Summary of Semigroup Results

A is closed and densely defined

(Al +A) L exists forall A > 0

Hille-Yosida properties
(Al +A)~

1 1
IIL(H) <At forali>0

H-Y properties = VY u e Hand V t > 0, S,(t)u converges strongly in H to St)u

St) = lim Sy(t) has the following properties:

S(t) is stronly continuous int, t > 0

0) =1
St+s) = 2((,[)) Ss) st>0 S(t) is a C° - g of contractions
SOy =1
Also
St) : Da — Da
AU = S(H)Au Vu € Da
S(hu = -AS(t)u = -S()Au  Vu € Da
UT%“:_A“ Vu € Da
t
Shu-u=-[ SAude VU € Da
Then

H-Y properties =  — A generates a C° — §/g of contractions

Finally, if —A generates the C° — g/g of contractions, (t), then —(1l + A) generates the
semigroup, J(t) = e *S(t) and:
u=["erS@)(Al + Auds VU € Da
0

@ +A) = | : e S(r)v dr Vv e H

It follows from these last two results that

—A generates a C° — g/g of contractions =  H-Y properties

We also have



Ais accretive

_ Lumer-Phillips properties
I+A:Da— H Iisonto

and
L-P properties = - A generates a C° — s/g of contractions

If —A generates a C° — s/g of contractions, St), then

VUp € Da and Vf € CX0,T : H)

u(t) = S(tuo + [} St—1)f(z)dr € C[O,T : Da] N CHO,T : D)
solves

Ut +Aut) = ft), O<t<T and u(0) = uo

Examples
1.Let H = L»(0,0) = HY(R)), A = -ady, and Da = H(0,x) for a > 0.
Note that u € Da implies u(x) - 0 as x - «.Then

(Au,u), = —ar: u'(x)u(x)dx = —2u(x)?z = 2u(0)? > 0
Then Ais accretive for a > 0, and for arbitrary v e H
(I + A)u = u(x) —au'(x) = v(x)
has the solution
ue) = J7 e vy)dy

This shows that | + Ais onto (i.e., R(I + A) = H). Then by the L-P theorem, —A generates a
C® — gg, St) and the unique solution of

u'(t) + Au(t) = ou(x,t) — adku(x,t) = f(x,t), u(x,0) = uo(X) € Da;
is given by,
u(x,t) = SHU(X) + [ ; St - 0)f(x,7)dr = Uo(x+at) + [ ;f(x +alt-1),7)dr

In order to have this solution it is sufficient to suppose up € Da = H(0,0) and fis Ctin t
and L, in x.

2.Let H=12(0,0) =HR,), A=ady and Da= {ue H0,): u@) =0}.
Note that u € Da implies u(x) - 0 as x - «.Then

(Au,u), = aj: u'(x)u(x)dx = 2u(x)?[z = 0



Then Ais accretive (for any real a) and for arbitrary v € H
(I+Au=ux)+au'(x) =v(x) forveH

has the solution

u(x) = | (X) &7 0Vy(y)dy.

Note that it is necessary to have a > 0in order to get u € Da for v € H since a negative
value for awould produce an exponentially growing u(x) which is not even in H much less in
Da. This shows that R(I + A) = H for a > 0..Then —A generates a C° — gg, t) and

u(t) = S(t)uo is the unique solution of

u'(t) + Au(t) = dwu(x,t) + adxu(x,t) = 0, u(0,t) =0, U(X,0) = Up(X) € Da;
u(x,t) = up(x—at)H(x— at) = St)uo(x).

3.Let H=L2(R) = HYR), A= 0y and Da = H(R). Note that u € D implies
u(x) - 0 as x?> - «.Then

(Au,u), = j: u'(x)u(x)dx = Su(x)*. = 0.

so Ais accretive. Note that —A is also accretive in this case. For arbitrary v e H
(I+Au=uXx)tu((x)=v(x) forveH

implies via Fourier transformation that
(1tia)U(a) = V(a)

Then

U(a) = (1T ia) 1V+("22 = Wa) T (ia)W(a)

and
V(a)

U(x) = W) FW ) W(x) = TF{ 1+ a2

] = [ e v(y)dy
Then the ODE has the solution
w9 = [ e vy F I ([7 etivy)dy)

which shows that R(I + A) = H. Then —A generates a C° — §/g, (t) and u(t) = S(t)up is the
unique solution of

u'(t) + Au(t) = dtu(x,t) + oxu(x,t) = 0, u(x,0) = Ug(X) € Da;
i.e,
u(x,t) = up(X+t) = St)uo(x).
But +A also generates a C° — g/g, Z(t) and then u(t) = Z(t)uo is the unigque solution of

u'(t) — Au(t) = dtu(x,t) — oxu(x,t) = 0, u(x,0) = Ug(X) € Da;
i.e,



u(x,t) = Uo(Xx—t) = Z()uo(x) = S(-t)uo(X).

So in this case, since both A and —A are accretive and (I £ A) is onto, there are two
C% -d(d's, St) and S(-t). Moreover, by the semigroup property, St) o S(-t) = S0) = |,
which is to say (t) ™t = S(-t);i.e., Yt) forms a C® —group fort € R.

4. Let H=LyU)=HU), A=-V2 and Da = H}U)NH2U). Then
(Au,u),, = —juuvzu = jU|Vu|2 >0 ueDa

So Ais accretive. For arbitrary f € H, the elliptic problem
(Al +Au=Au-Vau=finu, u= 0onou
has a unique weak solution u € Da since
blu,v; A] = ju Vu -« W+ Auv
satisfies
blu,u; 2] = [Vull5+Allull?  ue Da
and, in particular,
blu,u; 1] = ul|?

which implies b[u, u; 1] is coercive and (I + A) is then an isomorphism from D onto H.
Then —A generates a C° — §/g, S(t) and u(t) = St)up is the unique solution of

u'(t) + Au(t) = owu(x,t) — V2u(x,t) = 0,
u=0on oux(0,T)
and u(x,0) = up(x) € Da;
i.e,
u(x,t) = > (Uo,Wn)€*"'Wn(X) = S(t)uo(X).
where {w,} are the family of orthonormal eigenfunctions associated with

-V2wW(X) = AW(X) Xxe U, we Da.

5.Consider the problem
oru(x,t) — oxxu(x,t) = 0, O<x<1,t>0
u(x,0) = f(x), O0<x<1,
otu(x,0) = g(x) t>0,
u(0,t) = u(1,t) =0, O<x< 1

Let Uiy = Oxu and U, = otu

Then OtU1 = OxtU = OxU>
OtUz = OgU = OxUs



Jow ] o ] w ][ o
tUz 10 XU2 0

and
f/
Uk =| T
| Uz | 9()
i.e.,
8.0 + AU(t) =0,  U(0) = Uo
where
01
H=L120,1)2 A=- Oy
10
Da={U e H:u e HY(0,1), up e H}0,1)}
Then

(AU, U)y = —j;(axuz e Uz + Uz » OxlUp)dX = —j; d/dx(uuz)dx
= —(U1Up)[l53 = 0 (since uz € H(0,1))

This proves A is accretive, in fact, conservative. Now for A # 0, F e H, consider

A (VLT LA (VI _ /lul—axuz _ Fl
Uo Uz AUz — OxUy F2

Then

/’Laxul - 6xxu2 = 6XF1 and axul = lUQ - Fz,
or

—6xxu2 + 12U2 = 6XF1 + AR,

Since 0xF1 + AF, € H(0,1), this last equation has a unique weak solution u, € H§(0,1), by
the previously developed elliptic theory. Then

),Ul = Fl +8XU2 S LZ(O, 1), 8Xu1 = lUZ - Fz S LZ(O, 1),
so u; € H'(0,1) and U € Da. This shows that 1+ A : Da — H is surjective for all 2 = 0.

Then A generates a C° — §/g, actually both +A generate C° — s/g’s so A generates a
group of solution operators, G(t).

This group G(t), (using a previously discovered solution to the wave equation) is seen to be
given by

G(®[U(x,0)] [ FE D +F (= 0) + F(@E+ D - 50x- 1) }

LEx+t)-F'(x=1) + 2@x+1) +yx— 1)

where f, § denote the odd 2-periodic extensions of f and g.



