Introduction to the Theory of Distributions

Generalized functions or distributions are a generalization of the notion of a function defined
on R". Distributions are more general than the usual notion of pointwise defined functions
and they are even more general than L,(U) functions. Distributions have many convenient
properties with respect to the operations of analysis but in return for these convenient
properties we must give up the notion of a function that assumes it values pointwise or even
pointwise almost everywhere. Instead these functions assume their values only is a locally
averaged sense (to be made precise later). This point of view is consistent, however, with
many physical applications and makes possible a coherent description of such things as
impulsive forces in mechanics and poles and dipoles in electromagnetic theory.
Mathematically these objects are Dirac deltas and its derivatives and these may be
accomodated within the theory of distributions.

This development distributions will be based on the notion of duality. We begin with a
linear space X that is contained in an inner product space, H, whose inner product we
denote by (-,+),. Now suppose that X is equipped with a notion of convergence that is
stronger than the one in H associated with its inner product; i.e., if {x,} is a sequence in X
that converges in X then {x,}, viewed as a sequence in H, is still convergent. This is the
same thing as saying X is continuously embedded in H. Then for each x in X and every y in
H, (x,y), is a real number and if x, - x in X, then (X,,Yy), = (X,y), for every yin H. If Xis
properly contained in H (i.e., X is not equal to H) then it may be that

Xn = X, iIn X implies  (Xn,Y)y = (X,y), forevery y inX
where X/ is a linear space containing H but larger than H. In particular, if we choose
X=C2WU), H=L%U) and (uv), = fU u(x) v(x) dx

then, since X is very much smaller than H, the space X', the space of distributions on U, is
very much larger than H. We will now make these remarks precise.

1. Test Functions

In order to compute the locally averaged values of a distribution, the notion of a test function
is required. A function f(x) defined on an open set U c R" is said to have compact support
if f(x) = 0 for x in the complement of a compact subset of U. In particular, if U = R", then f
has compact support if there is a positive constant, C such that f(x) = 0 for [x|] > C. We
say that f(x) is a test function if f has compact support and, in addition, f is infinitely
differentiable on U. We use the notation f € C2(U) or f € D(U) to indicate that f is a test
function on U.

The function

K
T(x) = o®l 1-]|

0 it x| > 1

) if X <1
X|? , X e R"

where the constant K is chosen such that fRn T(x)dx = 1, is a test function on R". For the
case n = 1, this test function is pictured below



The Test Function T(x)

Note that T(x) vanishes, together with all its derivatives as [x| - 17, so T(x) is infinitely
differentiable and has compact support. .Forn=1and ¢ > 0, let

S(0) = 2T(%) and Pe(x) = T(¥).
Then S(x)>0 and P.(x) >0 for all x
SX)=0 and P(x) =0 for |xp e
szg(x)dx=1 Ve > 0, S.(X) > 40 as ¢ - 0,
[[P:()dx >0 as ¢-0, P.(0) = Kle Ve > 0,

Evidently, S:(x) becomes thinner and higher as ¢ tends to zero but the area under the
graph is constantly equal to one. On the other hand, P.(x) has constant height but grows
thinner as ¢ tends to zero. These test functions can be used as the "seeds” from which an
infinite variety of other test functions can be constructed by using a technique called
regularization to be discussed later.

Convergence in the space of test functions

Clearly D(U) is a linear space of functions but it turns out to be impossible to define a norm
on the space. However, it will be sufficient to define the notion of convergence in this space.
We say that the sequence {¢n} € D(U) converges to zero in D(U) if

1. there exists a single compact set M in U such that the support of every ¢, is
contained in M

2. for every multi-index, @&, maxu |0%¢n| -~ 0 @asn - « (¢, and all its derivatives
tend uniformly to zero on M)

Then {¢n} € D(U) is said to converge to ¢ in D(U) if ¢, — ¢ converges to zero in D(U).

2. Functionals on the space of test functions

A real valued function defined on the space of test functions is called a functional on
D(U). Consider the following examples, where ¢ denotes an arbitrary test function:

Ji[p] = p(a) for ae U (afixed point in U)



Jo[9] = jv p(x)dx  for V < U (a fixed set)
Js[p] = ¢'(@) for ae U (fixed)
il =¢'(@)p(a) for ae U (fixed).

Linear Functionals on D(U)

Each of the examples above is a real valued function defined on the space of test functions,
i.e., a functional. A functional on D is said to be a linear functional on D if

Vé,w € D(U),  J[Ci¢ +Cay] = CLJ[¢] +C2d[y], VCi,CseR

The functionals Ji, J», and Js; are all linear, J4 is not linear.

Continuous Linear Functionals

A linear functional J on D(U) is said to be continuous at zero if, for all sequences
{¢n} € D(U) converging to zero in D(U), we have J[¢,] converging to zero as a sequence
of real numbers; i.e.,

¢n — 0in D(U) implies Jon] - 0 inR

For linear functionals, continuity at any point is equivalent to continuity at every point.

Lemma 2.1 If Jis a linear functional on D(U), then J is continuous at zero, if and only if J is
continuous at every point in D(U); i.e.,

én — 0in D(VU) implies J¢n] - 0 inR
if and only if
V¢ € D(U), ¢én— ¢ in D) implies [J[én] —J¢o]l> O in R

examples

1. J1[¢] = ¢(a) for ae R (fixed) is a continuous linear functional on D = D(R?Y).

Let {¢n} denote a sequence of test functions converging to zero in D(R). Then there is a
closed bounded interval M such that for every n, ¢,(x) = Ofor x notin M. If a is notin M
then Ji[¢n] = ¢n(@) = Ofor every n so J[¢n] —J0]|= 0 - O in R in this case. On the other
hand, if a € M, then [J[¢n] — I[0]|¢ [pn(a)] < Maxm |¢pn(X)| > O @as n - o« so we have
convergence in this case as well.

2. 3o[¢] = jvd)(x) dx for V c U is a continuous linear functional on D(U)

Let {¢n} denote a sequence of test functions converging to zero in D(U). Then there is a
compact set M < U such that for every n, ¢n(x) = Ofor x notin M. Let W=V NM. If Wis
empty, then J;[¢n] = O for every n so we have convergence in this case. If Wis not empty
then

|32[¢n]l= 1], #n(x) dxl< maxw [¢n] W] < maxm |¢n| W] ~ 0 @S N~ oo



and we have convergence in this case as well.

3. Distributions

A continuous linear functional on the space of test functions D(U) will be called a
distribution on U. We will denote the set of all distributions on U by D'(U), or, when U is
the whole space, by D’. We will soon see the connection between distributions and
generalized functions.

If we define (C1Ji + C2J2)[¢] to equal CiJi[¢] + C2J2[¢] for all test functions ¢, then
D’'(U) is a linear space.

Lemma 3.1 D'(U) is a linear space over the reals.

For ¢ a test function in D(U), and J a distribution on U, we will use the notations

J¢] = (J,¢) interchangeably to denote the value of J acting on the test function ¢, and we
refer to this as the action of J. Although J is evaluated at functions in D rather than at
points in U, we will still be able to show that distributions can be interpreted as a
generalization of the usual pointwise notion of functions.

Locally Integrable Functions

A function f(x) defined on U is said to be locally integrable if, for every compact subset
M c U, there exists a constant K = K(M,f) such that

jM|f(x)|dx —K<w

We indicate this by writing f € L!®(U). Note that when U is R" then f € L'(R") need not be
absolutely integrable, it only needs to be integrable on every compact set. This means, for
example, that all polynomials are in L'°°(U) although polynomials are certainly not
integrable on R".

Lemma 3.2 For f e L™, define Ji¢] = fu fX)p(x)dx  for ¢ € D(U).

Then
1. J; e D'(U).
2. For f,g e L™ such that Ji[¢] = Jg[¢], for all $ € D(U), f=gae

Proof- To show 1, let {¢,} denote a sequence of test functions converging to zero in
D(U). Then there is a compact set M c U such that for every n, ¢n(x) = 0 for x not in M.
For f e L', and

gl = [, 09 dx  for ¢ € D(U),

we have

| Ji[pn]l= IIU f(X) Pn(x) dx}= IIM f(X) Pn(x) dx|< m<’3><MI<i5n(><)IUM f(x) dxl= K maxul¢n(X)| > 0 as n -
To show 2, note that for f,g e LI such that Ji[¢] = Jg[¢], for all ¢ € D(U), we have



ju[f(x) —g(x)]¢(x)dx =0  for al ¢ € D(V).

Since the test functions are dense in L', it follows from the last equality that
ju f(x) —g(X)|dx=0; i.e., f=gaecHl

Regular and Singular Distributions

Lemma 3.2(2) asserts that the mapping which associates a function from L!*(U) with a
distribution J is one to one. Then L!®*(U) can be treated as a subspace of D'(U), the space
of distributions. We call this subspace, the subspace of regular distributions and we say
that each regular distribution is generated by a unique locally integrable function; i.e. for
each regular distribution J; there is a unique f e L' such that

Ji[¢] = [U f(x)p(x)dx  for ¢ € D(V).

Of course not all distributions are regular distributions. Any distribution that is not a regular
distribution is called a singular distribution.

Example 3.1-

1if x>b
1. Let Hp(x) = .
0 if x<b

Then clearly, Hp € LI*(RY) and  Jx[¢] = f: #(x)dx is the regular distribution generated by
this locally integrable function. The function Ho(x) is called the Heaviside step function.

2. The distribution J[¢] = ¢(0) € D'(R) is a singular distribution. To see that J cannot be
generated by any locally integrable function, suppose there exists a § € L'(R') such that

J¢] = jRé(x)d)(x) dx=¢(0) for all ¢ € D(R)
For ¢ > 0 choose ¢(x) = P.(x). Then
3P0k [ .60 P.(x) dxi P.(0) | [ 16(x) dx|.

The dominated convergence theorem implies that if § € L'°(R?), then

Ilg(x)dx|.—> Oase -~ 0.
That is,
0 < P;(0) = [J[P.(x)]< P:(0)

j;(s(x)dx| -0 ase-0.

This contradiction shows that there can be no locally integrable function that generates this
distribution. In spite of this fact, we will nevertheless write

| L8()9(x)dx = ¢(0)  for al ¢ € D(R)

and speak of 6(x) as the generalized function associated with the distribution J. We use the
terms generalized function and distribution interchangeably and we often operate on 6(x) as
if it were a function but we must realize that this is just formal notation and that 5(x) is not a
function in the usual sense. We refer to 6(x) as the Dirac delta function concentrated at



the origin. More generally, the distribution J[¢] = ¢(a) for all ¢ € D(R), is written as
jR5(x— a)¢p(x)dx = ¢(a)  for all ¢ € D(R)

and is called the Dirac delta function concentrated at x = a. We refer to

J¢] = ¢(a) for all § € D(R) as the "action” of the distribution and we refer to 6(x — a) as
the generalized function associated with the distribution having this action. Although we will
often write equations like

V2G(x) = 6(x—a), xeU,
all we mean by this is that
| L VZG()p(x)dx = ¢(a)  for all ¢ € D(R).

Problem 1 Each of the following distributions is defined by its action. Identify the
generalized function for each of them.

(@) Jil¢] = ajqﬁ(a) (b) J2[¢] = —be‘b(qﬁ(b) +¢'(b))
(c) Js[g] = [, x*¢(x) dx (d) Ja[¢] = [, $00) dx
Problem 2 Describe the action on test functions for the following generalized functions.
(@) Fi(x) = x5(x) (b) Fa(x) =x6'(x—a)
(€) Fa(x) =6(3x) (d) Fa(x) = (Ho(X) = Ho(x— 1)) sin(zx)

Equality and Values on an Open Set

Although we are not entitled to treat generalized functions as if they have pointwise values,
we are still able to talk about distributions that are zero on certain sets as well as defining
what is meant by equality of distributions on open sets.

Distributions J; and J, are said to be equal in the sense of distributions if
Ji[¢] = Jo[¢] for al ¢ € D(U);

If F; and F; are generalized functions, then F; and F, are said to be equal if
ju F1(x) p(x) dx = ju Fo(x)p(x)dx  for all ¢ € D(U).

The support of a test function ¢(x) is defined as the smallest closed set K such that ¢(x)
is identically zero off K. Then we can say that a distribution J vanishes on an open set, Q,
if J¢] = Ofor all test functions ¢ having support in Q. For example, §(x) vanishes on the
open sets (—»,0) and (0,0). Two distributions, J; and J,, can be said to be equal on an
open set, Qif J; —J, vanishes on the open set Q.

We define the support of a distribution J to be the complement of the largest open
set where J is zero. Then the support of the Dirac delta is just the point {0}, and any regular
distribution generated by a function having compact support, K, is a distribution whose
support is equal to K.



Differentiation of Distributions

Let J; denote the regular distribution generated by the locally integrable function of one
variable, f(x) and consider the distribution generated by the derivative f'(x). The action of
this distribution is described by

[0 9()dx = F)$(x) b = [ FO) ¢'()dx = 0+ (I, —¢") V¢ € D(R)

Here we integrated by parts (formally) and used the fact that a test function has compact
support to make the boundary term vanish. It is evident that the derivative generates a
distribution J;: whose action on the test function ¢(x) is the same as the action of J; on

—¢'(x). This motivates the following definition.

distributional derivative For any J e D'(R), the derivative dJ/dx € D'(R) is the
distribution whose action on test function ¢(x) is given by dJ/dx[¢] = J[-¢']; i.e.,

(dJdx,¢(x)) = (J—¢'(x)) V¢ € D(R)

Equivalently, the distribution J; generated by the generalized function f(x) has as its
distributional derivative, the distribution J;» generated by f'(x). For higher order derivatives,
we have

(dIdx<, p(x)) = (-1)* (3,90 (x)) V¢ € D(R).

More generally, for any J e D'(U), the derivative 0%J € D'(U) is the distribution whose
action on test function ¢(x) is given by 0¢J[¢] = J[(-1)*6¢¢]; i.e.,

(043,0(x)) = (1)"(3,049(x)) V¢ € D(R).
Here a = ai...an denotes a multi-index , hence 0%J = (0%)...(0%")Jd, and |a| = a1 +...+an.

Equality of Mixed Partials
Suppose Jis a distribution on open set U = R2. Then 0xJ = dyJ. To see this write

@, p(%,Y)) = (-1)*(1,0(x,Y)) V¢ € D(R).
@yd, g% Y)) = (-1)*1,0pp(x,y)) V¢ € D(R).

But for a test function, ow¢(X,y) = Oxyd(X,y), hence oxJ = dyJ. More generally, every
distribution is infinitely differentiable and the values of derivatives of higher order are
independent of the order of differentiation.

Example 3.2-
1. Let Jy denote the distribution generated by the locally integrable function Ho(x). Then

(dInldx, p00)) = (In,~¢'()) = [[-¢'0)dx V¢ e D(R)

[7-0'0dx = ~p() B = $(0).
Then
(AInldx, $(X)) = $(0). V¢ € D(R),



and since (6(x),¢(X)) = #(0), V¢ € D(R), we conclude that dHo(x)/dx = 5(x) in the sense
of distributions.

2. Consider the discontinuous but locally integrable function

o0 - { K ex it x<1 }
e>™ if x>1
Then (dJildx, $(x)) = (Jr,—¢' (X)) = —[ fm(x2 +X)¢'(x) dx — | ‘f ey’ (x)dx V¢ € D(R)
and 7 0@ 4209/ () dx =~ + X)POOBL, + [ (2x+ 1)p(x) dx
= —2p(1) + | (2x+ 1)p(x) dx
— [ e () dx = —e PR + [T -5 p(x) dx = e®p(L) — [ 5ep(x) dx.
It follows that
(dJildx, p(x)) = —2¢(1) + | fw(zx +D)p(x) dx+ e Sp(1) - | ‘f 5e 5 (x) dx
= [e°-2]¢(1) + | : f/(X)(X) dx.
= < [f(1+)-f1-)]6(x=1),4(x) > +j‘fw f(X)(x) dx,

, 2x+1 if x<1
f'(x) = _ .
—5e™> if x>1
In general, if f(x) is piecewise differentiable with a jump discontinuity at x = Xo, then the
distributional derivative of f(x) is given by

df/dx = Af(Xo) 5(X — Xo) + f'(X)

where Af(xo) = f(xo +) — f(Xo —), and f'(x) denotes the derivative in the classical sense at
all points where this derivative exists.

x| if x|<1
f(x) = .
0 if x>1

This function, which is clearly not differentiable in the classical sense, was shown earlier not
to have a derivative even in the L, — sense. This function can be treated as in the previous
example to obtain

dffdx = Af(-1)5(x + 1) + Af(1) (x - 1) + f'(X)
= 5(X+1) —5(x—1) +f'(x)

where

3. Consider the function

where



-1 if -1<x<0
fI(x) = +1 if O<x<1
0 if x>1
Alternatively, using the definition of distributional derivative leads to

(A, (%)) = (Fr,~9' () = [ X' (x)cx — | ;xd)’(x) dx V¢ € D(R)

= PR — [, 900 A~ XpOOS + [ 9(x) ik

. oy 1

ie., wa (X) d(x) dx = ¢(-1) — ¢(1) + jfl sgn(x) p(x)dx, V¢ € D(R).
This implies f'(x) = 6(x+1) = 8(x— 1) + 11(x) sgn(x) Of courser this is the derivative in the
distributional sense.
4. Recall that the initial value problem

otu(x, t) + aoxu(x,t) = 0, xeR t>0
ux,0) = f(x)

has the solution u(x,t) = f(x—at). In the case that the function f(x) is not sufficiently regular
for the existence of a classical solution, (i.e., if f is not at least differentiable in the classical
sense) we can say that u is a solution in the sense of distributions if, for every test function
d(x,t) € D(RxR,),

(Oru(X, 1) + aoxu(x,t), o(x,t)) = 0.
e.g., suppose f(x) = 11(x) so that f'(x) = 6(x+ 1) —5(x— 1) + 0 and then
(0 + ady)f(x —at) =
=[0(x—at+1)-d6(x—at—1)+0](-a)+al6(x—at+1)-d(x—at—1)+0] = 0.
This is the same thing as the argument,
(Otu(X, t) + aoxu(x,t), o (x,t))
= (—a)(0(x—at+1)-o(x—at—1),¢(xt)) +ad(x—at+1) —-o(x—at—1),¢6(xt))
= (-a)(¢(at—1,t) —¢g(at+ 1)) + a(¢p(at — 1,t) —p(at+ 1)) = 0.

Note that (6(x—at — 1),¢(x,t)) = ¢(at + 1,t) is a special case of

O(w(x1),0(x1)) = ¢(X(t),t) or ¢(x,t(x)), a result which is only true if y(x,t) = C implies
one of the variables x,t can be expressed as a C* function of the other, x = x(t) or t = t(x).
In general, this type of composition is not defined. In this case, however, the verification that
u(x,t) = f(x— at) solves the initial value problem is formally the same as in the case where f
is smooth. For this discontinuous function f, however, the steps showing that u(x,t) solves
the problem can only be justified within the framework of distribution theory.

The Hilbert-Sobolev Space of Order One
We are going to define a new function space which will be of use in the weak formulation of



PDE's. For U « R", we define
H(U) = {u(x) € Lo(U) @ dxu(x) € Lo(U) for i = 1,...,n}

Here oy u(x) denotes the distributional derivative of u(x) with respect to xj. We define an
inner product on H(U) as follows,

(uv), = ju[u(x)v(x) +Vu-Wjdx for uve HYU).

That this is an inner product is simple to check. That H(U) is complete for the norm
induced by the inner product must be proved.

Proposition 3.3 H!(U) is a Hilbert space for the norm |u||, = (u,u)i’2

proof- Suppose {u,} € H1(U) is a Cauchy sequence for the norm ||u]|;. This means
[[lum—un|l; = O as m,n - oo, which is the same thing as saying

lum—un]l_, = 0 and ||Ox(Um— un)l|, - 0 for each j, as m,n - oo,

But this means that each of the (n+1) sequences {Um},{Ox,Um},--.,{0x,Um} IS CcONvergent
in the complete space L,(U) to limits o, #1,..., in, respectively. That is,

|Um — 7o]l_, » O and [|0xum — |, ~ O forj=1,...,n as m- oo,
and it only remains to show that for each j, ij = Oxiio. This will prove that ||um — io|[, - O

and, for each j, the distributional derivative 0xiio € L2(U) so iip € H*(U). To show that
ilj = Oxtio, Note that the continuity of the inner product implies that for each j,

[ L Ox Ump(x) dx = — [ , Umdx $(x) dx V¢ € D(U)
| | asm-ow
ju #i(X)p(x)dx = —fU iio(X) Ox (X) dX V¢ € D(U)
Then - , H0(X) Dxp(X) dx = [ , OxTo(X)(x) dx = [ LEH)P() X V¢ e D(U).

Convergence in the Space of Distributions

For reasons that are beyond the scope of this course, it is not possible to define a norm on
the space of distributions. However, it is possible to define the notion of convergence, which
is sufficient for our purposes anyway. We say that a sequence {T,} of distributions is
convergent in the sense of distributions if T,[¢] is a convergent sequence of reals for
every test function ¢.

The following theorem may appear to be self evident but it isn’t. It is known as the

Banach-Steinhaus theorem.

Theorem 3.4 Suppose {T,} is a convergent sequence of distributions and define
T[¢] = Limy..Tn[¢] for all test functions ¢

Then T is a continuous linear functional on the space of test functions; i.e., Tis a

10



distribution.

Delta Sequences

One type of distributional sequence we are particularly interested in are the so called delta
sequences.

Theorem 3.5 Suppose {f,} is a sequence of locally integrable functions such that for
suitable constants M and C, we have

1. f=0 for |x>M
2. ijn(x) dx=1 Vvn
3. [lfaldx<C wn

Then the sequence {J,} of distributions generated by the functions f,(x) converge to
0(X) in the sense of distributions.

Proof-Suppose {f,} is a sequence of locally integrable functions with properties 1,2, and 3
and let {J,} denote the sequence of distributions generated by the functions f,(x). For an
arbitrary test function ¢(x), it follows from 2 that

3n[p(0)] = [ Ta(x) $(x) dx = $(0) + [ _Fa(X) $0) dx = $(0) [ Fn(x) clx

and
In[$0)] = $(0) = [ () [$(X) — $(0)] dix.

Now properties 1 and 3 show that

PFn[p0)] = $(0)] < max{p(x) = $(0)] : [x| < 4} [ |f(x)|dx

< Cmax{|p(x) - $(0)| : [x| < 4} -~ O asn - o,

We just showed

V¢ € D Jn[¢(X)] = #(0) asn - oo; i.e. Jn > 6(x)in D'E
Note that this is a result for distributions on R?.

Example 3.3
1. The following are all delta sequences.

-n if X < 5=

W00 = B rlaz G0 =< 2 if A <x<i hn(X) = Sun(X)
0 if W>2

Note that f,(0) and h,(0) both tend to plus infinity as n tends to infinity. This is consistent
with the commonly held impression that the delta function is zero everywhere except at zero
where it has the value plus infinity. However, gn(X) is also a delta sequence and gn(0) tends
to minus infinity as n tends to infinity. This illustrates the difficulty in assigning a pointwise
value to a singular distribution.

11



2. Consider the following sequences of locally integrable functions.

1.1 n 1 -2n° X
Fn(X) = E + 7arctan(nx), fn(X) = Fm’ gn(X) = T (1+ n2X2)2 '
Then F'(x) = fo(x) and f,,(X) = gn(X). Moreover
1 if x>0
iMnoFn() = < 4 if x=0 >=Hox) 0 [ Fnp~["¢
0 if x<0O
hence
[ fnd = [ Frg =] —Fnd' > [ =¢'=¢0) e, fao>35(x
and

Jond = [ fhp = [ ~fud = [ ~Fa'¢' = [ Fop"~ [7=¢"=~4'(0) i.e, g 5K

This is an illustration of the following result.

Theorem 3.6 Suppose {T,} is a sequence of distributions converging to a limit T in the
distributional sense. Then

1. the derivatives {T} form a sequence of distributions converging to the limit T' in
the distributional sense.

2. the antiderivatives {fXTn} form a sequence of distributions converging to the
limit j'XT in the distributional sense

A connection between pointwise and distributional convergence is contained in the following
corollary of the dominated convergence theorem.

Theorem 3.7 Suppose {f,} is a sequence of locally integrable functions such that
Ifal<gell® and f,—~ f pointwise almost everywhere.

Then the sequence of regular distributions, Js,, converges in the distributional sense to Js.

In example 3.3(2) it is straightforward to show that |Fn(x)| < 1 and that Fn(x) converges

pointwise to Ho(x). Then the distributional convergence of F, to Hq follows and theorem 3.6
can be applied as illustrated in example 3.3(2).

Applications to PDE’s

1). We are going to show first that for 0 < x,y < 7, §(x—Yy) € D'[0,7], can be expanded in
terms of the eigenfunctions {sin(nx)}. Formally,

S(x—y) =2~ dn(y)sin(nx),

leads to
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(B(x—y),sn(mx)) = (3, dn(y) Sin(nx), sin(mx) )
= 2777, dn(y) [ sin(nx) sin(mx) dx = %dm(y).
But
(6(x—y),sin(mx)) = sin(my)

hence
dm(y) = 2sin(my) and J(X-Yy) = erzlsin(ny)sin(nx).

This result is only formal since expansion in terms of eigenfunctions was developed for
functions in L,[0, 7] and has not been shown to extend to generalized functions. In fact, it
does extend but this is what we must now show.

One way to show that this result extends to distributions, is to note that for each fixed
y € [0,7], the series

23" n—12 sin(ny) sin(nx)

converges uniformly for 0 < x < x, to a limit we will denote by G(x,y). It follows then from
theorem 3.6 that

—axx(zzgzl n—lzsin(ny)sin(nx)) — 23N sin(ny) sin(nx) — —04G(x,y) asN —

where the convergence is in the sense of distributions on [0, z]. Since the differentiated
series is the series we found for §(x —y), the validity of the series will be established if we
can show that — 0xG(X,y) = 6(x—Yy). To see this, note that any test function

#(x) € D[0, 7] can be expanded in a series of the form

p() = X7, dnsin(nx) = 7 (2[7 g(y) sin(ny) dy ) sin(nx)
= [0 (X, 28n(nx)sin(ny)) dy = ($(y),~0xGXY)).
Since
(p(Y),—0xG(X,Y)) = ¢(x)  for any test function ¢(x) € D[O,x],
it follows that —0xG(X,y) = 6(X—Y).

2. For each fixed y € [0,7], let H(x,y,t) denote the (distributional) solution of
(Ot — Ox)H(X, Y, 1) =0, O<x<m, t>0
and H(x,y,0) = 6(x-Y),
H(O,y,t) = H(x,y,t) = 0.
Then, as we have seen previously, the solution to this problem is given by
Hxyt) = X7 da(y) e™sin(nx) = Y.~ 2sin(ny) e ™ sin(nx).

Here using the expansion for 6(x —y) is rigorous not just formal.
Now if u = u(x,t) solves

(0t — Ox)u(x,t) = 0, O<x<mt>0

13



and u(x,0) = f(x), O<x<m,
u(0,t) = u(x,t) = 0, t> 0,

then ux,t) = | 0 H(x,y,t) f(y) dy.

To see this, simply note that u(0,t) = u(x,t) = 0, follows from
H(O,y,t) = H(x,y,t) = 0, and in addition,

(Bc = dx)UOG ) = [ (3t = Bx)HO Y, D f(y) dy = O,
and
u(x,0) = [ Hx Y, 0)f(y) dy = |7 5(x—y)f(y)dy = f(x).

Evidently, H(x,y,t) is what we have previously called the Green’s function for the heat
equation. Now we will see an equivalent alternative description of the Green’s function.

3. For each fixed y € [0,7], and t > s> 0, let H(xy,t—s) denote the solution of

(0t — O)H(X,Y,t—S) = (x—y)6(t—s), O<x<m t>5>0
and H(x,y,0) =0,
H(O,y,t) = H(ﬂ,y,t) =0.

In this case, the solution to this problem can be written

H(x,y,t—s) = >~ Hn(y,t— ) sin(nx)

where
OtHn(Y,t =) + N?Hy(y,t —s) = dn(y)8(t—5s), Hn(y,0) = 0.
Then
Ha(y,t=s) = da(y) | ; et §(r —s)dr = 2sn(ny) et
and

Hxyt—s) = 23" e™9dn(ny) sin(nx).
Now if u = u(x,t) solves

(0t — OxU(X,t) = F(x,t), O<x<m t>0
and ux,0) = 0, u(0,t) = u(r,t) = 0,

then
u(x,t) = f; [ HOGY,t=s)F(y,s) dyds.

To see this, simply note that u(0,t) = u(x,t) = 0, follows from
H(O,y,t) = H(r,y,t) = 0, and furthermore

(0t — dxu(x, 1) = [ [7(81 — Do) H(x,y,t— S) F(y,5) dy ds

= [ 7 50x - y)s(t - ) F(y,5) dyds = F(x).
and
u(x,0) = [ [* H(xy,0) F(y,s) dyds = 0.

14



Evidently, H(x,y,t — s) is also what we have previously called the Green’s function for the
heat equation, and we can characterize the Green'’s function equivalently as H(x,y,t), the
(distributional) solution of

(Ot — O )HMX Y, 1) =0, O<x<m t>0 and H(XYy,0) =dXxX-Y),
or as H(x,y,t — s), the solution in the distributional sense of
(0t — O )HX, Y, 1) = 6(X—Yy)o(t—s), O<x<m t>s>0 and H(xy0) =0.

4. The Distributional Fourier Transform

In order to extend the definition of the Fourier transform to generalized functions, we first
recall that an infinitely differentiable function u(x) is said to be rapidly decreasing if

V integers m,n, [xMu™ (x)|-> 0, as [x| » «

Then the rapidly decreasing functions are smooth functions that tend to zero, together with
their derivatives of all orders, as |x| tends to infinity, more rapidly than any negative power of
|X]. We denote this class of functions by S(R) and note that the test functions, C¥(R) are
contained in R), and SR) is contained in L2(R) and in L1(R). Then every f € SR) has a
Fourier transform which can be shown to also belong to S(R). Thus SR) is another space,
like L2(R), which is symmetric with respect to the Fourier transform in the sense that both

f and F belong to the same space of functions.

Proposition 4.1 Foreach fe SR), F=Te[f]l € SR) and TE[F] = f(x) where the
equality here is in the pointwise sense.

We now define the sense of convergence in S(R). A sequence <{¢,} of rapidly decreasing
functions is said to converge to zero in R) if, for all integers p and q,

MaXxeRr

PP (x)| >0 as  n- oo

Then ¢, - ¢ in R) if (¢n—¢) - 0in R). Since the space of rapidly decreasing
functions has no norm, we cannot say that the Fourier transform is an isometry on
S(R). However, we have the following result.

Proposition 4.2 For f, € R), with F, = Te[f] € SR), ¢én— ¢ in R) implies
Fn > F = Te[¢] in SR).

Tempered Distributions

A linear functional T defined on S(R) is said to be a tempered distribution if, for every
sequence {¢n} of rapidly decreasing functions that is converging to zero in S(R), it follows
that T[¢n] converges to zero as a sequence of real numbers. In this case we write

Te S(R).

Note that convergence in the sense of test functions is stronger than convergence in the
sense of rapidly decreasing functions. Then every J € D'(R) is also a tempered distribution
but the converse is false.
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Proposition 4.3 If f e L is such that for some positive integer, m

[ f(x)

. (1+X2)de=C<oo,

then f generates a tempered distribution; i.e., Ji[@¢] = (f,¢) is a continuous linear functional
on SR) as well as on D(R).

Proof- Suppose f e LI satisfies the condition above and let {¢,} denote a sequence of
rapidly decreasing functions such that ¢, — 0 in SR). Then

Ign] = [ f)Pa0)dX = [ 0 (14 52) g0

R(1L+x2)"

—f m
R (1 4-())(()2)m dx = CmaXyer |(1+X2) dn(X)| > 0asn—» o
We have proved that ¢, » 0 in R) implies Ji[¢n] - 0in R.A

< MaXxer I(l + Xz)m¢n(x)|j

Any locally integrable function which satisfies the condition in proposition 4.3 is said to
be a tempered function or a function of slow growth. Then, according to the proposition,
any tempered function generates a tempered distribution. Thus any constant function, any
polynomial in x and sinx and cosx all generate tempered distributions.

Definition The Fourier transform of the tempered distribution J is the tempered distribution
K whose action on Sis defined by K[y ] = J[¥] where ¥ = Te[y]; i.e.,

(TeAl,w) = 3, Tely]) foral yeS

Example 4.1
1. Formally

TE[600] = 5= [, 8008 dx = 5L-.

This result is only formal since this integral serves to define the Fourier transform only for
absolutely integrable functions, and the delta is certainly not in this class. In order to
compute the transform of the delta, we have to use the distributional definition. Write,

(Te[61,y) = G, Telyl) = w(0)  forall yeS

But
P(0) = 2 [ w(0e luotx = 2 [y dx = ().
Then
Telsly) = (y)  foral yes
i.e.,

TE[300] = 5
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2. The constant function f(x) = 1 Vx, is a tempered function and generates a tempered
distribution which we will denote by I. Then for arbitrary y € S

(Telllw) = (L, Tely]) = [ W(@) da = [ ¥(a) €*dalo = y(0);
ie.,
(Te[ll,w) =yw(0) foral yweS

This is equivalent to the assertion that Tg[l] = 0.

3. Using these two results we now can see that

TEBO00] = (i)"5,  Telx] = i"%™(a)

TE6(x=p)] = 2™, T[] = 6(x-p),
Te[cos(px)] = TE[(E™®l + e™1)/2] = (§(X—Pp) + S(X+ p))/2

Te[siN(EX)] = TE[(€71 — e®1)/2i] = (5(X = p) — 5(X + p))/2

Applications to PDE’s
1. For fixed y € R, and s> 0, consider the initial value problem

(0t — Ox)H(X, Y, 1 —S) = 6(X—Yy)d(t—9) xXeR t>s>0,
H(Xxy,t—s) =0 for s> t.

If H(a,y,t—s) denotes the Fourier transform in x of H(x,y,t —s), then
47 _ 2f) gy = L vt
dtH(Aa’y’t S) +a“H(a,y,t—9) 5 eV 5(t-s),
H(a,y,t—-s) =0 for s>t
It follows that

H(a,y,t—s) = f; e‘“z(t‘f)%.e‘iy‘” 8(r —s)dr = Z—%I.e“y“e‘“z(t‘s)
XZ
Since Tel[e®t9]= |- e 4t-9) it follows that

(x-y)?

Hxyt-s) = —2L ¢ 4t-9 t>s>0

[4r(t —S)

This is the previously obtained fundamental solution for the heat equation on R x R.. Note
that similar arguments show that the solution of the initial value problem

(0t — Ox)H(X Y, 1) =0 xeR t>0,
H(X,y,0) = 6(x-Y),

(x=y)?
e a4 t> 0.

is given by H(Xy,t) =

7t
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2. Forfixed y € R, and s> 0, consider the initial value problem

(Ot — Ox)W(X, Y, t —S) = 6(X—Y)o(t—S) XxXeR t>s>0,
W(X,y,t—s) =0 for s> t.

If W(a,y,t—s) denotes the Fourier transform in x of #(x,y,t —s), then
25 _ 275 _e) = L aiya gt —
e WA(a,y,t S) taWa,yt-s) = 5 —.e¥o(t-9),
W(a,y,t—s) =0 for s>t.

There are various ways to solve this equation, one of them is to apply the Laplace transform
in t to get

(B +a?pi(ay,p~5) = 5. Wels
where
Ww(a,y,B—5) = £[ W(a,y,t - s) | = Laplace transformin t of #(a,y,t—s)
and
£5(t-9)] = | : e 5(t—s)dt = eFs
Then
1

Wayp-s) = Lew L eb

p?+a®> B

Now

. —pA
Tﬁl[%_elya ﬁzfaz :| - %e*mX*w and £l|: eﬂ :| = Ho(t—A)

hence  W(x,y,t—s) = 2Ho(t—s— [x-y|).

This is the so called causal fundamental solution for the wave equation. If
u = u(x,t) solves

(Ot — Ox)U(X, 1) = F(X,t) xeR t>0,
ux,0) = ow(x,0)0 =0 for xeR
then uex,t) = f; IRW(x,y,t— s) F(y,s) dyds.

3. Using the Laplace transform, the solution of the initial boundary value problem,

OV(X, 1) — OxV(X,t) = 0, x>0, t>0,
v(x,0) = 0, x> 0,
oxv(0,1) = g(1), t>0,
is found to be
X2
v(x,t) = j; =1 ¢ At-9 g(s)ds = —f; K(x,t —s)g(s)ds.

n(t—19)

while the solution of

18



OtW(X, 1) — OxW(X,t) = O, x>0, t>0,
w(x,0) = 0, X >0,
w(0,t) = f(t), t>0,
is given by
X2
w(x,t) = f; — X e Ht-9) gs)ds = f; oK (x,t—s)g(s)ds.
Jan(t—s)°
The functions K(x,t), and h(x,t) = —0xK(x,t) each satisfy
Otu(X, t) — Oxxu(x,t) = 0, x>0, t>0,

and
Limeo, u(x,t) =0, for x+0

This seems to violate the uniqueness of solutions to the pure initial value problem for the
heat equation. However, K(x,t), and h(x,t) are distributional solutions of the initial value
problem and neither of them is continuous in the closed upper half plane; i.e.,

Lime_ o K(X,t) = +o0 = Limyo_ o h(x,1).
On the other hand, we can also show that

) Limeo(K(X,1),9(x)) = ¢(0) V¢ € D(R)
i) Limeo(h(x,t), (X)) = 24'(0) Vé € D(R)

This is equivalent to

i) OK(X,t) —0xK(X,t) =0, in D'(R), K(x0)=265(x)
i) oth(x,t) — dh(X,t) =0, in D'(R), K(x0) = 28(X).

To see that i) holds, write
2

X2 )
(K(x,t), (X)) = jRﬁe & p(x)dx = %IRGZ ¢ (z/% ) dz
- % [ eZ[#(z/a) - $(0))dz+24(0)
This leads to the result, Limeo(K(X,t),$(X)) = 2¢(0), V¢ € D(R).

5. Distributions  Supplement
We wish to consider two questions in the theory of distributions:

) given Je D'(R), find T e D'(R), such that XT(x) = J(X)
i) find J € D'(R), suchthat J'(x) =0

To answer the first question we need the following lemma.



Lemma 5.1- The test function ¢(x) satisfies
#(0) = 0 if and only if ¢(x) = xy(x) for some test function, y(x).
More generally, the test function ¢(x) satisfies

¢$™M(0) =0 m=0,1,...,N-1 if and only if ¢(x) = xNy(x) for some test function, y(x).

Proof- Clearly if #(x) = xy(x), then ¢(0) = 0. Conversely, for any test function
$(x) = $(0) + [ ¢' ()t
and if ¢(0) = 0, then the substitution t = xsleads to

$00 = [39'Odt = X[ ¢/05) ds = xy(x).

Clearly w(x) is a test function if ¢(x) is a test function. The more general statement follows
by a similar argument.ll

Now, using lemma 5.1, we can show

Lemma 5.2- The general solution of i) is of the form T(x) = To(x) + Co(X), where Ty is
any particular solution of i) and C is an arbitrary constant.

Proof- Note that the general solution of i) is necessarily of the form T(x) = To(X) + K(X),
where Ty is any particular solution of i) and K is a distributional solution of xK(x) = 0. This
means that

0 = (XK(X),y(X)) = (K(X),xy(x))  for all test functions y.

Now it follows from lemma 1 that 0 = (K(x),¢(x)) for all test functions such that ¢(0) = 0.
Now any test function ¢(x) can be written in the form ¢(x) = ¢(0) #1(X) + ¢o(X), where ¢o, P2
denote test functions such that ¢o(0) = 0 and ¢1(0) = 1; e.qg.,

$(x) = ¢(0) 91(X) + [p(X) — $(0) p2(X)].
Then for arbitrary test function ¢(x) we can write
(K, ¢(X)) = (K(X),$(0) p1(X) + ¢o(X)) = p(0)(K, p1) + (K, do) = Ch(0)

which is to say, K = C§. More generally, similar arguments show that the general
distributional solution of xNT(x) = J(x) is of the form

T(X) = To(X) + > s Cad™(x). W
As an application of this result, consider the problem of finding the Fourier transform of the

tempered function f(x) = Sgn(x).
Note that

Te[ LSgn(x) | = ia Te[SN(X)] = iaF(a).
But LS00 = 2600 and  Te[2609] = &
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hence
iaF(a) = L.

Then it follows from lemma 2 that  F(a) = —% + Co(a). Now it follows from previous

observations about the Fourier transform, that since f(x) is an odd real valued function of X,
then F(a) is an odd and purely imaginary valued function of a. Then the fact that 6(a) is
an even function of ¢ implies that C = 0.

Similarly, the Fourier transform of the Heaviside step function can be obtained by a similar
computation. We have

Te[ LHX) ] = ia TE[HX)] = iah(a).

Also

LHX) = 6(x) and Te[6(X)] = %
Then

iah(a) = %,

and lemma 2 implies  h(a) = —#a + Cé(a). In order to determine the constant C, note
that

H(X) + H(-x) = 1, hence Te[H(X)]+ Te[H(=X)] = é(a).
But

Te[HX)] + Te[H(=X)] = h(a) + h(-a) = 2Cé(a)

which implies C = /2 and h(a) = $5(a) - ﬁa

In order to answer the question raised in ii), we need

Lemma 5.3- The test function ¢(x) satisfies
d(x) = y'(x) for some test function, w(x)
if and only if jR P(x)dx = 0.

Proof- If ¢(x) = v'(x) for some test function, y(x) then
[y () dx = y(0) = y(-0) = 0.
Conversely if qu&(x) dx = 0, then
y(x) = [ $(s)ds  satisies  y'(x) = $(x).

In addition, v has compact support since jR #(X)dx = 0 and ¢ has compact support. Then
v is a test function.ll
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Note that any test function can be written in the form ¢(x) = A¢1(X) + ¢o(X) where
A= qus(x) dx, jR¢o(x) dx=0, and qusl(x) dx = 1.
e.g., ¢ =Ad1+ (¢ — Ap1).

Now, using this result we can show

Lemma 5.4- The distributional solution of u'(x) = 0 is the regular distribution generated
by the locally integrable function u(x) = C.
Proof- If u'(x) = 0 then

(u,y)==(uy') =0 forall test fucntions .
ie.,
(u,¢) =0 forall test functions ¢ = y'

By the previous result then
(u,d) = (UAP1(X) + po(X))
=A<Ud1>+<Ugpo >
= Cde)(x)dx where C= <u¢; >
This shows that

(u¢) = ch¢(x)dx VDM
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