Injections, Embeddings and the Trace Theorem

We want to derive a number of properties for the spaces HX(U) for U a bounded open set in
R". It turns out that the most efficient way to do this is to consider first the much simpler
case where U = R".

1. Fourier Characterization of the Hilbert-Sobolev Spaces
For ¢ € CZ(R") let the Fourier transform be defined by,

Telp] = 2m) ™ [, p00e™%dx = ¢(2)

We have showed previously that the Fourier transform is an isometric isomorphism on
L? = CZ(R") N L2(R"). In particular, we have

(@ vuel? ullp=]0ll, (Parseval relation)
(b) vuvel?  (uv),= (0%, (Plancherel relation)

The results (a) and (b) hold for every test function, and since the test functions are dense in
L?(R"), they extend to L?(R") by continuity. Then the Fourier transform can be extended to
L2(R™) by continuity as well. In addition,

(i) if uD®uelL? then T[D%u] = (i2)*0(z) € L?
(i) if ux®u(x) e L2 then  Te[x*u(x)] = (iD,)*0(z) € L2
i.e.,
Te[D“u] = [, D*u(x) e **dx = (-1)"[ _, u(x) Dge*=dx
_ (—1)""[Rn u(x) (—iz)* e ™®zdx = (iz)*0(2);
Telx*u(x)] = i*] o U0 (X)) e 2 d% = i [ o U) DS (e d% = (iD2)*U(2).

The result (i) asserts that when u is smooth, (0 decays rapidly at infinity and result (ii) asserts
the converse. This suggested the definition,

for s>0, Hs= {u el?: (1+|z)%02) L2}
with — [lull? = [ (1 +]2*)*0(2)*dz
and  (uv), = | (L 12)?)°0(2) W(2) dz

Then H° =L? and s>t>0 implies HS c H' < HO.

To see how partial differential operators act on these spaces, let
Pm(2) = Zwsm CoZ®

and define P(D)U(X) = TE[Pm(iz)0(z)]  for u e H"(R") < HO = L2.
Then

PDOUX) = [, €23 ca(i2)® U(2) d



= Z|tx|§m Ca J.Rn eix-z (iz)a O(Z) dz
= 2 e CaDUCO)

where the last step follows from (i). Then P(Dy) is a differential operator of order m. For
s> mwe have

IPOOUC) s 1 = [0 (L +127)° " Pm(iz)* C(2) dz

P\ 2
= Jed+ |z|%‘°'[%} (0(2)?dz < Calulf,

where

IPm(i2)[?

Chn=max, ————2— <
; @A+ |zP)"

This implies that any differential operator of order m is a bounded linear mapping from
HS into HS™ for s > m.

Recall that the definition of the norm in HM(R") = {u € L? : D*u € L?, |a| < m} was
defined as

2 2
Ul = 22, cmllPullg

But
IDeull§ = I1z0@) |15 = [,|12*0(2)*dz
hence
Iullz, = X [l 2*0(2)%dz
7% R
 Joo D g (1 1290 02 = ol
where

1L+12)" < Xl < Can(1+ 127"

This shows that the Fourier norm is equivalent to the original Sobolev norm on H™, and the
two definitions of the space are therefore also equivalent. We will now prove the first of the
important embedding results for these spaces.

2. Inclusions and Embeddings

We prove first a result that says that if u € HS for s sufficiently large, then u is equivalent
(i.e., equal almost everywhere to) a function that is continuous.

Theorem 2.1 (Sobolev embedding theorem, primitive version) If s> m+ 2 then H®is
continuously injected into C™

Proof- We will first prove the result for m= 0. If u e H® then
U(2) = (1+]2>)%0(2) € H° = L2. Then note that

10@)[ls = [ J0@)]dz= [ 1+ 122 @+ |2P)*|0@)|dz= [, (1+]2?) **|U(2)|dz



and la@lls < || @+12%"%| | I191lo-

Now || @+12%7|

2 ) B )
0 - J.R”(:I'_'_ |Z|2) “dz= J.QJ.O(]--F I’z) r-1dr do,
and I:(1+ r2)~°r-1dr ~J“: Fr1-25dp ~ pno2s|z

Then the integral is finite if n-2s < 0; i.e., if s> 5. We have proven thatu € H®, s> 2
implies 0 e L. But 0 e Llimplies, in turn, that # = TE[(] is in the space, Co, of continuous
functions which tend to zero at infinity. That is to say, after possibly modifying u on a set of
measure zero, it is a continuous function.

Form> 0, and ue Hs for s> m+ 7, we have, from the result about differential
operators of order m, that D*u € H*™ for |a| < m, and hence, if s—m > 2 then
D*ue Co for |oj<mH

We interpret this result to mean that for s> m+ 3, every u e HS can be identified with

a unique function # € C™ and that this injection is continuous. More precisely, if u € HS then
there exists a & € C™ such that |ju—||ys = 0 and |ji||cm < |Ju]]ys-

The next result we are going to prove has to do with the embedding of H3(U) into
HO(U). For U a bounded open setin R", let {um} € H}(U) be such that ||um||; <M, vm.
Since H}(U) is a Hilbert space, it follows from a classical property of Hilbert spaces that
{um} Must contain a weakly convergent subsequence. Moreover, since H§(U) is
continuously injected into H°(U), the subsequence must also converge weakly in
HO(U). The somewhat surprising fact is that the subsequence is actually strongly
convergent in H(U); i.e.,, the continuous injection of H}(U) into H°(U) is a compact
embedding.

To prove the compact embedding result, we first define, for u € H}(U),

ux) if xeu .
Zu(x) = extension by zero
(0 { 0 if xegU } < Y >

Since the support of u is compactly contained in U, it follows that
|Zuligy = Uy — and  Zue HY(R").
More generally,
u € HF'(U) = completion of §(U) in the norm||-||,, implies Zue H®S s<m

Foru € H™(U), it is not generally the case that the extension by zero, Zu, belongs to
H™(R") since extending by zero introduces a sharp change in u at the boundary of the set
U. For example, u(x) = 1, x € (0,1) belongs to H'(0,1) but Zu(x) is just the indicator
function of (0,1). Since this is a discontinuous function, it is not in H'(R).

Theorem 2.2 (Rellich’s lemma, primitive version) Suppose U is open and bounded in
R". Then the natural injection

it H}(U) — H°(U) is a compact mapping.

i.e., every sequence that is bounded in H}(U) contains a subsequence that is strongly



convergent in HO(U).

Proof- Suppose {um} € H}(U) is such that ||um||; < M, Vm. Since {um} € H§(U) itis
evident that {Zun} € H! < L? and Zun, has a Fourier transform, (i, € L?. Then

Zun(X) = TE[Om] = IR” (m(2) €*%dz = J‘ (m(2) €% 2dz+ I|z|>A Om(2) €%7dz,

z|l<A
= TE [Um@)1a@)] + TE[Om(2)(1 - [A(2))]-
Now 0m(2) Ia(2) has compact support which implies that T [0m(2) 1a(2)] is smooth.
Moreover, we will use the hypothesis ||um||; < M, ¥m, to show that the second term here
can be made arbitrarily small by choosing A large. In fact,
Mm@ (@~ 1a@)Il5 = [, 0m@?dz= [, (L+|2) (1 +]2)0m(2)? dz

IZ>A IZ>A

1 2
< maa(1+122) unlff < M, vm

Then, for any ¢ > 0, choose A > % to obtain [[TE'[m(2)(1 - 1a@2)]ll, < &

Now the smooth functions {vm(X) = TE[Gm(2)Ia(2)]} can be shown to be a uniformly
bounded and equicontinuous family of continuous functions. Postponing the proof of this
fact for the moment, we note that this implies the existence (via Ascoli-Arzela) of a
subsequence {Vv,;(X)} which converges uniformly on U to a limit v e C(U). Since uniform
convergence on U implies convergence in L2(U), it follows that this subsequence converges
strongly to v in L?(U). In particular then, it must be true of the subsequence that

"Vm/ _Vk’”HO(U) <é& fOf m,,k/ > Ng
and
U = U lloy < IV = Viello + ITE (0w (2) = Qe () (L = 1a@))]l,
<g+2 for m,k > N,.

Repeat this argument now for the subsequence {v,;y = TF [0y (2)Ia(2)]} replacing ¢ by /2.
Iterate the procedure in order to generate a sequence of subsequences to which we can
apply a diagonal procedure to get, finally, a subsequence {un} of {um} that is Cauchy in
HO(U).

To see that {Vn(X) = T} [Um(2)Ia(2)]} is uniformly bounded and equicontinuous, note
first that for any x and every m,

[Vm(X)| = “|Z|<A Um(2) eix'zdz‘ < J.|Z|<A|0m(z) |[dz< CallOmllo = Cm[|Umllo < Cwm [Jum|l; < M.Ch.
Thus the family is uniformly bounded. Next,

V) = V)] =[], 0@ (€¥7 = €¥2)dlz] < [ [0m(@) €4(1— €097) 2

< SUPpeal(1 - €02 Ca M - 0 as y- x uniformly in m

Since  suppeal(1- €022 - 0 as y- x uniformly in m, it follows that the family is
equicontinuous.ll



Corollary- For U open and bounded in R", and m> 1, H{(U) is compactly embedded in
H™1(U).

Proof- Suppose {um} < HF'(U) with |Jum||,, <M ¥m. Then for each a, |o| < m-1, we
have ||D%uml||; < M and it follows from the theorem that there is a subsequence

{Uy > < {um} such that {D%u,, } is Cauchy in H°(U). Then a diagonal argument implies the
existence of a single subsequence {un} < {um} such that {D%un+} is Cauchy in H°(U) for
every a, [a| < m- 1. Then this subsequence is Cauchy in H™(U).l

We will think of this result in the following way. Any sequence
{Um} < HF'(U) with |Jum||,, <M V¥m contains a weakly convergent (in H'(U))
subsequence just by virtue of the fact that HF'(U) is a Hilbert space. Then we use the
embedding lemma to conclude that this subsequence is, in fact, strongly convergent in
H™1(U).So, a bounded sequence in HJ'(U) contains a subsequence that is strongly
convergent in H™1(U).

3. The Trace Theorem

Since functions in H°(U), are, in fact, equivalence classes of functions they are defined only
up to sets of measure zero. Then restriction of such functions to the boundary of U (a set of
measure zero) has no meaning. On the other hand, for u € H™(U) for m sufficiently large
relative to n, it will be possible to give meaning to the restrictions to U not just for the
functions, but for some derivatives of the functions as well. We will begin with the simplest
possible case of a set with a boundary, the set

U=RI={(X,x) : X € R, 0< Xy <o} =R"™xR,.
In this case, oU = R™ = {(xX',xn) : X' € R™, xq = 0}.

For u e C*(R}) define
Tiu(x') = limy, 0. Ohu(X,Xn), 0<j<m-1.
We will show that this operator, called the trace operator of order j, can be extended to
H™(RY).
Theorem 3.1 (Trace theorem, primitive version)
1. ||T,-u||HrrH<,ﬂ2<RH> < C |lullymryy Vue C*(R}) henceT; extends as a bounded
linear mapping  T; : H"(R}) — H™-Y2(R™1)
2. T; maps H™(R?) onto H™-Y2(R™1)
3. Tiu=0 ifandonlyif ue HF(R})

idea of the proof- In order to use the Fourier transform techniques, the functions must
belong to H™(R") rather than H™(RY). Thus for u € H™(R?) we define

Zu(x) = ux',xn) if xp>0
0 if Xxn<O [



In general, u € H™(RY) does not imply Zu € H™(R"). Thus we define an operator,
E: H"(R}) > H"(R"),

u(x', Xn) if X,>0

Eu(x) = m
00 > acu(x,—kxy) if xn<0
k=1

Here the a,s are required to satisfy
m .
Y ac(-k)' =1 for j=0,1,....m-1.
k=1
This (unique) choice of the a,s ensures
liMy,-0- GChEUX, Xn) = liMy0: OhUX,Xn)  for j=0,1,...,m-1.
Then u e HM(R?) implies Eu e H"(R") and, moreover
IEUllimgny < Collullymgn)

For future reference we also define
u(x’,x if X,>0
Elu(Xl,Xn) _ ( n) . n
a(xn) Eu(x',x,) if xp<0

1 if x>0
0 if xp<-1

where

a(xn) € C*(RY), a(x) = { } = a smooth cutoff function

Then E;u € H™(RY,) forall ue HM(R}) where R"; = {(x’,xn) X eR™, —1<x,< oo}.

This modified extension operator smoothly extends the function u € H™(R?) to a
neighborhood of the boundary of R}.

For ve H™(R") let
W2) =UZ,z,) = J'Rn e 2y(x) dX
= [ [ €7 X x0) O %
= [ €77 UK 20) X

where  U(X',z,) denotes the Fourier transform of v(x',x,) with respect to the variable
Xn only; i.e., W(X',zn) = Te[V(X,Xn)],

This splitting off of the x, to z, part of the Fourier transform now allows us to define the
action of the mapping T; in a convenient way for purposes of telling to which space
HS(R™1) the function Tjv belongs. We write,

v(x',0) = | L& o UK, Z0) A2 = | LU(X,20) dZ,

and
Tiv(X') = 8hv(xX',0) = [ (z0)! 9(X,z0) dZ,  j=0,1,...,m-1



This leads to

IT; \/||§|_<,<RH> = [ (14 12P) Te[Tv(z)12,dZ,  Te[Tv(Z)],, , = transform in % only

and since Te[TiV(Z)],, , = TFUR(izn)j (X', zn) dz]

n-1
- J’R(izn)j Te[U(X', Zn)]n1 Az,

we have

. ; 2
T V”aS(RM) = IRM<1+ IZ’|2>S<fR(|zn)J 0(z)> dz, d?
Then, using several clever tricks, we can show
ITVIBe(rrsy < CallVImge, for ve HYRY), s<m—j-12.

and
E: HY'(R?) - H™RM) T : H"(R") - H™-V2(R-1)

so the composition ~ Tjo E : H™(R?) - H™Y2(R™) is linear and bounded.

To show that Tj o E is onto we will construct a continuous right inverse for T;. Define,
for v.e H3(R™1)

K[V] (X/, Xn) = Tl—zl |: gXn (l+|z/ |2) 112\7(2/) :| _ J'Rnil gix'-Z g=*n (l+|z/ |2) 112\7(2/ )df

Then K[Vv](X',0) = v(x') which implies To[K[v]] =V Vv e HS(R™™)
Note that this definition of K implies that K[v](x) satisfies
(1-V?K[v](x) =0 in R}
To[K[V]] =V on &R?

Then for every v e HS(R™1) this boundary value problem is uniquely solvable; i.e., there
exists a u = K[v] and we can show that

IKVllmgeey < C IVl a2y

This is the beginning of the idea of the proof that each T; has a continuous right inverse;
i.e., TjoK=1id, and T, maps H™(R?) onto H™-Y2(R™1) continuously. The choice of the
operator K is not unique.

Finally, it is easy to see that Tju= 0 forall ue H™(R?). That the converse is also true
is more difficult to show and we will omit this proof.ll



