli space of curves of genusg with Jacobi structure of levell [Gro61, Theorem
3.1], [DM69, 5.14]. Furthermore, sinceYS1 is isotrivial andS1 is connected, the image of
τ consists of exactly one point which corresponds to an isomorphism class of curvesYk

with a Jacobi structure of levell . Thus there is anS1-isomorphismfS1 : YS1 'Yk×k S1.
The action ofG onYS1 and theS1-isomorphismfS1 induce anS1-homomorphism from

G to AutS1
(Yk×kS1). Sinceg≥ 2, AutS1

(Yk×kS1) is finite and unramified overS1 [DM69,
Theorem 1.11]. Thus there is a finite andétale mapS0→ S1 such that the pullback of
HomS1

(G,AutS1
(Yk×k S1)) to S0 is trivial. Let Xk be the quotient ofYk by G and let

φ′S0
: Yk×k S0→Xk×k S0 be the constant cover. ReplaceS0 with an irreducible component

of the fibre product overS of the irreducible components ofS0. The finiteétale cover
i : S0→ Strivializes theG-action induced fromfS0 onYk×S0. Define f1 : XS0→ Xk×k S0

by f1 = φ−1
S0

fS0φ′S0
. The coveri∗φS0 is weakly isomorphic toφ′S0

and thus weakly constant
by Definition 2.1.1.

In certain circumstances, one can prove that a family of covers is constant if it is
constant near the branch points.

Proposition 2.1.3. Let Xk be a smooth connected curve and let Bk = {ξi} ⊂ Xk be a finite
set of points. Let S be a connected k-scheme. LetφS : YS→Xk×k S be a G-Galois cover of
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smooth connected curves branched only atξi,S = ξi×k S forξi ∈ Bk. Let φ̂i,S be the germ
of the cover at a point aboveξi,S. ThenφS is constant if and only if̂φi,S is constant for
eachξi ∈ Bk.

Proof. The forward implication is immediate. For the converse, letφ′S = φk×k S : Yk×k

S→ Xk×k S. Pull back the coverφS : YS→ Xk×k S by the constant familyφ′S. By hy-
pothesis,̂φS' φ̂′S for eachξi ∈ Bk. Thus after normalization, the cover(φ′S)∗φS is étale.
This unramified cover of the constant familyYk×k Syields a family ofétale covers of the
proper curveYk. Such a family ofétale covers of a proper curve over an algebraically
closed field lifts to characteristic 0 and so must be constant [Gro71, Exposé X, Corollary
3.9 and 2.12]. But the fibre over the chosenk-point ofS is trivial. So the family is trivial.
Thusφ′S' φS which implies thatφS is constant.

Since the inertia group and decomposition group of a generic ramification point might
not be equal, the following lemma will be needed in Section 3.

Lemma 2.1.4. Let S be an irreducible k-scheme. LetφS : YS→ XS be a G-Galois cover of
smooth connected curves over S branched at a finite set of S-sections with disjoint support.
Then there exists an irreducible scheme S′ and a finite surjective morphism i: S′→ S so
that the pullbackφS′ = i∗φS has the following property: for any generic pointη of the
ramification locus ofφS′ the decomposition group Dη equals the inertia group Iη.

Proof. Let ξ be the generic point corresponding to a branch pointξS. For anyη ∈ φ−1
S (ξ)

there exists aDη-Galois extension̂φη : Ŷη→ X̂ξ. SinceIη is normal inDη there is aDη/Iη-
Galois cover ofX̂ξ. Sinceξ is the generic geometric point corresponding to theS-pointξS,
this yields a finite coverS′ξ→ S. Let S′ be an irreducible component of the fibre product
overS of S′ξ for all branch pointsξ and leti : S′→ S. Consider the pullbackφS′ = i∗φS.
This pullback trivializes the residue field extension at every generic ramification pointη
and thusDη = Iη.

Section 2.2 describes a moduli space for certainI -Galois covers up to isomorphism
for I = Z/poµm. A difficulty in parametrizing these covers and counting the dimension
of these spaces is that it is possible to change the equations of anI -Galois cover without
changing its isomorphism class.

Lemma 2.1.5. Let S be an affine k-scheme. Suppose f(x) ∈ O(S)((x−1)) and f1(x1) ∈
O(S)((x−1

1 )). Suppose the degree of f(x) is j. Consider an I-Galois coverφS (respectively
φ′S) of US = Spec(OS[[u−1]]) given by the following equation: xm = u and yp− y = f (x)
(respectively xm1 = u and yp1− y1 = f1(x1)). There is an I-Galois isomorphism between
the coversφS andφ′S if and only if f(x1) = z f1(x1) + δp−δ for some z∈ µp−1 and some
δ ∈ x jO(S)((u−1)).

Proof. Let c andq (respectivelyc1 andq1) be generators for theI -Galois action as in
Lemma 1.4.1. If there is an isomorphismτ between the two covers thenτ(x) = ζa

mx1 for
somea sincexm = u = xm

1 . Sinceτ must commute with theµm-Galois action, it follows
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that τ(c) = c1. Also sinceτ is invertible,τ(y) = z1y1 + δ1 for somez1,δ ∈ O(S)((x−1))
with z1 a unit. Thus

zp
1yp

1−z1y1 + δp
1−δ1 = τ(yp−y) = τ( f (x)) = ζa j

m f (x1).

Substitutingyp
1 = y1 + f1(x1) implies that(zp

1− z1)y1 ∈ O(S)((x−1
1 )) and thus thatz1 ∈

µp−1. Thus f (x1) = (z1 f1(x1)+δp
1−δ1)/ζa j

m . Note thatζa j
m ∈ µp−1. The proof follows by

settingz= z1/ζa j
m andδ = δ1/ζa j

m .
Furthermore, sinceτ must commute with theZ/p-Galois action, it follows thatτ(q) =

q
aq
1 whereaq ∈ Z/p∗ = F∗p corresponds to the element 1/zζa j

m ∈ µp−1. The compatibility

c1(τ(y)) = τ(c(y)) implies thatc1(δ) = ζγ j
mδ and thus thatδ ∈ x jO(S)((u−1)).

The converse is straight-forward: iff (x1) = z f1(x1) + δp− δ, the isomorphismτ is
defined byτ(x) = x1 andτ(y) = zy1 + δ.

The following example of a family of covers with groupI = Z/p illustrates another
subtlety that needs to be addressed.

Example 2.1.6.Let S= Spec(k((t))) and leti : S′ → S be the finite radicial morphism
given by(t ′)p = t. Consider the coverφ of Spec(O(S)[[x−1]]) given byyp−y = txp and
the coverφ′ of Spec(O(S′)[[x−1]]) given byyp

1− y1 = t ′x. Then there is an isomorphism
betweenφ′ and the pullbacki∗φ takingy 7→ y1 + t ′x.

The rest of Section 2 investigatesI -Galois covers of Spec(k[[u−1]]) in the case that
I = Z/poµm. The main conclusion used in Section 3 is Proposition 2.2.6 which states
that there is an affine space parametrizing these covers whose dimension can be computed
explicitly (Notation 2.2.4).

2.2 Configuration Space

This section constructs an explicit parameter spaceC(I , j) associated with a functor of
covers ofk[[u−1]]. Due to the presence of purely inseparable morphisms (Example 2.1.6)
the schemeC(I , j) does not have all the properties of a moduli space for the natural functor
of covers. As a result, the results will first be phrased in terms of a weaker concept of a
configuration space. The slightly more complicated situation in whichC(I , j) is a fine
moduli space is introduced at the end of Section 2.2.

Definition 2.2.1. Let F be a contravariant functor from irreduciblek-schemesS to sets.
A k-schemeC is aconfiguration spacefor the functorF if the following conditions hold:

i) There is a morphismT : Hom(◦,C)→ F(◦);

ii) The morphismT induces a bijection between thek-points of the configuration space
C andF(Spec(k));

11



iii) If φS ∈ F(S) then there exists a finite radicial morphismi : S′ → S and a unique
morphismf : S′→C such thatT( f ) = i∗φS in F(S′).

Remark 2.2.2. The morphismf : S′ → C in Definition 2.2.1 (iii) may not descend to
f : S→C. As a result,C will not be a moduli space for the functorF unless one considers
a category in which finite purely inseparable morphisms between schemes are invertible;
see Definition 2.2.9.

This configuration space will parametrizeI -Galois covers of Spec(k[[u−1]]).

Notation 2.2.3. Let I = Z/poµm wherem∈ N+ with gcd(m, p) = 1. Recall the defini-
tion of n′ from Section 1.3. Letj ∈ N+ with gcd( j, p) = 1 andn′ = gcd( j,m). Let Sbe
an irreduciblek-scheme. LetUS = Spec(OS[[u−1]]) and let∞S be theS-point defined by
u−1 = 0.

Let FI , j be the contravariant functor from irreduciblek-schemesS to sets defined as
follows: let FI , j(S) be the set of equivalence classes ofI -Galois coversφS : YS→US of
smooth connected germs of curves which are branched only above∞S and whose fibres
have constant inertiaI and jumpj. Two such coversφS andφ′S will be said to beequivalent
if they are isomorphic after pullback by a finite radicial morphismS′→ S.

Lemma 2.1.5 and Example 2.1.6 illustrate why the configuration space forFI , j (Def-
inition 2.2.5 and Proposition 2.2.6) will be complicated. In particular, the ambiguity of
modifying byδp−δ in Lemma 2.1.5 is addressed in Notation 2.2.4; the ambiguity ofµp−1

in Lemma 2.1.5 explains why the configuration space will be a quotient of an affine space
by an action of the cyclic group of(p−1)-roots of unity. Finally Example 2.1.6 shows
that finite purely inseparable morphisms of the base will be necessary.

Notation 2.2.4. Let I and j be as in Notation 2.2.3. Define sets:

E0(I , j) = {e∈ Z : 1≤ e≤ j;e≡ j modm};

E(I , j) = {e∈ E0(I , j) : ∀ν ∈ N+, pνe 6∈ E0(I , j)}.

Define the numbersr0 = r0(I , j) andr = r(I , j) to be the cardinality ofE0(I , j) andE(I , j)
respectively. In other words,E0(I , j) consists of the integersei = j− im for 0≤ i < j/m
andE(I , j) consists of the subset of allei such thatpνei 6= ek for anyν ∈ N+.

The numberr(I , j) will be the dimension of the configuration space ofZ/po µm-
Galois covers of Spec(k[[u−1]]). The proof of Theorem 3.1.10 shows thatj 6∈ jmin(I) if
and only ifr(I , j)≥ 3.

Definition 2.2.5. ConsiderI and j as in Notation 2.2.3. Let̃C(I , j) be the affine scheme

Gm×G
r(I , j)−1
a . Let a j−im for j − im ∈ E(I , j) be ther(I , j) coordinates of~a ∈ C̃(I , j).

Consider the action ofµp−1 on C̃(I , j) which takes~a to ζp−1~a. Theconfiguration space
C(I , j) is the quotient ofC̃(I , j) by this (possibly non-faithful) action ofµp−1.
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Proposition 2.2.6. With I = Z/poµm, j, C(I , j) and FI , j as in 2.2.3, 2.2.4 and 2.2.5, the
scheme C(I , j) is a configuration space for the functor FI , j .

Proof. The proof is to verify conditions i) - iii) of Definition 2.2.1.

i) Let Sbe an irreduciblek-scheme. Given a morphismf : S→C(I , j), choose a lifting to
a morphismS→ C̃(I , j). This yields coordinatesa j−im ∈ O(S) for j− im∈ E(I , j)
with a j ∈ O(S)∗. Consider the equation given by

xm = u,yp−y = f (x) = a jx
j + . . .a j−imx j−im + . . .a j−(r◦−1)mx j−(r◦−1)m

wherea j−im = 0 if j − im 6∈ E(I , j). This equation defines anI -Galois coverφS :
YS→US of smooth connected germs of curves which is branched only above∞S

and has jumpj. This gives an elementφS∈ FI , j(S).

The coverφS is well-defined. Changing the lifting multiplies all the coordinates
a j−im by a(p−1)th root of unity. Letφ′S be the cover determined by the equations
xm = u and(y′)p−y′ = ζp−1 f (x) (where the coefficients ofζp−1 f (x) are the coor-
dinatesζp−1a j−im of the new lifting). ThenφS andφ′S are isomorphic by Lemma
2.1.5 (where the isomorphism takesy′ 7→ ζp−1y). ThusφS is well-defined. Hence
the mapT(S) : Hom(S,C(I , j))→ FI , j(S) given by f 7→ φS is well-defined. The
mapT(S) depends functorially onSand so defines a morphismT.

ii) Take S= Spec(k). By part (i), the morphismT yields a map from thek-points of the
configuration spaceC(I , j) to FI , j(Spec(k)). By the statement of part (iii) (proven
below) if φS∈ FI , j(S) then there exists a finite radicial morphismi : S′→ S and a
unique morphismf : S′→C(I , j) such thatT( f ) = i∗φS in FI , j(S′). However, ifS=
Spec(k) then the coveri : S′→Smust be trivial. Thus givenφk∈FI , j(Spec(k)) there
exists a uniquek-point f : Spec(k)→C(I , j) such thatT( f ) = φk. The existence of
f shows that the mapT is surjective onk-points, and the uniqueness shows thatT
is injective onk-points.

iii) The goal is to show that ifφS ∈ F(S) then there exists a finite radicial morphism
i : S′→Sand a unique morphismf : S′→C(I , j). If φS∈FI , j(S) thenφScorresponds
to an equivalence class ofI -Galois coversφS : YS→US of smooth connected germs
of curves which is branched only above∞S and has jumpj.

It suffices to show the statement forSaffine for sheaf theoretic reasons. In particu-
lar, if S is not affine, then consider a collection of affine subvarieties which coverS.
Then the equations for the coverφS are determined by the equations over this affine
covering ofS. The modifications made to these equations are also determined by
the modifications over the affine covering.

By Kummer Theory and Artin-Schreier Theory, the coverφS corresponds to an
extension ofO(S)[[u−1]] given by the equations:

xm = a0u,yp−y = fS(x)
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with a0 ∈O(S)∗ and fS(x) ∈O(S)((x−1)). By Lemma 2.1.5 it is possible to assume
that fS(x) ∈ xO(S)[x] since any element ofO(S)[[x−1]] is of the formδp− δ for
someδ ∈ O(S)[[x−1]].

Furthermore, one can choosefS(x) so that the largest exponent ofx which is not
divisible by p is j (as in Lemma 1.4.1). If the leading term offS(x) is of the form
aJxpJ for someaJ ∈ O(S), then consider the finite radicial morphismi : S′ → S
given by the equationap = aJ. Then addingaxJ− (axJ)p to fS(x) does not change
the isomorphism class of the pullbackφS′ of φS. Thus one can remove the term
aJxpJ from the equation. Thus after taking a uniquely determined finite radicial
morphismi : S′ → S, one can assume thatj is the degree offS(x). Furthermore,
the fact thatφS is I -Galois forces all the exponents offS(x) to be congruent toj
modm.

Thus the coverφS′ corresponds to an extension ofO(S′)[[u−1]] given by the equa-
tions:

xm = a0u,yp−y = f2(x) = a′′j x
j + . . .a′′j−imx j−im + . . .a′′j−(r0−1)mx j−(r0−1)m

wherea′′j−im ∈ O(S′) for 1≤ i ≤ (r0−1), anda′′j ∈ O(S′)∗.

Furthermore, ifpν( j− im) = j− i′m for someν ∈ N+ and 1≤ i, i′ ≤ (r0−1) then
one can modifyf2(x) by (a′′j−im)pν

x j−i′m− a′′j−imx j−im without changing the iso-
morphism class of the cover. ThusφS′ is isomorphic to a cover which is given by
the equations

xm = a0u,yp−y = f1(x) = a′jx
j + . . .a′j−imx j−im + . . .a′j−(r0−1)mx j−(r0−1)m

wherea′j−im = 0 if pν( j− im) = j− i′m. In other wordsa′j−im = 0 if j− im 6∈E(I , j).
Note that it is still the case thata′j−im ∈ O(S′). Also the coefficienta′j = a′′j since
gcd( j, p) = 1 and thusa′j ∈ O(S′)∗.

It is possible to absorb the coefficienta0 into the second equation by taking anétale
extensionS′′→ S′ given by the equation(a′0)m = a0 and replacingx by xa′0 in both
equations. This changes the coefficientsa′j−im to new coefficientsa j−im ∈ O(S′′).
Note thata j ∈O(S′′)∗ sincea0∈O(S′)∗. The new equations are the following (with
a′j−im = 0 if j− im 6∈ E(I , j)):

xm = u,yp−y = f (x) = a jx
j + . . .a j−imx j−im + . . .a j−(r0−1)mx j−(r0−1)m.

Consider the map fromS′′ to C̃(I , j) which is given by:

S′′ 7→ (a j , . . . ,a j−(r0−1)m)

eliminating the coordinatesa j−im for which j − im 6∈ E(I , j). Note that there are
exactlyr(I , j) terms by definition.
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Furthermore, the choice ofa′0 is defined up to multiplication byζm. Multiplying a′0
by ζm multiplies the coefficientsa j−im by ζ j−im

m = ζ j
m = ζ j ′

n . (Recall thatj = j ′n′

wheren′ = gcd(m, j)). Thus the mapS′′→ C̃(I , j) is defined up to multiplication

of each coordinate byζ j ′
n = ζ j ′n1

p−1. Furthermore,f (x) is determined uniquely up
to multiplication byζp−1 for all representatives of the isomorphism class ofφS.
Recall thatC(I , j) is the quotient ofC̃(I , j) by this action ofµp−1. Thus the map
S′′→ C̃(I , j) descends to a mapf : S′→C(I , j).

ThusφS determines a unique finite radicial morphismi : S′→ Sand a well-defined,
unique mapf : S′→C(I , j)(S′). Note thatT( f )' i∗φS in FI , j(S′) by construction.

The spaceC(I , j) also parametrizes Katz-GabberI -Galois covers ofP1
k which have

jump j. LetP1
S = P1

k×k Sand let 0S = 0×k Sand∞S = ∞×k S.

Definition 2.2.7. Let S be an irreduciblek-scheme. A coverψ : W→ P
1
S is anI -Galois

Katz-Gabber coverif ψ is an I -Galois cover of smooth connected curves; the branch
locus ofψ is B= {∞S,0S}; the coverψ is totally ramified above∞S, and is tamely ramified
above 0S with inertia groupµm. LetFKG(I , j) be the Katz-Gabber functor from irreducible
k-schemesS to sets defined as follows: letFI , j(S) be the set of equivalence classes ofI -
Galois Katz-Gabber covers having jumpj above∞S.

Lemma 2.2.8. Let I = Z/poµm. The space C(I , j) is a configuration space for the func-
tor FKG(I , j) parametrizing Katz-Gabber I-Galois covers ofP1

k with jump j.

Proof. The bijections betweenk-points ofC(I , j), I -Galois covers of Spec(k[[u−1]]) with
jump j, andI -Galois Katz-Gabber covers ofP1

k with jump j follow from Proposition 2.2.6
and the theorem of Katz-Gabber [Kat86, Theorem 1.4.1]. The proofs of (i) and (iii) are
the same as for the corresponding statements in Proposition 2.2.6.

One can show thatC(I , j) is a fine moduli space in a slightly different context.

Definition 2.2.9. Let (Sch)′ be the category whose objects are the objects of the category
(Sch) of schemes, and whose morphisms consist of all morphisms of schemes plus formal
inverses to finite radicial morphisms between schemes.

Note that any such finite inseparable morphism is a composition of Frobenius mor-
phisms [Har77, IV.2.5]. Thus the category(Sch)′ can be obtained by localizing the cat-
egory(Sch) by the multiplicative system of morphisms which are powers of Frobenius
[Har66, Proposition 3.1].

Theorem 2.2.10.Let I = Z/poµm, j, C(I , j), and FI , j be as in 2.2.3, 2.2.4, and 2.2.5.
In the category(Sch)′ (where finite radicial morphisms are invertible) the scheme C(I , j)
is a fine moduli space for the functor FI , j of equivalence classes of I-Galois covers of
Spec(k[[u−1]]) with jump j.
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Proof. By Proposition 2.2.6, the schemeC(I , j) is a configuration space forFI , j as in
Definition 2.2.1. So ifφS∈ FI , j(S) then there exists a finite radicial morphismi : S′→ S
and a unique morphismf : S′→C(I , j). Also there is a morphismT : Hom(◦,C(I , j))→
FI , j(◦) for whichT( f ) = i∗φS. Thus in the category(Sch)′ where finite radicial morphisms
are invertible there is a natural transformationτ from FI , j to the functor of points of the
schemeC(I , j).

This transformationτ is surjective by Proposition 2.2.6 (i). Suppose thatφS∈ FI , j(S)
is an equivalence class of covers and assume that the corresponding morphismf : S′→
C(i, j) is constant. ThenT( f ) is constant by Proposition 2.2.6 (i). Recall thatφS is
isomorphic toT( f ) after pullback by a finite radicial morphism. Thus the transformation
is injective in this category. Sinceτ is an isomorphism,C(I , j) is a fine moduli space for
the functorFI , j (in the category(Sch)′ where finite radicial morphisms are invertible).

There are several reasons, however, why analyzing the moduli spaceC(I , j) does not
fully answer the questions in Section 1.1. First, we need to determine when a deformation
of φ corresponding to anR-point ofC(I , j) is isotrivial. Secondly, theboundaryof C(I , j)
is not well-behaved in the following sense: there are examples of families of covers with
good reduction for which the closure of the corresponding locus ofC(I , j) is not contained
in C(I , j). To resolve these problems it is necessary to consider the action of affine linear
transformations onC(I , j).

2.3 Affine Linear Transformations

Let Ω be an irreduciblek-scheme. Given aG-Galois coverφ′ : Y′ → P
1
k branched at

∞k, let φ′Ω : Y′Ω→ P
1
Ω be the constant cover corresponding toφ′. NamelyY′Ω = Y′×k Ω,

φ′Ω = φ′×k Ω, andφ′Ω is branched exactly at∞Ω.

Notation 2.3.1. The group of affine linear transformationsAΩ of P1
Ω is the subgroup

of Ω-automorphisms ofP1
Ω which fix ∞Ω. If A ∈ AΩ thenA is anΩ-automorphism of

O(Ω)[u] andA can be written asA(u) = au+b for somea∈O(Ω)∗, b∈O(Ω). Any affine
linear transformation can be factored asA = A2A1 whereA1(u) = au andA2(u) = u+ d
for d = b/a. If A∈ AΩ thenA acts upon a coverφΩ in the following way:φA = A−1φ :
YΩ → P

1
Ω. Note that for any coverφ, φAB = (AB)−1φ = B−1A−1φ = B−1(φA) = (φA)B.

The equations ofφΩ are modified under the action ofA by replacingu with A(u).

Let φΩ : YΩ→ P1
Ω be aG-Galois cover of smooth connected curves which is branched

only above∞Ω. Note by Definition 2.1.1 thatφΩ is weakly constant if and only if there
exists an affine linear transformationA ∈ AΩ such that(φΩ)A is constant. In fact the
condition thatφS is weakly constant depends only on the equivalence class ofφ̂S modulo
the action of affine linear transformations.

Proposition 2.3.2. Let Ω be a connected k-scheme. LetφΩ : YΩ → P
1
Ω be a G-Galois

cover which is branched only above∞Ω. Let φ̂Ω be the germ of the cover at a point above
∞Ω. ThenφΩ is weakly constant if and only if there exists an affine linear transformation
A∈ AΩ such that the cover(φ̂Ω)A of germs of curves is constant.

16



Proof. Suppose thatφΩ is weakly constant. There exists an affine linear transformation
A∈AΩ such that(φΩ)A is constant. Thus the germ(φ̂Ω)A of the cover is constant. For the
converse, consider(φΩ)A : Y′Ω→ P

1
Ω. By hypothesis,(φ̂Ω)A is constant. By Proposition

2.1.3, this implies that(φΩ)A is constant. ThusφΩ is weakly constant.

Thus to investigate isotriviality (and also good reduction), it is natural to consider the
orbit of covers ofUS = Spec(OS[[u−1]]) under the action of affine linear transformations.
If S is a k-scheme andI = Z/po µm there is a natural action ofAS on theS points
of C(I , j). In particular, supposeA ∈ AS and φ̂S∈ FI , j(S) corresponds to anS-point of
C(I , j). Then the action ofA onφS is given byφA

S = A−1φ which yields anotherS-point of
C(I , j).

The following lemma will be used to find a particular representative of the orbit of an
equivalence class of covers under affine linear transformations.

Lemma 2.3.3. Given an S-point̃γ of C̃(I , j) there is anétale extension S′′ → S and an
affine linear transformation A∈ AS′′ such that the S′′-point γ̃A is contained in the locus of
(1,0,c j−2m, . . .) of C̃(I , j). There are finitely many such A with this property.

Proof. Consider the following equations corresponding to theS-point γ̃ of C̃(I , j):

xm = u,yp−y = f (x) = a jx
j + . . .a j−imx j−im + . . .a j−(r0−1)mx j−(r0−1)m

for j− im∈ E(I , j) with a j−im ∈ O(S) anda j ∈ O(S)∗.
Consider the coveri′ : S′ → S given by the equationa j

◦ = a j which is étale since
a j ∈O(S)∗ and gcd( j, p) = 1. LetA= A2A1∈AS′ whereA1(u) = ua−m

◦ andA2(u) = u+d
for some (not yet determined)d. (There are finitely many suchA1 onced is uniquely

determined). First notice thatA1(x) = xa−1/ j
j andA2(x) = (u+ d)1/m = x(1+ d/u)1/m.

The goal is to show that after anotherétale coveri′′ : S′′→ S′, there existsd ∈ O(S′′) so
that γ̃A is in the locus of(1,0,c j−2m, . . .) in C̃(I , j)(S′′).

Let b j−im = a j−ima−( j−im)
◦ ∈ O(S′). The coverφA1 is given by:

xm = u,yp−y = f1(x) = x j + . . .+b j−imx j−im + . . .+b j−(r0−1)mx j−(r0−1)m.

This is because

f1(x) = f (A1(x)) =
r0−1

∑
i=0

a j−imx j−ima−( j−im)/ j
j .

The coefficients satisfyb j−im = a j−ima−( j−im)/ j
j by definition.

The coverφA is given by:

xm = u,yp−y = f2(x) = x j + . . .+c◦j−imx j−im + . . .+c◦j−(r0−1)mx j−(r0−1)m

where

c◦j−im =
i

∑
h=0

( j
m−h
i−h

)
b j−hmdi−h.
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To see this computef2(x) = f1(A2(x)).

f2(x) =
r0−1

∑
i=0

b j−imx j−im(1+d/u)( j−im)/m.

Expand the binomial series. Namely,

(1+d/u) j/m−i = 1+( j/m− i)d/u+
(

j/m− i
2

)
d2/u2 + . . . .

Thus

x j−im(1+d/u) j/m−i = x j−im +x j−(i+1)m( j/m− i)d+x j−(i+2)m
(

j/m− i
2

)
d2 + . . . .

The expansion(1+d/u) j/m−i is a Taylor series inu−1. However, there existsf3(x) ∈
xO(S′)[x] (a polynomial with no constant term) with the following properties:f2(x)−
f3(x) ∈ O(S′)[[x−1]] (the coefficients of the terms off2(x) and f3(x) are the same); and a
representative of the isomorphism class of the coverφA is given by the equationsxm = u
andyp− y = f3(x). The reason is that any element ofO(S′)[[x−1]] is of the formδp− δ
for someδ ∈ O(S′)[[x−1]]. Thus the covers given by these two equations are isomorphic
by Lemma 2.1.5.

Collect terms off3(x) of the same degree into coefficientsc◦j−im. For example,c◦j = 1,

c◦j−m = d j/m+b j−m andc◦j−2m =
( j/m

2

)
d2 +b j−m( j/m−1)d+b j−2m.

It is possible to modify the equationf3(x) by another element of the formδp− δ
without changing the isomorphism class of the cover. As a result one can write

f3(x) = x j + . . .+c j−imx j−im + . . .+c j−(r0−1)mx j−(r0−1)m

so thatc j−im = 0 if j− im 6∈ E(I , j).
After adjusting the terms by the appropriate elementδp− δ, the second coefficient

satisfiesc j−m = d j/m+ b j−m+ δp
0 for someδ0 ∈ O(S′)[b1, . . . ,b j−(r0−1)m][d]. Consider

the genericallýetale finite coveri′′ : S′′→ S′ given by 0= h(d) := d j/m+b j−m+δp
0. For

any choice ofd ∈ O(S′′) which is a root ofh(d), the coefficientc j−im = 0.
Thus there exists ańetale coveri′′ : S′′ → S′ and (finitely many) rootsd ∈ O(S′′) of

h(d) so thatc j−m = 0 and thus so that̃γA lies in the locus(1,0,c j−2m, . . . ,c j−(r0−1)m) in
C̃(I , j)(S′′).

Remark 2.3.4. Given I and j, the polynomialh(d) defining the genericallýetale finite
cover in the above proof can be explicately described. LetE1(I , j) = {e∈E0(I , j)| j−m=
pνee for someνe ∈ N+}. Thenh(d) = b j−m + d j/m+ ∑e∈E1(I , j)(c◦e)pνe. In particular
whenE1(I , j) is empty (for example when gcd( j−m, p) = 1) thenh(d) has degree 1 and
c j−m = b j−m+ d j/m. Then the coveri′′ : S′′→ S′ is trivial and there is a unique choice
d =−b j−mm/ j in O(S′′) so thatc j−m = 0.
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It is possible to define a contravariant functorF ′I , j parametrizing equivalence classes

of I -Galois coverŝφS : YS→ US branched only at∞S with jump j under the action of
affine linear transformations. One might ask whether there exists a configuration space
C′(I , j) for this functor. By Lemma 2.3.3, there is an affine schemeC′(I , j) of dimension

r(I , j)− 2 (a quotient ofGr(I , j)−2
a by µj/n′) with the following property: elements of

F ′I , j(S) are in bijection with finite sets ofS′-points ofC′(I , j) (whereS′ → S is a finite
radicial morphism). Furthermore, this finite set ofS′-points is characterized precisely by
the polynomialh(d). In the case thath(d) has degree 1, one can prove that the scheme
C′(I , j) is a configuration space for the functorF ′I , j . The details are omitted since they do
not have direct applications in Section 3.

3 Applications

3.1 Deformation

Let φ : Y→ P
1
k be aG-Galois cover of smooth connected curves branched exactly at∞

over which it has inertia groupI = Z/poµm⊂ G and jump j. Note thatG is a quasi-p
group. Letφ̂ : Ŷ→ Spec(k[[u−1]]) be theI -Galois cover of germs of curves determined
by φ at a ramification point above∞. Let g be the genus ofY. Recall thatR is a complete
discrete valuation ring of equal characteristicp.

Definition 3.1.1. Let φ : Y→ P
1
k be aG-Galois cover as above. Adeformationof φ over

Spec(R) is aG-Galois coverφR : YR→ P
1
R with the following properties: the closed fibre

of φR is isomorphic toφ; φR is branched at a uniqueR-point ξR which specializes to∞ on
the closed fibre; andI is still an inertia group ofφR over the generic point ofξR.

Definition 3.1.2. A deformationφR : YR→ P
1
R of φ is smoothif each fibre ofYR cor-

responds to a point inMg for some fixedg. A smooth deformation isisotrivial if the
corresponding morphismτ : Spec(R)→Mg taking Spec(R) 7→ [YR] is constant.

With this definition in mind, Question 1.1.2 can be rephrased as:

Question 1.1.2 Given aG-Galois coverφ :Yk→P1
k of smooth connected curves branched

at exactly one point, under what conditions does there exist a smooth non-isotrivial defor-
mationφR : YR→ P1

R of φ?

To answer this question in the case thatI = Z/po µm, the following technique of
Harbater and Stevenson [HS99] will be used. This technique can also be deduced from
results of Ferrand and Raynaud, [FR70]; see [Pri00].

Let X be a projective smooth connected reducedk-curve. LetB be a finite closed
subset ofX. Let π be the maximal ideal ofR.

Definition 3.1.3. A (relative) thickening problem of coversfor (X,B) consists of the fol-
lowing data:
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a) A cover f : Y→ X of geometrically connected reduced projectivek-curves;

b) For eachb∈B, a Noetherian normal complete local domainRb containingRsuch that
π is contained in the maximal ideal ofRb, along with a finite generically separable
Rb-algebraAb;

c) For eachb∈B, a pair ofk-algebra isomorphismsFb : Rb/(π)→ ÔX,b andEb : Ab/(π)→
ÔY,b which are compatible with the inclusion morphisms.

d) (for the relative case only) Athickeningof X (namely a projective normalR-curveX∗

which is a trivial deformation ofX away fromB) satisfying thatX∗k ' X and that
the pullback ofX∗ to the complete local ring at a pointb∈ B is isomorphic toRb.

Definition 3.1.4. A thickening problem isG-Galois if f andRb ⊂ Ab areG-Galois and
the isomorphismsFb are compatible with theG-Galois action (for allb∈ B).

Definition 3.1.5. A solution to a (relative) thickening problem of covers is a coverf ∗ :
Y∗ → X∗ of projective normalR-curves, whose closed fibre is isomorphic tof , whose
pullback to the formal completion ofX∗ alongX′ = X−B is a trivial deformation of the
restriction of f overX′, and whose pullback to the complete local ring at a pointb∈ B is
isomorphic toRb⊂ Ab (and such thatf ∗ is compatible with the isomorphisms above).

Theorem 3.1.6. (Harbater, Stevenson.) Every thickening problem for covers has a solu-
tion. The solution is unique if the thickening problem is relative. The solution is G-Galois
if the thickening problem is G-Galois.

Proof. [HS99, Theorem 4].

A description of a few steps of the proof in the relativeG-Galois case will be helpful.
The data of the thickening problem consists of aG-Galois coverf : Y→ X, a thickening
X∗ of X and inclusionsRb→ Ab for b∈ B. Consider the trivial deformation off overR
away fromB. In other words, letX′tr be the formal completion ofX∗ alongX′ = X−B.

Let ftr : Ytr
G→ X′tr be the trivial deformation of the restriction off to X′. For eachb∈ B,

let X̂∗b = Spec(ÔX∗,b) and letη ∈ f−1(b). Consider the (possibly disconnected) covers
f̂b : Ŷη→ X̂∗b determined by the inclusionsRb→ Ab.

For eachb∈ B let Kb = Spec(Frac(ÔX,b)). The coversftr and f̂b areétale overKb and
are isomorphic overKb by Definition 3.1.3 (c). LetK̃b be the formal completion of̂X∗b
alongKb. The formal deformations of ańetale cover are all trivial [Gro71, I, Corollary
6.2] and hence isomorphic. Thus there exists a unique isomorphism between the pullbacks
of ftr and f̂b to K̃b. This isomorphism extends the identity on the closed fibre. The covers
ftr and f̂b for b ∈ B and the isomorphisms over̃Kb constitute a patching problem as in
[HS99]. The (unique) solution [HS99, Theorem 1] to this patching problem yields the
G-Galois coverf ∗ : Y∗→ X∗. The pullbacks off ∗ and ftr to X′tr are isomorphic and the
pullbacks off ∗ and f̂b to X̂∗b are isomorphic.
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The technique of [HS99] and the spaceC(I , j) can be used to find deformations of
G-Galois covers. Although it is possible to generalize the following lemma to the case
where genus(X) and the number of branch points are arbitrary, the statement in this case
parallels Theorem 3.1.10.

Lemma 3.1.7. Letφ :Yk→ P1
k be a G-Galois cover of smooth connected curves branched

at exactly one point∞ above which it has inertia I= Z/poµm and jump j. Let~a be the
point of C(I , j) corresponding to the I-Galois coverφ̂ : Ŷk→ Spec(k[[u−1]]) at a ramifica-
tion point above∞. Let S= Spec(R). Smooth deformations ofφ over S are parametrized
by the S-points of the space C(I , j) whose closed point is~a. In particular, there exists a
smooth deformation ofφ over S since r(I , j)≥ 1.

Proof. By Proposition 2.2.6, anyS-point of the spaceC(I , j) whose closed point is~a
determines anI -Galois cover̂φS of Spec(O(S)[[u−1]]) with jump j whose closed fibre is
isomorphic tôφ. LetX∗=P1

S. The coverŝφSandφ, and the isomorphism between them on
the closed fibre, determine a relativeG-Galois thickening problem as in Definition 3.1.3.
The unique solution from Theorem 3.1.6 to this thickening problem by [HS99] yields the
deformationφS. The coverφS is isomorphic toφ̂S over X̂S and is a trivial deformation of
φk away from∞. Thus the deformationφS is smooth since there are no singularities over
X̂S orA1

k.
For the reverse correspondence, consider any smooth deformationφS : YS→ P

1
S of φ.

It is possible to choose a coordinate onP1
S so thatφS is branched at∞S. By Lemma 2.1.4

there exists an irreducible schemeS′ and a finite coveri′ : S′→ Sso that the pullbackφS′

has the following property: for any generic ramification pointη of φS′ the decomposition
groupDη equals the inertia groupIη. Consider the cover̂φS′ of US′ near∞S′. By Propo-
sition 2.2.6, there exists a finite radicial morphismi′ : S′′ → S′ and a unique morphism
f : S′′→C(I , j) such that~a is the image of the closed point underf .

In particular, sincer(I , j)≥ 1 for all j, there exist non-constantS-points ofC(I , j).

Proposition 3.1.8. In the situation of Lemma 3.1.7, supposegenus(Yk) ≥ 2. A smooth
deformationφS of φk is isotrivial if and only if there exists ańetale cover S′→ S so that
the pullbackφS′ is in the orbit ofφ underAS′. Furthermore, the smooth deformationφS is
isotrivial if and only if there exists soméetale cover S′→ S and some A∈ AS′ such that
(φ̂S′)A is constant.

Proof. The statements are automatic from Lemma 2.1.2 and Proposition 2.3.2.

Lemma 3.1.9. In the situation of Lemma 3.1.7, supposegenus(Yk) ≥ 2. Then smooth
non-isotrivial deformations ofφ over S are parametrized by the S-points of the space
C(I , j) whose closed point is~a and which are not contained in the orbit of~a under the
action ofAS′ for any finiteétale cover S′→ S. In particular, there exists a smooth non-
isotrivial deformation ofφ over S if and only if r(I , j)≥ 3.

Proof. By Lemma 3.1.7, smooth deformations ofφ overSare parametrized byS-points of
the spaceC(I , j) for which the base point maps to~a. By Proposition 3.1.8, the condition
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that the deformation is isotrivial is equivalent to whether there exists someétale cover
S′→ S and someA∈ AS′ such that(φ̂S′)A is constant. There is a two dimensional orbit
of ~a under the action ofA. Thus there existS-points with base point~a which are not
contained in such an orbit if and only ifr(I , j)≥ 3.

The following theorem characterizes the values ofj for which there is a non-isotrivial
smooth deformation.

Theorem 3.1.10.Let I = Z/po µm. Let φ : Yk → P
1
k be a G-Galois cover of smooth

connected curves branched only at∞ with inertia I and jump j. Supposegenus(Yk) ≥ 2.
Then there exists a non-isotrivial smooth deformation ofφ over R if and only if j6∈ jmin(I).

Proof. The configuration spaceC(I , j) gives anr = r(I , j) dimensional space of (possibly
isotrivial) smooth deformations. By Lemma 3.1.9, there exists a smooth non-isotrivial
deformation ofφ overS= Spec(R) if and only if r ≥ 3. The claim is thatr ≥ 3 if and only
if j 6∈ jmin(I). By Lemma 1.4.3 and Definition 1.4.2, there is somea such that 1≤ a≤ n,
gcd(a,n) = 1, j ≡ an′ modmand j ≥ jmin(I ,a). Thus it is sufficient to showr ≥ 3 if and
only if j ≥ jmin(I ,a)+m.

For the proof in either direction, it is possible to assume thatj ≥ 2m+ an′. If r ≥ 3
thenr0≥ 3 and hencej ≥ 2m+an′. If j ≥ jmin(I ,a)+m then j ≥ 2m+an′.

Let j0 = j, j1 = j−m, and j2 = j−2m and note thatj0, j1, j2 ∈ E0(I , j).
Then r < 3 if and only if { j0, j1, j2} 6⊂ E(I , j). But this is the case if and only if

j i = pν j j for someν ∈ N+. Since gcd( j, p) = 1, r < 3 if and only if j1 = pν j2. By
Lemma 1.4.1, ifn′ is the order of the tame part of the center ofI , then j = n′ j ′ and
m = nn′. Thus r < 3 if and only if j ′− n = pν( j ′− 2n) which is if and only if j ′ =
n(2pν−1)(pν−1)−1 = 2n+ n(pν−1)−1. Now n|(p−1) so r < 3 if and only if ν = 1,
n = p−1, and j ′ = 2n+1.

For the first case, suppose that ifn = p−1 thena 6= 1. Thenr ≥ 3 implies j ≥ 2m+
an′ = jmin(I ,a)+m. Also, the last condition of the previous paragraph is not satisfied, so
j ≥ 2m+an′ = jmin(I ,a)+m implies thatr ≥ 3.

For the second case, suppose thatn = p− 1 anda = 1. Thenr ≥ 3 implies that
j ≥ 2m+ an′ and j ′ 6= 2n+ 1. Thusr ≥ 3 implies j 6= 2m+ n′ and so j ≥ 3m+ an′ =
jmin(I ,a) + m. Also, if j ≥ jmin(I ,a) + m then j 6= 2m+ n′ so j ′ 6= 2n+ 1. Thus the last
condition of the second to last paragraph is not satisfied and sor ≥ 3.

In conclusion, Theorem 3.1.10 answers Question 1.1.2 in the case thatp strictly di-
vides the order of the inertia group by considering the configuration spaceC(I , j) of covers
of germs of curves under the action of affine linear transformations.

3.2 Good Reduction

Notation 3.2.1. Let R be an equal characteristic complete discrete valuation ring with
fraction fieldK and residue fieldk. Let G be a quasi-p group. LetI = Z/poµm⊂G.
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Let φK : YK→ P1
K be a family ofG-Galois covers ramified only over∞K over which it

has inertiaI and jump j. By Lemma 2.1.4, after a finite extension ofK, one can assume
that the germ̂φK : ŶK → Spec(K[[u−1]]) of the cover near the branch point is Galois with
groupI .

By Proposition 2.2.6, after a finite extension ofK, one can associate the following
data toφ̂K: a uniqueK-pointγ : Spec(K)→C(I , j) in the first configuration space; and an
Artin-Schreier equationfK(x)∈K[x] of degreej describing thisK-point ofC(I , j) (which
is unique up to multiplication byζp−1).

SupposeA is an affine linear transformation overK. Let γA be theK-point in the
configuration spaceC(I , j) corresponding toA−1φK : YK → P

1
K which is described by

fK(A(x)). Let A0 be one of the finitely many affine linear transformations such that the
K-point γ0 = γA0 corresponding toφA0 is in the image of the locus of(1,0,c j−2m, . . .)
in C̃(I , j). Note thatA0 ∈ AK′ for some field extensionK → K′. Let f0(x) be an Artin-
Schreier equation corresponding to the coverφA0.

Definition 3.2.2. The coverφK hasgood reductionif (after a finite extension ofK) there
exists a normalizationφ′R : Y′R→ P1

R of φK such that

a) the coversφ′K andφK are weakly isomorphic;

b) the curveY′k is smooth;

c) the coverφ′k is genericallýetale (automatic from (b) if genus(YK)≥ 2).

The weak isomorphism condition occurs in Definition 3.2.2 for the following reason.
The coverφK will have good reduction if and only if there exists a choice of an integral
modelP1

R for P1
K such that the normalizationYR of P1

R in YK is smooth and the cover is
genericallyétale over the special fibre. The choice of an integral modelP

1
R depends on

the choice of a parameter forP1
K. Thus the choice of an integral model is given up to an

automorphism ofP1
K, in other words up to weak isomorphism. Without loss of generality,

the wild branch point ofφ′R can be chosen to be∞R. Thus the affine linear transformations
AK are the only automorphisms ofP1

K which are necessary to consider.
There are examples of families of covers of curves over Spec(K) which have good

reduction overR, but for which the correspondingK-point γ of C(I , j) does not extend to
anR-point ofC(I , j).

Example 3.2.3.The equationyp− y = tx2 + x yields an example of a coverφK which
has good reduction but for whichγ does not extend to a morphismγ : Spec(R)→C(I , j):
The problem is that there exists an affine linear transformationA taking this family to one
which is isomorphic to the constant family given byyp−y = x2. In particular,A = A2A1

whereA1(x) = x/
√

t andA2(x) = x− (2
√

t)−1. This constant family has good reduction.

This example shows that if aK-point ofC(I , j) does not extend to anR-point ofC(I , j)
then the corresponding family of covers may still have good reduction. For this reason,
Proposition 3.2.4 investigates good reduction in terms of orbits of points ofC(I , j) under
the action of affine linear transformations onI -Galois covers of germs of curves.
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Proposition 3.2.4. Let I = Z/po µm. SupposeφK : YK → P
1
K is a G-Galois cover of

smooth connected curves overSpec(K) which is branched exactly at∞K over which it
has inertia I and jump j. LetγK be theSpec(K)-point of C(I , j) corresponding tôφK.
If the familyφK : YK → P

1
K has good reduction then (after a finite extension of K) there

exists an affine linear transformation A∈ AK such thatγA extends to a morphismγA :
Spec(R)→C(I , j).

Proof. If φK has good reduction then by Definition 3.2.2 (after possibly extendingK and
R) there exists a normalizationφ′R : Y′R→ P

1
R of φK such that the coversφ′K andφK are

weakly isomorphic, the curveY′k is smooth, and the coverφ′k is genericallyétale. Thus
there existsA∈ AK such thatφA

K ' φ′K. By Proposition 2.2.6, after a finite extension of
K there is aK-point γA of C(I , j) corresponding to the cover̂φA

K ' φ̂′K. The coverφ̂′R
yields anR-point of C(I , j) by the conditions onφ′k. Thus γA extends to a morphism
γA : Spec(R)→C(I , j).

The converse of Proposition 3.2.4 is only clear for the trivial caseG = Z/pZ.

Lemma 3.2.5. With notation as in 3.2.1, suppose that G=Z/pZ. SupposeφK : YK→ P1
K

is a family of G-Galois covers corresponding to a K-pointγ : Spec(K)→C(I , j) in the
configuration space. Then the familyφK has good reduction if and only if (after a finite
extension of K) there exists an affine linear transformation A∈ AK such thatγA extends
to a morphismγA : Spec(R)→C(I , j).

Proof. The forward direction follows from Proposition 3.2.4. For the converse, Lemma
2.2.8 states that theR-point γA of C(I , j) gives a familyφA

R : YR→ P
1
R corresponding to

the equationfR(A(x)). The coverφA
R is a genericallýetaleZ/pZ-Galois cover of smooth

connected relative curves which is weakly isomorphic toφK on the generic fibre. ThusφK

has good reduction.

Remark 3.2.6. In trying to prove the converse of Proposition 3.2.4 in the caseG 6=Z/pZ
the following problem develops. Consider aG-Galois coverφA

K :YK→ P1
K branched at∞K

for which the correspondingK-pointγA extends to a morphismγA : Spec(R)→C(I , j). Let
φA

R : YR→ P1
R denote the normalization ofP1

R in YK for φA
K and choose an isomorphismR'

k[[t]]. It is sufficient to show that there is a good model for the cover over Spec(R[[x−1]])
by [Ray94, 6.3.2], (also see [Saı̈00, 1.7]). By hypothesis the cover of Spec(K[[x−1]]) (the
completion of the generic fibre) extends to anR-point ofC(I , j). However, this may not
be sufficient to show that there is a good model.

To see this, letAx,t = k[[x−1, t]][t−1]. Suppose (for example) that the cover(φ̂R)K :
(ŶR)K→Spec(Ax,t) (the generic fibre of the completion) is given by the equationyp−y=
x j + t−1x−1. The pullback of(φ̂R)K to Spec(k((t))[[x−1]]) is isomorphic to the cover
given by the equationyp− y = x j . This is because there existsδ ∈ k((t))[[x−1]] so that
t−1x−1 = δp−δ. However,δ 6∈ Ax,t so the two covers are not isomorphic over Spec(Ax,t).
Thus while the latter cover clearly extends to anR-point of C(I , j) it is not clear if the
former has good reduction over Spec(R[[x−1]]).
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Supposeφ : YK → P
1
K is aG-Galois family of covers of smooth connectedK-curves,

branched only at∞K with inertiaI and jumpj. Proposition 3.2.4 gives a necessary condi-
tion for φ to have good reduction. In addition, Proposition 3.2.8 will give an explicit way
to show that this condition is not satisfied for a given family by restricting the set of affine
linear transformations which can take it to a family with a good model. To do this, the
following lemma will be helpful.

Lemma 3.2.7. Suppose that AR ∈ A is an affine linear transformation over R. LetφK :
YK → P

1
K correspond to a K-pointγ : Spec(K)→C(I , j). Thenγ extends to a morphism

γ : Spec(R)→C(I , j) if and only ifγAR extends to a morphismγAR : Spec(R)→C(I , j).

Proof. The affine linear transformationAR is defined byAR(x) = aRx+ bR with aR∈ R∗

andbR∈R. SinceaR∈R∗, the leading coefficients offK(x) and fK(AR(x)) have the same
valuation inR. Thus either both or neither vanish on the special fibre. Furthermore, the
coefficients offK(x) are inR if and only if the coefficients forfK(AR(x)) are inR.

Proposition 3.2.8. With notation as in 3.2.1, supposeφK : YK → P
1
K corresponds to a K-

pointγ : Spec(K)→C(I , j). Let A0 be one of the finitely many affine linear transformation
such that (after a finite extension of K) the K-pointγA0 corresponding toφA0

K is in the image
of the locus of(1,0,c j−2m, . . .) in C̃(I , j). If φK has good reduction thenγA0 extends to a
morphismγ0 : Spec(R)→C(I , j).

Proof. Suppose that the familyφK : YK → P
1
K has good reduction. By Proposition 3.2.4,

this implies that there exists an affine linear transformationA∈ AK such thatγA extends
to a morphismγA : Spec(R)→C(I , j). The goal is to show thatγ0 = γA0 also extends to a
morphismγA0 : Spec(R)→C(I , j).

Let A′ = A−1
0 A. Write A′ = A′2A′1 whereA′1(u) = auandA′2(u) = u+d for somea∈ K

andd ∈ K. The first claim is thata ∈ R∗. SupposeγA′
0 = γA is given by the equation

yp− y = a jx j + a j−mx j−m+ . . . . Note thata j ∈ R∗ sinceγA′
0 extends to a morphismγA :

Spec(R)→C(I , j). But thena = am/ j
j since the coefficient ofx j for the equation forγ0 is

1. Soa∈ R∗ also.
The second claim is thatd ∈ R. If A′2(u) = u+ d thenA′2(x) = x(1+ d/u)1/m. By

hypothesis, the second coefficient forγA′
0 satisfiesa j−m ∈ R. The coverφA′1

0 is given by

the equationyp−y = a jx j + 0x j−m+ . . . . Thus(φA′1
0 )A′2 is given by the equationyp−y =

a jx j(1+d/u) j/m+ . . . . This implies thata j−m = a jd j/m. But a j is a unit, so ifa j−m∈R
thend ∈ R.

ThusA′2 andA′1 are affine linear transformations overR. Thus by Lemma 3.2.7,γ0

extends to a morphismγ0 : Spec(R)→ C(I , j) if and only if (γA′1
0 )A′2 = γA′

0 extends to a

morphismγA′
0 : Spec(R)→C(I , j). But φA′

0 = (φA0)A′ = φA0A′ = φA. Thus by hypothesis,
γA′
0 extends to a morphismγA′

0 : Spec(R)→C(I , j), which finishes the proof.
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3.3 Complete Families

Let Ω be a proper irreduciblek-scheme. This section investigates proper familiesφΩ :
YΩ → XΩ of G-Galois covers of smooth connected relative curves under certain condi-
tions. Theorem 3.3.2 shows that if the baseXΩ and the branch locus ofφΩ are constant
thenφΩ is isotrivial. Theorem 3.3.4 shows that if the base is a twisted projective line and
if φΩ is branched at exactly oneΩ-point thenφΩ is isotrivial. The proofs use induction
and the moduli space from Section 2.

Proposition 3.3.1. Suppose thatΩ is a proper irreducible k-scheme. Let I= Po µm

where P is a p-group andgcd(p,m) = 1. Let UΩ = Spec(O(Ω)[[u−1]]). Suppose that

φ̂Ω : ŶΩ → UΩ is an I-Galois cover of smooth connected germs of curves. Then there
exists a finite radicial morphism i′ : Ω′→Ω such that i∗φ̂Ω is constant.

Proof. The proof consists of induction on #P. If #P = 1 and the cover̂φΩ is prime-to-p
then the cover lifts to characteristic 0 and so must be constant, [Gro71, X, Corollary 3.9].
Now suppose the statement is true for any inertia groupI = P′oµm with #P′ < #P.

Consider the cover̂φΩ which is Galois with groupI = Po µm. By the preceding
paragraph, theµm-Galois quotient must be constant. Thusφ̂Ω is a P-Galois cover of a
constant germ of a curve Spec(O(Ω)[[x−1]]) 'UΩ. (Note that via this isomorphism the
P-Galois cover is branched over theΩ-point u−1 = 0.) Choose a normal subgroupP′ of
P with index p. TheP-Galois cover of the constant germ of the curveUΩ consists of a
Z/p-Galois quotient̂φ1 and aP′-Galois subcover̂φ2.

Let j be the jump of the cover̂φ1 over theΩ-point u−1 = 0. Thenφ̂1 is an element of
FZ/p, j(Ω). By Proposition 2.2.6, there exists a finite radicial morphismi0 : Ω0→ Ω and
a unique morphismf : Ω0→C(Z/p, j). The spaceC(Z/p, j) is affine, butΩ and thus
Ω0 are connected and proper. Thus the image off must be constant. Letφ̂′k : Zk→Uk be
theZ/p-Galois cover inFZ/p, j(k) corresponding to the point in the image. Theni∗0φ̂1 '
φ̂′k×k Ω0 is constant.

Sincei∗0φ̂1 is constant, the coveri∗0φ̂2 is a cover of a constant germ of a curve. Since
#P′ < #P the induction hypothesis applies and thus there exists a finite radicial morphism
i′ : Ω′ → Ω0 so that(i′)∗i∗0φ̂2 is constant. Thus there exists a finite radicial morphism
i : Ω′→Ω such thati∗φ̂Ω is constant.

Theorem 3.3.2.Let Ω be a proper irreducible k-scheme. Let Xk be a smooth connected
curve and let Bk = {ξi}⊂Xk be a finite set of points. LetφΩ :YΩ→Xk×kΩ be a G-Galois
cover of smooth connected curves branched only atξi,Ω = ξi×k Ω for ξi ∈ Bk. Then there
exists a finite surjective morphism i: Ω′→Ω so that i∗φΩ is constant. In particularφΩ is
isotrivial.

Proof. By Lemma 2.1.4, there exists an irreducible schemeΩ′′ and a finite coveri′′ :
Ω′′ → Ω so that the pullbackφΩ′′ has the following property: for any generic rami-
fication pointη of φΩ′′ the decomposition groupDη equals the inertia groupIη. Let
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UΩ′′ = Spec(O(Ω′′)[[u−1]]) be the germ of the curveXk×k Ω′′ at ξi,Ω′′. Let φ̂i,Ω′′ be the
germ of the cover at a point aboveξi,Ω′′.

Fix ξi ∈ Bk. The cover̂φi,Ω′ is Galois with groupI = Poµm. By Lemma 3.3.1, there
exists a finite radicial morphismi′ : Ω′→ Ω′′ such that the pullback̂φΩ′ is constant. By
Proposition 2.1.3, if̂φi,Ω′ is constant for eachξi ∈ Bk, thenφΩ′ is constant. Since there
exists a finite surjective morphismi : Ω′→Ω so thati∗φΩ is constant, the fibres ofφΩ are
isomorphic and thus the family is isotrivial.

The rest of Section 3.3 answers Question 1.1.1. For any smooth connectedk-schemeΩ
let PΩ denote aruled schemeoverΩ. In other words,PΩ is equipped with a flat morphism
π : PΩ→Ω; the fibres ofπ are all isomorphic to projective lines; and there exists a section
s : Ω→ PΩ of π. Let BΩ be the image ofs.

Lemma 3.3.3. Let PΩ be a ruled scheme overΩ. Let φΩ : YΩ → PΩ be a family of G-
Galois covers of smooth connected curves branched exactly at BΩ = s(Ω).

1. The scheme PΩ is locally trivial over Ω; (in other words there exists a finite open
cover{Vi ;1≤ i ≤ t} of Ω such that PVi ' P1

Vi
).

2. There exist trivializations tri : PVi → P
1
Vi

such that the coversφi = tr iφVi : YVi → P
1
Vi

are branched only at∞Vi with the same inertia data asφVi .

3. There exist affine linear transformations Ai ∈A(Vi∩V1) such thatφAi
i |Vi∩V1 = φ1|Vi∩V1

for 2≤ i ≤ t.

Proof. 1. FirstPΩ must be locally free overΩ. Following the proof of [Har77, Lemma
5.2.1 and Proposition 5.2.2] considerE = π∗L(BΩ). Let Pω be any fibre ofπ. Since
L(BΩ)ω is an invertible sheaf of degree 1 onPω the numberh0(L(BΩ))ω = 2 is
independent ofω. By Grauert’s Theorem,E is locally free of rank 2. The surjection
π∗E→ L(BΩ) determines an isomorphismPΩ 'Proj(E) overΩ. ThusPΩ is locally
free overΩ. SincePΩ is locally free overΩ it is possible to choose a finite open
cover{Vi} of Ω and trivializationstr i : PVi → P1

Vi
of PΩ over eachVi .

2. Furthermore, it is possible to choosetr i such thattr i : BVi → ∞Vi . In other words
over eachVi it is possible to choose a coordinateui for P1 such that the composition
tr i(φVi ) is branched overuVi = ∞Vi . If φi = tr i(φVi ) thenφi has the same inertia data
over∞Vi asφVi has overBVi .

3. Over the (non-empty) intersection of the two open setsVi andV1 of Ω this coordinate
ui is determined up to a projective linear transformation ofP

1
Vi∩Vj

which must fix
the branch point∞Vi∩V1. Thus the choice of the coordinateui is determined up to an
affine linear transformation inA(Vi ∩V1). Thus there existAi as required.
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The statement of Theorem 3.3.4 was suggested by M. Raynaud. The strategy to show
that proper families of covers ofPΩ must be isotrivial will be similar to that of Theorem
3.3.2. However the proof will be more intricate since (when restricted to an open subspace
of Ω) the coversφi of Lemma 3.3.3 will only agree up to affine linear transformations of
the base.

Theorem 3.3.4.Let Ω be a proper irreducible k-scheme. Let PΩ be a ruled scheme over
Ω. LetφΩ :YΩ→PΩ be a family of G-Galois covers of smooth connected curves branched
exactly above one section. ThenφΩ is isotrivial. In other words, the morphismΩ→Mg

takingω 7→ [Yω] is constant.

Proof. By Lemma 2.1.4, there exists an irreducible schemeΩ′ and a finite surjective
morphismi : Ω′→ Ω so that for any generic ramification pointη of the pullbackφΩ′ the
decomposition groupDη equals the inertia groupIη. SinceΩ′ is also proper and this
pullback does not affect the question of isotriviality, it is possible to reduce to the case
that the cover̂φΩ : ŶΩ→ P̂Ω of germs of curves has Galois groupI = Poµm.

By Lemma 3.3.3, the schemePΩ is locally trivial overΩ; there exists a finite open
cover{Vi ;1≤ i ≤ t} of Ω and trivializationstr i : PVi ' P1

Vi
such that the coversφi = tr iφVi :

YVi → P
1
Vi

are branched at∞Vi with the same inertia data asφ|Vi . Also there exist affine

linear transformationsAi ∈ A(Vi ∩V1) such thatφAi
i |Vi∩V1 = φ1|Vi∩V1 for 2≤ i ≤ t.

Consider theI -Galois equations for the coverφ̂i : Ŷ∞Vi
→ Spec(O(Vi)[[u−1]]) of germs

of curves for eachi in terms of the coordinateui . The goal is to show that there exist affine

linear transformationsA′i ∈ A(Vi) so thatφ̂A′i
i are constant.

For eachi, let φ̂′i be the quotient of̂φi by P. The coverŝφ′i are Galois with groupµm.
Furthermore, the equations forφ̂′i still satisfy that(φ̂′i)Ai |Vi∩V1 = φ̂′1|Vi∩V1 for 2≤ i ≤ t.

Suchµm-Galois covers must be constant after an affine linear transformation of the
base. Namely, there exist affine linear transformationsA′i ∈ A(Vi) such that(φ̂′Vi

)A′i is
constant for 1≤ i ≤ t. Concretely, this is because the coverφ̂′Vi

is given by an equation
xm = aiu for someai ∈ O(Vi)∗, and thus one can takeA′i(u) = u/ai .

Note that (by Notation 2.3.1)(φ̂′i)AiA′1 = ((φ̂′i)Ai )A′1 = (φ̂′1)A′1 is constant. Thus it is
possible to chooseA′i = AiA′1. To see this, consider the two constant coversσi = (φ̂′i)A′i and
σ′i = (φ̂′i)AiA′1 overVi ∩V1. Thenσ′i is in the orbit ofσi underA(Vi ∩V1). Thus there exists
Bi ∈ A(Vi ∩V1) such thatσBi

i = σ′i . Sinceσi andσ′i are constant it follows thatBi ∈ A(k)
is constant. After replacingA′i by B−1

i A′i for 2≤ i ≤ t the affine linear transformations
satisfyA′i = AiA′1.

Consider the coverŝφA′i
i . Since theirµm-quotients are constant, these areP-Galois

covers of a constant baseUVi . SinceP is a p-group, there exists a filtration of normal
subgroups ofP with successive quotientsZ/p. Thus by induction the proof reduces to the
case thatP = Z/p.

Thus for 1≤ i ≤ t the coversφ̂A′i
i yield Z/p-Galois extensionsψA′i

i of UVi with the

property thatψA′i
i = ψAiA′1

i = ψA′1
1 . Furthermore, sinceA′i ∈ A(Vi) these covers have good
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reduction at every point ofVi . Let j be the jump of theseZ/p-Galois covers. By Propo-

sition 2.2.6,ψA′i
i determines a finite radicial morphismV ′i →Vi and an induced morphism

fi : V ′i →C(Z/p, j) to the configuration space ofZ/p-Galois covers with jumpj.

Furthermore, overV1∩Vi the coversψA′i
i = ψAiA′1

i = ψA′i
1 are isomorphic. As a re-

sult, there existsΩ′ irreducible and proper and a surjective morphismi : Ω′→ Ω which
restricts toV ′i → Vi for eachi. Furthermore, the restrictions of the morphismsf1 and

fi to i−1(V1∩Vi) must be the same. As a result, the coversψA′i
i determine a morphism

f : Ω′→C(Z/p, j).
The configuration spaceC(Z/p, j) is affine. However,Ω′ is proper. Thus the image

of f must be constant. ThusψA′i
i are constant. Thus the coversφ̂A′i

i are constant.

By Proposition 2.1.3, for eachi the coverφA′i
i is constant because it is constant near

the branch point. Thusφi : YVi → P1
Vi

are weakly constant and thus isotrivial. This implies
that the morphismΩ→Mg takingω 7→ [Yω] is constant andφΩ is isotrivial as well.

In fact the statement thatφΩ is isotrivial in Theorems 3.3.2 and 3.3.4 is true even ifφΩ
is notG-Galois.

Corollary 3.3.5. Let Ω be a proper irreducible k-scheme. LetφΩ : YΩ→ XΩ be a family
of (not necessarily Galois) covers of smooth connected curves and let BΩ be the branch
locus ofφΩ. Suppose that XΩ = Xk×k Ω for some k-curve Xk and BΩ = {ξi,Ω = ξi×k Ω}
for a finite set of k-pointsξi ∈ Xk; (respectively suppose that XΩ ' PΩ is a ruled scheme
overΩ and BΩ consists of exactly one section). ThenφΩ is isotrivial. In other words, the
morphismΩ→Mg takingω 7→ [Yω] is constant.

Proof. Let φ1
Ω : Y1

Ω→ XΩ be the Galois closure ofφΩ. For some finite groupG the fibres
of φ1

Ω areG-Galois covers of smooth proper curves with branch locusBΩ. The fibres ofY1
Ω

overΩ may not be connected if the Galois closure of the family has larger fibres than the
Galois closure of the fibres. In this case, consider the Stein factorizationY1

Ω→ Ω′→ Ω
[Har77, III, Corollary 11.5]. Recall thati : Ω′ → Ω is finite and surjective and thusΩ′
is a properk-scheme. Recall that the fibres ofY1

Ω → Ω′ are connected. Note thatΩ′ is
connected (but not necessarily irreducible) sinceYΩ is connected.

Consider the fibre productXΩ′ = XΩ×Ω Ω′. By the universal property of the fibre
product there exists a morphismf : Y1

Ω→ XΩ′ so that the composition off with the mor-
phismXΩ′→XΩ is φ1

Ω and the composition off with the morphismXΩ′→Ω′ isY1
Ω→Ω′.

Thus the coverf is defined overΩ′, is Galois, and has connected fibres.
Thus, over each irreducible component ofΩ′, the coverf satisfies the hypotheses of

Theorem 3.3.2 (respectively 3.3.4). The conclusion from these theorems is thatY1
Ω is

isotrivial over each irreducible component ofΩ′. SinceΩ′ is connected,Y1
Ω is isotrivial.

There are no proper non-isotrivial families of elliptic curves sinceM1 is affine. Thus
to show thatYΩ is isotrivial it is sufficient to assume that the genus of the fibres ofYΩ (and
thus also ofY1

Ω) satisfiesg≥ 2. Note thatYΩ is the quotient ofY1
Ω by some finite group

H. By Lemma 2.1.2, after ańetale pullback the coverY1
Ω → YΩ is weakly constant. In

particular, thenYΩ is isotrivial.
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Definition 3.3.6. Let fk : Yk→ P
1
k be aG-Galois cover of smooth connected curves. Let

V be a connected scheme of finite type overk. A degenerationof fk overV consists of
a deformationfV : YV → PV of fk defined overV together with closedk-pointsv0,v1 ∈V
such that:

a) the relative curvesPV andYV are flat and properV- curves;

b) the coverfV is aG-Galois cover of semi-stable curves andfk and fv0 are isomorphic
asG-Galois covers;

c) the pullback offV : YV → PV to V̂v0 is a smooth deformation offv0;

d) the coverfV has bad reduction at the fibrev1.

Let g be the genus ofYk. By considering the isomorphism classes of the fibres ofYV→
V, the degenerationfV induces a morphismτ : V→Mg with the following properties: the
image ofτ lies in the locus of curves with aG-Galois action;τ(v0) corresponds to the
isomorphism class ofYk; andτ(v1) lies in the boundary ofMg.

Theorem 3.3.7.Let φk : Yk→ P
1
k be a G-Galois cover branched at only one point, over

which it has inertia group I= Z/poµm and jump j. Then there exists a degeneration of
φ overΩ for some proper connected varietyΩ if j 6∈ jmin(I).

Proof. Let R be an equal characteristic complete discrete valuation ring. By Theorem
3.1.10, the condition onj insures that there exists a non-isotrivial smooth deformation
φR of φ overR. By Artin’s Approximation Theorem [Art70, Theorem 3.2], the coverφR

descends to a coverφΩ◦ : YΩ◦ → P
1
Ω◦ branched over∞Ω◦ over a varietyΩ◦ which is of

finite type overk. Let Ω be a smooth completion ofΩ◦. Let YΩ be the normalization
of P1

Ω in YΩ◦ . Consider the coverφΩ : YΩ→ P
1
Ω. The family of curvesYΩ must be non-

isotrivial sinceφR was non-isotrivial. Thus by Theorem 3.3.4, the coverφΩ must have bad
reduction over somek-point ω ∈Ω−Ω◦.
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ture d’Abhyankar.Invent. Math., 116(1-3):425–462, 1994.
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in Mathematics, 187, pages 249–265. Birkhäuser, 2000.
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