M 317 Problems Chapter5
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Forf(x) = 1+xonl = {0 < x < 2}, let P denote a uniform partition of | with N = 4.
Then compute each of the quantities, m|l|, o[f,P], RSf,P], Z[f,P], and M|l|, where
the tag points for the Riemann sum are the midpoints of the intervals I in the
partition. Compare these numbers with .[Ef .

Using the results of problem 1, sketch the graph of f on | and indicate the
quantities m|l|, o[f,P], RYf,P], Z[f,P], and M|l|, on the sketch.

Refine the partition P of the previous problem by adding the midpoint of the first
interval in P.Call this refined partition P*. Compute o[f,P*], and X[f,P*].

Using the results of problem 3, sketch the graph of f on | and indicate the
quantities of[f,P], 2[f,P], and ,o[f,P*], Z[f,P*], on the sketch. Explain why
olf,P] < o[f,P*], and Z[f,P*] < Z[f,P]. Explain why these results apply for any
partitions P and P* where P* is a refinement of P.

Repeat problem 1 with f(x) = 3—xon | = {0 < x < 2}. How do the numbers
olf,P], RSf,P], X[f,P] in this case relate to the same quantities in problem 17?

Forf(x) =1+xonl = {0 < x < 2}, let Q denote a uniform partition of | with
N = 8.1s Q a refinement of P? Use a sketch as in problem 4 to explain why
olf,P] < o[f,Q] < Z[f,Q] < X[f,P]. Explain why, o[f,Q] < X[f,P] holds for any
partitions P and Q for I.

Forf(x) =1+xonl = {0 < x < 2}, let P denote a uniform partition of | with

N = 4.Compute Zizl(Mk — my)|lx| and indicate on a sketch of the graph of the
function f, what this sum represents. If we refine the partition P, will the
corresponding sum increase, decrease, or stay the same.?

Letf(x) = 1if x € [0,2] N Q and let f(x) = O for any irrational number in [0, 2].
Compute ZL(MK — my)|l«| for the uniform partition P of the previous problem. If
we refine the partition P, will the corresponding sum in this case increase,
decrease, or stay the same.?

Letf(x) = 1+xon | = [0,2]. Choose an arbitrary ¢ > 0, and find a partition P of
I = [0,2] such that §f,P] — §[f,P] < ¢ Does this imply that f is integrable on | ?

Letf(x) = 3—xon | = [0,2]. For an arbitrary given ¢ > 0O, find a partition P of
I = [0,2] such that §f,P] — §[f,P] < ¢ Does this imply that f is integrable on | ?

2X if 0<x<1
i <x<
Let f(x) = 3 _If lex=2 0 <x < 4. Choose an ¢ > 0,and find a
X if 2<x<3

24-x)? if 3<x<4

partition P of | = [0,4] such that §f,P] — §[f,P] < ¢ Does this imply that f is
integrable on 1 ?
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Suppose f € C[a,b] is non-negative and not identically zero on [a,b].
a. Prove that IZf >0

b. s this result still true if we assume only that f is integrable but not
continuous? If your answer is yes, prove it, if it is no, give a
counterexample.

Suppose f is defined on [a,b] and [f(x)]| is integrable on [a,b]. Does it necessarily
follow that f is integrable on [a,b] ? If your answer is yes, prove it, if it is no, give a
counterexample.

A if x = 21— for j = odd integer,
Let f(x) = O<j<2" n=12... O=x=<1
0 otherwise

a. sketch the graph of f and find where f is continuous and where it is
discontinuous

b. determine whether f is integrable on [0,1] and prove it.

Suppose f and g are continuous on | = [a,b] and that L f= L g. Prove there exists
cin | such that f(c) = g(c)

Compute the average value for f(x) on [0,1],:

a. fx) =x(1-x%) xe[0,1]
; 1
-2 N
b. =4 XM X=m ne x e [0,1]
0 otherwise

Suppose: (i) f e C[a,b], (ii)) f(x) >0 Vvxel, and (iii) gf] = 0. Then prove that
f(x) = Oforall xin 1.

. Suppose fis integrable on | = [a,b] and m < f(x) < M for all xin |
a. provethat mb-a) < jZf <M(b-a)

b. if fis continuous on | prove thereis a cin | such that f(c) = ﬁ IZf
Suppose f is continuous on | = [a,b], f(x) > Ofor all xin |

a. if, in addition, §[f] = 0, then prove that f(x) = O for all xin I.

b. if, instead of a we have f(c) > 0 for some cin I, prove that Lf >0
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Let {x1,...Xm} denote a finite set of points in [a,b] and let

k if X=X
f(x) = .
0 if x=#X
Show that f is integrable on | and compute the integral.

Suppose f is integrable on | = [a,b]
a. Usetheinequality |X|—|y|]| < [x—Yy| to prove that [f|is integrable on |

b. give an example of a function g that is not integrable on | but |g]| is
integrable on |

Suppose fis integrable on | = [a,b] and m < f(x) < M for all xin |
a. prove that

m(b-2) < [°f < M(b- a)
b. if fis continuous on | prove there is a cin | such that

fe) = b}a sz

For f integrable on | = [a,b] let F(x) = j:f

a. show that F(x) is uniformly continuous on |
b. show that at each x in | where f is continuous, Ihlrg DnF(x) exists. What

does the limit equal?

3-tif 0<t<?2 t
Let f(t) = and F@t) = | f
® {1 if 2<t<3 ® IO

a. obtain an explicit formula for F
. draw the graph of F and tell where you think F is differentiable
c. compute F'(t) at each point where the derivative exists.

Suppose f < C[0,x) and f(x) # O for all x > 0. Then show that if
[f(x)]% = 2j0f for x > 0 then f(x) = xfor x > 0.

Suppose: f e C[a,b], and Ing = Oforallg € C[a,b]. Then prove that f(x) =0
forall xin 1.

Let {x1,...,Xm} denote a finite set of points in [a,b] and suppose f(x) = kif x = xk
and f(x) = 0 otherwise. Show that f is integrable and compute jl f.

Give an example of an f that is not integrable on | but [f| is integrable.

Suppose fis integrable on | and m < f(x) < M for all xin|.
a. Provethat mb-a) <| = Lf < M(b-a)
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b. Iff e C[a,b] prove there is a c € | such that f(c)(b—a) = jl f. Is this
result true if f is not continuous?

For f integrable on | = [a,b] let F(x) = j:f

a. show that F is uniformly continuous on |
b. Show that at each xin | where f is continuous, we have Ir!rQDhF(x) = f(x)

3-t if O0<t<?2 X
Letf(x){ L it 2et<a andF(x):jaf

a. obtain an explicit formula for F
b. sketch the graph of F and tell where F is differentiable
c. Compute F'(t) at each point where the derivative exists.

. . 1 (X 42 . 1 3th 42
Calculate: (@) I)Lrglyjoe dt (b lh'IQFIs etdt
sinx

Let G(x) = jo f(t)dt. Is G differentiable? If so, find G'(x).

Letg: [0,1] — [0,1] be continuous and strictly increasing on [0, 1]. Use a sketch
to explain why j; g(x)dx + j; gl(y)dy = 1.

Compute the value of j: x"edx

Suppose f is continuous and strictly decreasing on [0, ). Explain why j:f and

Zf(n) are either both convergent or both divergent.
n=1



