Chapter 2 Limits

In the next few chapters we shall investigate several concepts from calculus, all of which
are based on the notion of a limit. In the normal sequence of mathematics courses that
students encounter, courses like algebra, geometry and trigonometry, calculus is the first
course in which the notion of limit occurs. The notion of a limit is central to the development
of calculus and there are two types of limit we will discuss. The first is the notion of a
sequence limit and we will then use the ideas developed from sequence limits to consider a
second concept, that of function limits.

Sequences provide a convenient setting in which to introduce the notion of limit, and so,
we begin this chapter developing the properties of sequences. In particular, we define what
it means for a sequence to converge to a limit and we present a number of theorems which
can be used to tell whether a given sequence does or does not converge. Finally, we
introduce the important Cauchy criterion for convergence which allows a given sequence to
be classified as convergent or not convergent without reference to the limit of the sequence.

A knowledge of sequence limits aids in the subsequent development of function limits
and the second part of the chapter is devoted to seeing how sequence limits lead naturally
to the definition of a function limit. Many of the properties of function limits can be related to
corresponding properties of sequence limits and the question of whether a given function
limit does or does not exist can be often handled using sequence limits.

In the next chapter we will use both sequence limits and function limits in defining the
concept of continuity for a function of a single variable. In later chapters, the notion of a limit
is fundamental is considering derivatives and integrals.

Functions and Sequences

A sequence is often defined as an ordered set of real numbers that are in one to one
correspondence with the natural numbers. The correspondence is indicated by labelling the
terms in the sequence in order, i.e., ai,ay,... . An alternative definition of sequences can be
given using the notion of a function.

A function, f, can be defined as a rule which assigns to each element x in a subset
dom([f] of the real numbers, a corresponding element y, in a subset rng[f] of the real
numbers. We refer to the set dom(f] as the domain of the function f and the set rng[f] as the
range of f. We often use the notation y = f(x) to denote the function f. The function is said to
be single valued or well defined as long as there are not two distinct y values in rng[f] that
correspond to the same x in dom[f]. This can be interpreted graphically as the assertion that
if the function is "graphed" by plotting the domain on the horizontal axis, the range on the
vertical axis, and then sketching a curve through the points (x,f(x)) for all x in the domain, a
vertical line through each x in the domain cuts the graph is just one point.

In the special case that a function, a, has dom[a] = N, the function is called a sequence
and we denote sequences by writing a, (or {an} if we want to refer to the whole sequence
rather than just one term) instead of a(n).

Example Sequences
a) The sequence 2,4,6,8,... can be described by writing a, = 2n, n = 1,2,... or, it can be
defined recursively as an.1 = an + 2.
b) The sequence +,3, L 1 isdefinedbya,=1-2",n=1,2,...

I! ) 1%1
c) The sequence 1,-1,1,-1,1,... can be defined by a, = (-1)™* or, recursively by



dpy1l = —an.
d) The definition a, = n~3 generates the sequence 1,4, -, -, ... Note that in each of these
examples, the domain of the sequence is N so n begins at the value 1.

Bounded, monotone sequences

e A sequence a, is said to be bounded if there is a positive real number, M, such that
|an] < M, Vn e N.

e A sequence a, is said to be increasing if a, < anq foralln e N

e A sequence a, is said to be decreasing if a, > an1 foralln e N

e A sequence a, is said to be monotone if it is either increasing or decreasing

The sequence b), c), and d) in the example above are bounded sequences. The sequence
in a) tends to +oo and, of course is not bounded. The sequence in b) is increasing while the
sequence in d) is decreasing. Both of these are monotone sequences. The sequence in c)
is neither increasing nor decreasing.

Definition Convergence, Divergence

e A sequence a, is said to be convergent to limit L if, for every ¢ > 0 there exists
v € N such that |a, — L| < ¢ for all n > v; we can express this in words by saying that
an lies in an ¢ — neighborhood of L for every n sufficiently large.

e If a sequence is not convergent it is said to be divergent.

Example Convergence

a) The sequence {%} is convergent with limit L = 0. To see this, let & > 0 be given and let
v denote an integer that is larger than % Then

|%—0| <¢ forevery n>v.

b) Letr < 1 be given. Then the sequence {r"} is convergent with limit L = 0. In this case, it
is clear that forany ¢, 0 < ¢ < 1,

[r"-0] < ¢
. , Loge
if  nLogr < Loge (i.e., n> Cogr )
Then |rI"-0l<e if n>v= Loge
Logr

c) The sequence {a, = (-1)"} is divergent. To see this note that a, = 1 when nis even and
an = —1 when nis odd. Clearly the only possible values for L are +1 and —1. But for ¢ < 1,
there is no integer v for which it is true that |(-1)" - 1| < ¢ for all n > v, nor is it true that
|(-1)"+ 1] < ¢ foralln> v. Then a, does not remain in any ¢ — neighborhood of either +1
or -1 for all large n.

d) A sequence a, is said to tend to +« if, for every positive B, there exists v € N such that
ap > Bforeveryn> v;e.g., ifr > 1, a, = r" tends to +o0. A sequence a, is said to tend to
—oo if the sequence —a, tends to +oo.



Subsequences and Limit Points

Let f(x) be a well defined function having domain dom[f] and range rng[f]. Any function g(x)
such that dom[g] is a subset of dom[f] and g(x) = f(x) for all x in dom[g], is said to be a
restriction of f to the domain dom[g] = dom[f]. Now suppose {a,} is a sequence (a function
defined on N') and let N’ denote a subset of N. A sequence {b,} defined for n € N, is said
to be a subsequence of {a,} if b, = a, forn € N’; i.e., {b,} is just a restriction of {a,} to
the domain N’ < N. In loose terms, we might say {b,} is a subsequence of {a,} if {bn} is
obtained from {a,} by deleting some of the terms from {a,} and keeping the remaining
terms in the original order. The notion of a subsequence is useful in discussing
convergence for sequences.

Theorem 2.6 If the sequence {a,} convergesto limit L, then every subsequence of {a,} must
also convergeto L.

Like theorem 2.1, this theorem is most useful in proving that a sequence is not convergent.
In particular, if {a,} contains subsequences converging to different limits then {a,} is not
convergent. In connection with any discussion of subsequences we can define the following
notion.

Definition A number P issaid to bealimit point for the sequence {a,} if {a,} containsa
subsequence that convergesto P.

Note that if {a,} is convergent to L, then L is necessarily a limit point for {a,}. On the other
hand, a sequence {a,} may have more than one limit point but in this case the sequence
cannot be convergent.

Theorem 2.7 If the sequence {a,} has more than one limit point, then {a,} diverges.

Theorem 2.7 says essentially the same thing as theorem 2.6 but in terms of limit points
instead of subsequences.

Theorem 2.8 (Bolzano-Weierstrass theorem) Every bounded sequence contains a conver gent
subsequence.

An equivalent way of stating the B-W theorem is the assertion: Every bounded sequence
must have a limit point. Of course both statements are equivalent to the original statement
of the B-W theorem: Every bounded infinite set has an accumulation point.

Example Subsequencesand Limit Points

a) The only limit point of the sequence {%} is zero and this sequence converges to L = 0,
(as do all its subsequences)

b) The sequence {(-1)"} is clearly bounded (choose M = 2) hence by theorem 2.8 it must
contain a convergent subsequence. In fact, there are two convergent subsequences,
{(-1)*} and {(-1)***}, with the subsequence, {(-1)*"}, converging to L, = 1 and the
subsequence {(—1)2”*1}, converging to L, = —1. Then theorem 2.6 implies that the



sequence is not convergent. Alternatively, by definition, L1 and L, are limit points of the
original sequence, and since there are two limit points, the sequence {(-1)"} must diverge
by theorem 2.7.

c) The sequence a, = n[1 - (-1)"] produces the terms {2,0,6,0,8,0,10,0,...} and hence it is
clear that {az, = 0} is a subsequence. Obviously the subsequence converges to 0 and it is
not hard to see that this is the only limit point for the original sequence {a,}. However this
sequence is not convergent since it is also clear that it is not bounded. Alternatively, {az1}
is also a subsequence of {a,} but it does not converge to the limit of the subsequence {az}
so {an} is divergent by theorem 2.6.

Properties of Sequences

Using the definition to decide if a series is convergent or divergent is usually not the most
efficient way to proceed. Instead it is often easier to observe certain properties of the
sequence that are sufficient to imply convergence or divergence. We will list now several
important facts about sequences that can be used for this purpose.

Theorem 2.1 If asequence {a,} isconvergent, then it is bounded

This theorem is most frequently used in its contrapositive form; i.e., if a sequence is not
bounded then it is divergent.

Theorem 2.2 A monotone sequence is convergent if and only if it is bounded.

Note that for a sequence that is not monotone, boundedness does not imply convergence.
It is only for monotone sequences that boundedness implies convergence.

Theorem 2.3 (Uniqueness of limits) The limit L of a convergent sequenceisunique (i.e., a
convergent sequence cannot have distinct limitsL and M )

The previous three theorems only tell if a sequence is convergent or divergent. The next
few theorems can be used to find the limit to which a sequence converges.

Theorem 2.4 (Squeeze play for sequences) Let {a,} be a convergent sequence with limit L.
Suppose {by} isa sequence satisfying either L < b, < a, or, a, < b, < L for all
n € N. Then {by} isa convergent sequence with limit L.

Theorem 2.5 (Arithmetic with sequences) Let {a,} and {bn}be convergent sequences with
limitsL. and K respectively. Then

(a) For real numbersa, 8, {ean + Bbn} isa convergent sequence with limit
al + BK

(b) <{anbn} isaconvergent sequence with limit LK

(c) {%} IS a convergent sequence with limit % provided K + 0 and
n



bh, = 0 Vn.

The Cauchy Criterion

It will be convenient to have a characterization of convergence for sequences that does not
require us to know the value of the limit L in order to determine the convergence; i.e.,this
definition does not refer explicitly to the limit of the sequence. We shall say that a sequence
{an} iIs a Cauchy sequence if, for every ¢ > 0, there exists v € N, such that |am — an| < ¢ for
allm,n > v. Then we have

Theorem 2.9 (Cauchy criterion) A sequence is convergent if and only if it isa Cauchy
sequence.

Example Cauchy sequences

a) We already know that {%} is a convergent sequence so we should be able to show that

it is a Cauchy sequence just to illustrate how the argument is constructed. Consider

1 1 m-n
lan—aml = | & - & | = |

Without loss of generality, we may suppose m > n. In that case
m-—n m _ 1

lan —anl = T < = @
and it follows that V¢ > 0
lan —am| < ¢ if m>n>%

which proves that {a, = +} is a Cauchy sequence.

n
b) Consider the sequence S, = Y +; i.e., S1 = 1, $ = 1+ 4, etc. We can show that this
m=1

sequence is divergent by showing that it is not a Cauchy sequence. In fact, forany n > 1,

o __1 1 1
San Sn_n+1+n+2+"'+2n

1 .1 1 _p(l)y-1
> gttt = (5 ) < 3

This shows that for any n, no matter how large, the difference Sy, — S, is never less that 1/2
and so it is not the case that for m and n sufficiently large, Sy — S, can be made arbitrarily
small. {S,} is not Cauchy and therefore is not convergent.

Solved Problems: Sequence Limits

Sequence Limits
Problem 2.1 (A constant sequence) Show that the sequence {1,1,1,...} converges and
find the limit.

Solution:This sequence has a, = 1 for every n and is therefore called a constant sequence.
Since |a, — 1| = O for every n, it is clear that for every ¢ > 0 and v = 1 we have |a, — 1| < ¢ for



every n > v. Then by the definition of convergence, this sequence convergesto L = 1.

Problem 2.2 (An eventually constant sequence) Show that the sequence
{1,2,3,4,4,4,4,...} converges and find the limit.

Solution:This sequence has a, = 4 for every n > 4. This is an example of what we call an
eventually constant sequence. Since |a, — 4| = O for every n > 4, it is clear that for every

¢ > 0and v = 4we have |a, — 1| < ¢ for every n > v. Then by the definition of convergence,
this sequence converges to L = 4.

Problem 2.3 Find the limit of the sequence {+,2,Z,... }.

Solution: Aftc?]r some thought it can be seen that this is the sequence of terms,

an=1- (%) , =12, ... and by computing several terms for large values of n, it seems
that a, is converging to L = 1. To prove that a, converges to L = 1, we write

jan—11= [1- (3)"-1 = [(3)"] = 2
Now we can prove by induction that, 2" < % for all n € N. Then it follows that for every
¢ >0, we have |a,— 1| < ¢ forall n > %
Problem 2.4 (Tending to infinity) If r > 1 then show that a, = r" tends to +o.
Solution: We have to show that for any B > O, there exists v € N such that r" > B for all

n > v. If we choose v = LL%%? then n > v implies nLogr > LogB which leads to r" > B.

Problem 2.5 (A divergent sequence) Prove that the sequence {0,2,0,4,0,8,0,16,0....} is
divergent.

Solution: Since the terms of this sequence satisfy ax, = 2", it is evident that the sequence
is not bounded. Then by theorem 2.1 the sequence is not convergent.

Problem 2.6 Find the limit of the sequence
bn = 1

Jn2r1’
Solution: For each n € N, itis clear that 0 < n? < n?+ 1. Then
0<—L1 < %
Jn?+1
Since a, = % is a convergent sequence with limit equal to zero, it follows from the squeeze
play theorem that {b,} is convergent to L = 0.

Problem 2.7 Find the limit of the sequence ¢, = ﬁ
Solution: For each n € N,
n___1 _ an

and we can show that {a,} and {b,} are both convergent with limits L, = 1 and L, = 3,
respectively. Since by is different from O for all n, it follows from the arithmetic for
sequences theorem, part (c), that {c,} converges to %



Problem 2.8 Find the limit of the sequence ¢, =

n2+3n+2
Solution: For each n € N,
3+2+4
= 3n2+5n+4 _ N n? _ an
n2+3n+2 1+§+L bn

It is not hard to see that a, converges to 3 and b, converges to 1 and using the same
argument used in the previous problem, then we obtain the result that ¢, converges to 3.
Alternatively, we could write

3n’+5n+4

n?+3n+2

_3n’+3n+2n+4
(n+1(n+2)

snn+1) . 2n+4
n+1(n+2) (M+D(n+2)

Cn:

and
3n 2
n+2 + n+1

3 2
+
1+% n+1

:Bpn“r‘zqn.

Cn:

Now pn converges to 3 and g, converges to 0 so it follows from the arithmetic for sequences
theorem, part (a), that {c,} converges to 3.

Properties of Sequences
Problem 2.9 Prove theorem 2.1, that convergence implies boundedness. Prove that for
monotone sequences, boundedness implies convergence.

Solution: Suppose {an} converges to limit L. Then for ¢ = 1 there is v € N such that
|an — L| < 1for n > v. This implies that |as|< L+ 1 for n > v. Now let M denote the largest of
the v + 1 numbers, |ai|,|az|,]as|,...,|av|,L + 1. Then itis clear that |a,| < M for all n € N. This
implies that all convergent sequences must be bounded.

It is only for monotone sequences that boundedness implies convergence. Suppose
{an} is monotone increasing and bounded. In particular, this means

apa<a<--<B
for some B. Then the set of sequence values S = {aj,ay, ...} is bounded above and
therefore has a least upper bound, say we call it L. Then for any € > 0, L — ¢ is not an upper

bound for S, which means there is some ay € Ssuch thatL —¢ < aw < L. But {a,} is
monotone increasing so L — ¢ < a, < L for every n > M which is to say,

forevery ¢ > 0, 3M € N such that |a, — L|< ¢ for every n > M.
The proof in the case that the sequence is monotone decreasing is completely similar.

Problem 2.10 Prove theorem 2.3, on the uniqueness of limits.

Solution: Suppose {an} converges to limit L and also converges to limit M. Choose ¢ > 0
sufficiently small that N.(L) = {x : [x—L| < ¢} and N.(M) are disjoint. Then the



convergence assumptions imply there exists v € N such that |a, - L| < € and

|an — M| < € for n > v. But this is the statement that for n > v, a, belongs to the disjoint sets
N:(L) and N.(M). Since this is clearly not possible, the assumption that there are two limits
must be false.

Problem 2.11 Prove theorem 2.4, the squeeze play theorem for sequences.
Solution: Suppose {a,} converges to limit L and that {b,} is such that L < b, < a, for all n.

Now for every ¢ > O there exists v € Nsuch that |a,—L| < ¢foralln>v. ButL < b, < a,
implies that |b, — L| < |a, — L] and it follows that |b, — L| < ¢ for all n > v; i.e., {bn}
converges to L.

Problem 2.12 Prove the sequence a, = 2Y" converges to the limit, 1.
Solution: For each n € N we have
210 > 1 (@B)
Then for each n € N there exists a unique number ¢, > 0 such that
2Un = 1+ ¢y (2)

Then 2 = (1+ cy)" and by the result known as Bernoulli’'s inequality (proved in problem 1.6)
we have then

2=A+c)">1+nc, foralneN (3)
It is evident from (3) that ¢, < 1, and this, together with (1) and (2) leads to
1<2=1+4+c,<1+1 forallneN.

Since 1+ 1 converges to 1, we can apply the squeeze play theorem to conclude that 2"
must also converge to 1. Note that introducing the auxiliary sequence {c,} made it easier to
apply the squeeze play theorem.

Problem 2.13 Prove the sequence a, = nY" converges to the limit, 1.

Solution: For each n € N,
nn>1 (1)

Then there exist real numbers ¢, with ¢c; = 0 and ¢, > 0 for n > 1 such that for everyn € N
n'" = 1+c¢p, (2)

Then the binomial theorem implies

nin-1)

s Rt

n=(1+cn)"=21+nc,+

hence
n>1+2nn-1)c3 forallneN (3)

Now it follows that n—1 > 1 n(n—1)c? and

CES% forn> 1 4)



Now (4) together with (1) and (2) imply the result.

Problem 2.14 Show that the sequence e, = (1+ )" converges to a limit, e, whose value is
between 2 and 3.

Solution:We can compute the first few terms of this sequence e; = 2,

e, = 2.25e3 = 2.37, es = 2.441... which suggests that this is an increasing sequence. If we
can prove that the sequence is increasing and prove also that it is bounded above by 3,
then the result will follow from corollary 2.2.

The binomial theorem implies

ep=1end  NO-D 1 0O0-DO-2) 1 n0-D2:1 g

=1+1+2—1!(1—%)+3—1!(1—%)(1—%)+m (1)
+H )6 R)-G- 27

Evidently e, consists of a sum of n+ 1 terms. In the same way, we can show that

En1 = 1+1+2_1!(1_ n11>+3_1!(1_ nil)(l_ nJZrl>+"'

" (n+11)! (1_ nil)(l_ n-%l)”(l_ n?l)'

Then e > en+ by (- @-w20)-(-781)

and it followsthat 2<e <e<---<ep<ep1=<-- (2)

2! n2 3! n3 n! n"

i.e., {en} is an increasing sequence. To show the sequence is bounded, note first that
(1—%)51fork=1,2,...,n 3)

and, by mathematical induction,
ki >2t  fork=1,2,... 4)
Using (3) and (4) in (1) leads to
2<en<1+1+21+224...427™

But 1+214+224...42"M = 11_—2;'1 =2-2"l
T2

and
2<e,<3-2" <3 foreveryne N.

Then {en} is an increasing sequence, bounded above by 3 so it follows from corollary 2.2
that the sequence converges to a limit we will denote by e. Since 2 < e, < 3foreveryn € N,
it follows that 2 < e < 3.



Cauchy Sequences

Problem 2.15 Prove that every convergent sequence is a Cauchy sequence.

Solution: Suppose {an} is a convergent sequence with limit L. Then for every ¢ > 0 there

exists v € N such that |a, — L| < % foralln > v. Then

|am—an| = |[am—L+L—an| < |am—L|+|L—an| < %+% for all mn > v.

But this is the assertion that {a,} is a Cauchy sequence.

Problem 2.16 Prove that every Cauchy sequence is bounded.
Solution: Suppose {a,} is a Cauchy sequence. Then there is v € N such that |a, —am| < 1
for all mn > v. This leads to the result,

lan] < Jav|+1  foralln > v.

Let M denote the largest of the numbers |a1],|az|, ..., [av|,|av| + 1. Then |a,| < M for all n € N,
which is to say, the sequence is bounded.

Problem 2.17 Prove that every Cauchy sequence is convergent

Solution: Suppose {a,} is a Cauchy sequence. By the previous result, the sequence is
bounded and by the Bolzano-Weierstrass theorem then the sequence contains a
convergent subsequence, {a, }, n' € N, for N’ a subset of N. Let the limit of the
subsequence be denoted by L and we will now show that a, must also converge to L.

Since {a,} is a Cauchy sequence, for each ¢ > O there is v € N such that

|an — am| < % for all mn > v. (1)

In addition, since the subsequence is convergent to L, there exists u € N’ such that u > v
and

lam—L| < % for allme N with m > p. (2)
Finally, since u > v, it follows from (1) that |a, — am| < % for all mn > u. Then for n > g,
|an—L| = |an — @m+am— L| < |an — am| + J|am - L| < %+% form > u

But this implies that {an} is convergent to the limit L.

Problem 2.18 A sequence {a,} satisfying
|am2 — an1| < Clapa —an| forallne N

for some constant C, 0 < C < 1, is said to be a contraction. Prove that every contraction is
a Cauchy sequence.

Solution: Suppose {an} is a contraction. Then
|an2 — ans1| < Clamt —an| < C? |an — an-1]
< C3lap1—anz| < - < C'|az —aul.

For integers mn, m > n, the triangle inequality implies

10



|am — an| < |am — am-1| + |@m-1 — @m-2| + --- + |@ni1 — an| (2)

Then, combining (1) and (2), leads to

m-n-1

|am — an] < [C™2+ C™3 4 ... + C™1]|ap — @y = [cn-l 3 C"J|a2—a1| 3)
k=0

N
For0<C < 1, S k= 1-Ct7
k=0 1-C
and combining this with (3) gives the result that for all integers m,n, m > n,
_ CN+1 -1
jan—an] < | T AEEEE Jjao - anf < £ Jar - a (@)

Since 0 < C < 1, C™! tends to zero as n tends to infinity. Then for any ¢ > 0, there exists an
integer v such that

Cn—l
1-C

and this, in turn, implies |am — an| < ¢ for m > n > v. Thus every contraction is a Cauchy
sequence. Since a Cauchy sequence is convergent, we can let mtend to infinity in (4) to get

lag—ai|<e forn>vy

Cn—l
1-C
where we have denoted the limit of the sequence by L.

L —an| < |az —ai| foralln e N,

More Sequence Properties

Problem 2.19 Let A denote a set of real numbers. Then prove the following statements are
equivalent:

(a) A is closed and bounded
(b) Every sequence in A contains a subsequence that converges to a point in A

Solution: Proof that (a) implies (b): We suppose A is closed and bounded. Then any
sequence in A is bounded and, by the Bolzano-Weierstrass theorem, the sequence
contains a convergent subsequence. The limit point of this subsequence is an accumulation
point for A, and since A is closed, this limit point belongs to A.

Proof that (b) implies (a): The assertion that (b) implies (a) is equivalent to the assertion that
"not (a)” implies "not (b)” and this is the statement we are going to prove. The assertion "not
(a)”, holds if A is not closed, not bounded, or both.

Suppose that A is not closed. Then there exists a point p ¢ A such that p is an
accumulation point for A. If p is an accumulation point of A, then there must exist a
sequence, {an}, of points of A that converges to p. Then by theorem 2.6, every
subsequence of {a,} must also converge to p. But then theorem 2.7 implies that none of
the subsequences of {a,} converges to a point of A. This proves that (b) is false when A is
not closed.

Next, suppose A is not bounded; in particular, suppose A has no upper bound. Then
there exists a sequence of points p, in A such that p1 € A and pn.1 > pn + 1. This definition
ensures that for all m,n € N with m > n, we have pm — pn > 1. Then no subsequence of the
sequence {pn} is a Cauchy sequence. This proves that (b) is false if A is not bounded and
completes the proof that (b) must be false if (a) is false. Then the statements (a) and (b) are

11



equivalent.
A set of real numbers that is closed and bounded is sometimes referred to as a compact
set. Then (b) is an alternative way of defining compactness.

Problem 2.20 Prove the following assertions:
(@) Letan=1+% +5 +--+-forneN
and show that a, convergesto alimitL, 1 <L < 2.

(b) For positive real number, B, define the following sequence recursively,
2
a; =B, an+1=a%—;8, forn=1,2,...
Then a, converges to /B

Note that this is an algorithm for computing the square root of a number
recursively.

Solution: (a) It is clear from the definition that an.1 > an, so this is an increasing sequence.
In addition,

an=1+5+45+ =+
<143+ 5+t o
i.e.,
an<1=2"_2_ 1 _9forallneN.

Since {a,} is increasing and bounded above, it is convergent to some limit L < 2. In fact,
the sequence converges to e — 1.

(b) Let b = /B and note that
(an—b)? =a2+b2-2ba, >0
which leads to
az+b?> ai+B

ani1 = = >b foralln;
1 2an 2an -

i.e., the sequence {a} is bounded below. Note further that, this result implies that
aZz + b? < 2a2, which in turn leads to
a3 + b?

dnl = 2a < an,
n

i.e., the sequence is decreasing. Since the sequence is decreasing and bounded below, it is
convergent to a limit we will denote by . Since we know the sequence converges, theorem
2.5 permits us to conclude that

az+b?
a1 — Pa, - 0 for each n,
2 2
and, letting n tend to infinity, B - b 2+ﬁb = 0.

12



Now it is evident that 8 = b = /B.

Exercises Sequences

10.
11.

12.

13.

14.

Consider the sequence of prime numbers, 1,2,3,5,7,11,... Is this really a
sequence? How do you define a,?

What is the next term in the sequence 3,1,5,1,7,...Give a definition for an.
Find an N such that [an —L| < 102 forn > N

a. an- ﬁ
b. an=1- n_13
c. apn=2+2"

& = 2nntrl:3
Prove convergence/divergence for a, = %
Prove convergence/divergence for a, = %
Prove convergence/divergence for a, = %

Prove convergence/divergence fora, = yn+1 —
Prove convergence/divergence for an = ,/_(./n+ - J/n)

Suppose a, assumes only integer values. Under what conditions does this
sequence converge?

Show that the sequences a, and b, = a,,,9s either both converge or both diverge.

Lets; = 1and sn1 = /s + 1. List the first few terms of this sequence. Prove that
the sequence converges to (1+ /5 )/2.

A subsequence {a,, } is obtained from a sequence {a,} by deleting some of the
terms an, and retaining the others in their original order. Explain why this implies
that ng > k for every k.

Which statements are true? Explain your answer.

If {an} is unbounded then either liman = « or else lima, = -
If {an} is unbounded then liman|= o

If {an} and {b,} are both bounded then so is {a, + b}

If {an} and {b,} are both unbounded then so is {a, + bn}

If {an} and {b,} are both bounded then so is {anbn}

If {an} and {bn} are both unbounded then so is {a\bn}

WhICh statements are true? Explain your answer.

~® o0 T p

a. If {an}rand {b,}are both divergent then so is {an + bn}
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15.

16.

17.

18.

19.

20.

21.

22.

If {an}and {b,}are both divergent then so is {a,bn}

If {an}and {an + by }are both convergent then so is {b,}
If {an}and {anbn}are both convergent then so is {b,}

If {an} is convergent then so is {aZ}

If {an} is convergent then so is {Van}

g. If {a3} is convergent then so is {an}

-~ 0 Qo0 o

Either give an example of a sequence with the following property or else state a
theorem that shows why no such example is possible.

a. asequence that is monotone increasing but is not bounded

b. a sequence that converges to 6 but contains infinitely many terms that
are not equal to 6 as well as infinitely many terms that are equal to 6

c. anincreasing sequence that is bounded but is not convergent

d. asequence that converges to 6 but no term of the sequence actually
equals 6.

e. asequence that converges to 6 but contains a subsequence converging
to 0.

f. a convergent sequence with all negative terms whose limit is not
negative

g. anunbounded increasing sequence containing a convergent
subsequence

h. a convergent sequence whose terms are all irrational but whose limit is
rational.

How are the notions of accumulation point of a set and limit point of a sequence
related? How does this relate to the two formulations of the Bolzano-Weierstrass
theorem?

Prove: If the Cauchy sequence {a,} contains a subsequence <{a,, } which
converges to limit L, then the original sequence must also converge to L.

1 .. .
Showthatl+a+a?+--+a" = % for a # 1 and any positive integer n.

Find lim(1+a+ a?+---+a") for Ja] < 1.What is the limit if |a| > 1?

Let {sn} be such that |sn.1 — sn| < 27" for all n € N. Prove that this is a Cauchy
sequence. Is this result true under the condition |Sp.1 — S| < %’?

Lets; = 1land sy = %(sn + 1) for n > 1.Find the first few terms of this sequence.
Use induction to show that s, > % for all n.Show that this sequence is
nonincreasing. Prove that the sequence converges and find its limit.

Lets; = 1and Syt = (1— 4—%}2)&, for n > 1. Determine if the sequence converges
and, if it does, find the limit.

For each of the following sequences state a theorem which establishes the



23.

24.

25.

26.

27.

28.

29.

30.

convergence/divergence:
a. ap=ns

_n*+3
b & ="
c. an=(2+10M1+ (1"
1
d an=—S5—"7"——+
" n2+3n+2
e. an = 1+2_n
f. an=4n+1
9. an=2,, % (hint: show that a, — a, does not tend to 0 as n - )
h. {an}=41+%.1%.1,+.1+%,...}
Let

a; = 0.1, a = 0.101, a3 = 0.101001, a4 = 0.1010010001, as = 0.101001000100001, ...

Show that this is a sequence of rational numbers that converges to a limit L. Is
the limit L rational?

Which statements are true?:

a. asequence is convergent if and only if all its subsequences are
convergent.

a sequence is bounded if and only if all its subsequences are bounded.

a sequence is monotone if and only if all its subsequences are
monotone.

d. asequence is divergent if and only if all its subsequences are divergent.

The sequence {a,} has the property, Ve > 0, 3N, such that |an.1 — an| < € when
n > N.. Is the sequence necessarily a Cauchy sequence?

Prove that a monotone decreasing sequence is convergent if and only if it is
bounded.

Prove that a, = 2Y" is convergent.

Prove convergence/divergence for

a a, = 2n2+§n—6
n
nyn+1+1
b. an=2—
n“+4

Let {an} denote a bounded but divergent sequence. Prove, by stating theorems
from these notes, that the sequence must contain at least two subsequences
which converge to different limits.

For each of the following sequences, use theorems rather than the definition of
convergence to establish their convergence/divergence:

a. ap=logn

2
b. _n +3
an n3n+2
_ _1n
C. an= n+1[1+( 1M)]
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d. a={4,%1,21314..)
31. Show that if, a, = n+1 then |Ja, — am| < 103 when m > n > 10%. Is {a,} a
Cauchy sequence?

32. Tell which of the following statements is true and explain your answer:

a. asequence {a,} is convergent if and only if every subsequence of {a,}
converges

b. asequence {a,} is bounded if and only if every subsequence of {a,} is
bounded

c. asequence {a,} is monotone if and only if every subsequence of {a,}
IS monotone

d. asequence {a,} is divergent if and only if every subsequence of {a,} is
divergent

33 Suppose {an} is a sequence of positive numbers. What can you conclude about

{an} if

a. %<1foralln
n

b. %>1foralln
"a
May

c. lim--=o
.1+ L

d. lim a” =
N—oo n

Function Limits

In the previous sections we considered limits of sequences. Now we introduce the related
notion of a function limit. Let f(x) denote a real valued function with domain D in Rand let c
denote an accumulation point for D.

Definition Thelimit of f(x) as x approaches c exists and equals L if, for every ¢ > O there
existso = 6(¢) > Osuchthat [f(x) — L| < & whenever 0 < [x—c| < 6. We indicate this
by writing lim f(x) = L

Note that c is an accumulation point for D but need not belong to D. Therefore, we allow x to
approach c but it is not necessary that x ever equal c for the limit to exist.

Example Function Limits

(a) Consider the function f(x) = yx+ 1 on the domain D = (0,10). Thenc = Ois an
accumulation point for D but does not belong to D. We wish to show that |)!I’BI f(x) exists

and equals 1. To do this, we have to show that [f(x) —L| = |./x+ 1- 1| < & whenever
[x— 0| < o(¢) and, we have to determine the dependence of § on ¢. We write first,

(+T-1)(x+T+1) = (x+1)-1=x

which suggests

. _ B Sal+l | |X—O|
|/XFT-1| = ‘(./x+ ELL| WS eIk

16



Moreover,

1 < 1 <1 __1 for all x € (0,10).
JIT+1 ° |fx+1+1] — 1+1 2 (0.10)

Then
|/x+1-1] §%|x—0|<s whenever  [x-0] < §(¢) = 2.

This proves that the limit, IXirQ,/x+ 1, exists and equals 1. Note that ¢ = 0 does not belong

to D. Note also that the value of L = % is what you obtain when the value zero is substituted

into the function f(x). Aside from the fact that ¢ = 0 is not in the domain of f(x), this is not a
valid way of evaluating the limit of f(x) in general. It is valid if it is known that c is in the
domain and that f(x) is continuous at c. We will explain this further when discussing
continuity in the next chapter.

(b) Consider the function

f(x):g)%f—g2 on D={l>[x—9> 0}

i.e, D = (8,9) U (9,10) and the point c = 9is not in D. In order to evaluate
: _ lim 81— X2
i 00 = lim 5=
we write
_x2 9-x)(9+x
8)%—39( -4 x)—(9 : =~0O+x).

This suggest that L = —18 and that

%—gz —(—18)‘ — 9+ x— 18] = [x—9].

This last string of equalities implies that

81-x2 _ _ _
‘ LoX 18)‘ — f(x) - L| < ¢
whenever
X—9]=x-c|<d(e) = e.
As in the previous example, it is not acceptable to evaluate this limit by simply substituting
x = 9into the simplified formula for f(x), even though this does produce the correct result.

We will see shortly that if ¢ belongs to the domain of f, and if f is continuous at x = ¢, then it
is the case that |imf(x) exists and equals f(c). In example (b), we do not know at this point if

f is continuous at x = 9 nor do we know at the beginning of the example that the limit exists.
Therefore to jump to the conclusion that the limit is equal to f(9) is incorrect.

We can also define the notion of the limit of f(x) as x tends to infinity.

Definition  Thelimit of f(x) as x tendsto infinity exists and equalsL if, for every ¢ > O there
exists B > O such that [f(x) — L| < ¢ whenever x > B. Wewritethen, lim f(x) = L. The

definition of the limit of f(x) as x tends to negative infinity is defined similarly.

Function limits and Sequence limits

17



The notion of function limit is closely related to the notion of the limit of a sequence. The
sequence {a,} converges to the limit L if a, gets close to L as n gets large (i.e. n gets close
to oo ), while lim f(x) = L if f(x) gets close to L as x gets close to c. The following theorem

relates the two notions.

Theorem 2.10 Suppose f(x) isareal valued function with domain D in Rand let ¢ denote an
accumulation point for D. Then the following assertions are equivalent:

(@ lim f(x) = L.

(b) if {an} isa sequencein D that convergesto c, then {f(an)} isa sequence that
convergesto L

This theorem is often most useful for proving that certain function limits fail to exist. To do
So requires us to find a sequence in D converging to ¢ while the sequence of function values
fails to converge to L.

Example Function limits and sequence limits
(a) Consider the function

-1 if -1<x<0
f(x) = .
+1 if 0<x<1

with D = [-1,1]. We can use theorem 2.10 to show that f(x) tends to no limit as x tends to O
for this function. For this purpose, note that the sequence

an=(-1md, neN
tends to ¢ = 0 as n tends to infinity. However, the sequence of function values

f(an) = { -1 |.f nis odd

+1 if niseven

Since this sequence has two limit points, it is divergent. Then we have found a sequence a,
such that assertion b of the theorem is false and since the two assertions are equivalent, it
follows that assertion a must also then fail.

(b) Consider the function f(x) = % with D = (0,0). Then ¢ = 0 is an accumulation point of D
and we can use theorem 2.10 to show that f(x) tends to no limit as x tends to ¢ = 0. In this
case, the sequence a, = % is a sequence in D that tends to 0 as n tends to infinity but the

sequence of function values f(an) = nis an unbounded, and hence divergent, sequence.
Then it follows from the theorem that no limit exists as x tends to O.

Properties of Function Limits
We have results for function limits that are analogous to theorem 2.4 for sequence limits.

Theorem 2.11 (Arithmetic with function limits) Suppose f(x) and g(x) are two real valued
functions on domain D. Suppose also that c is an accumulation point for D and that

18



lim f(x) = L, lim g(x) = K
Then (i) lim [af(x) + bg(x)] =aL+bK  forallabeR
(if). im fx)g(x) = LK

(i) ljim % - L it k=0

We also have a result for function limits that is analogous to theorem 2.5, the squeeze play
theorem for sequence limits.

Theorem 2.12 Suppose f(x) and g(x) are two real valued functions on domain D. Suppose
also that c isan accumulation point for D and that

lim f(x) =L = lim g(x).

Then if h(x) isalso defined on D with f(x) < h(x) < g(x) for all xin D, it follows that
lim h(x) = L.
X=>C

Solved Problems: Function Limits

Problem 2.21 Show that limX+1l _ 2
X1 X2 4 2 3

Solution: We have to show that for a given ¢ > 0, we can find a § > 0 such that

ﬁ -~ % <& whenever [x-1|<§;

i.e., f(x) € N.[ £ ] whenever x € N5[1]. To see how § should be chosen, we write
x+1 2| _ ‘3(x+1)—2(x2+1) ‘ _ | @&xX=1H(x-1) 1
x2+2 3 3(x2 1 2) 3(x2 + 2)

Forx-1| <1, (i.e.,, 0 <x < 2) itis easy to see that [2x— 1| < 3and [3(x? + 2)| > 6 s0 it
follows from (1) that
‘ (2x—1)(x-1)
3(x2+2)

<3 p-1= 1 K-

hence

X+1 2| 1 _ i _ -
‘X2+2 3‘§2|x lj<e if K-1]<2e=3.

Of course we already imposed the condition that [x — 1| < 1 so in order to have both § < 1
and 6 < 2¢, we have to choose ¢ to equal the smaller of the two numbers, 1 and 2¢. Note
that we were able to estimate the quotient by finding an upper bound for the numerator and
a lower bound for the denominator for x in D.

Problem 2.22 Show that
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: 1 _ X2
(a)lxl—»rzg 1+ x2 =0 (b)lxl—m 1+ X2 =1

Solution: We will show first that % tends to zero as x tends to infinity. For any fixed ¢ > 0

choose B > % Then it is easy to see that
1

|%| <e whenever x > B = =

Now to show (a), note that

1 1 1
1230 <?<7 for x > B.

Then theorem 2.12 implies that x_12 and ﬁ both must tend to zero as x tends to infinity.

This includes the result (a). To show that (b) holds, write
x2  _ _ 1
1+ X2 1+ i
X2
As a result of what was shown in part (a), we see that the denominator of this expression
tends to 1 as x tends to infinity. Then by part (iii) of theorem 2.11 we have the result (b).

Problem 2.23 Show that
(@limSn(x) =0 (b)limCos(x) = 1
x-0 x>0
Solution: In the following figure we see a circle of radius 1 and center O with angle POS

denoted by x. If PQ is perpendicular to the radius OR, then it follows that the length of PQ
equals Sn(x) while the lengths of OQ and QR equal Cos(x) and 1 — Cos(x), respectively.

P = sin ¥
O =cosrn

For any positive x, the length of the straight line chord, PRis clearly less than the length of
the circular arc PR, and since the radius of the circle equals 1, the arc PR just equals the
angle x in radian measure. If we denote the length of the chord by |PR| then |PR| < x. Then,
using the Pythagorean theorem,

PQI* + IQRI* = IPRI? < X
ie.,
Sn(x)% + (1 - Cos(x))? < x2.

This last inequality implies that for x > 0,

0<Snix)<x and 0<1-Cos(x)<x
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Then (a) and (b) follow by theorem 2.12.

Problem 2.24 Show that
. 8n(x)

N Sn(x) . , T . .
Solution: Since f(x) = —— is even (|.e., f(—x) = f(x)), it will be sufficient to consider
only positive values of x. Referring to the figure once again, note that PQ is perpendicular to
the radius OR and PSis perpendicular to the radius OP. Then it is evident from the figure
that the areas of the triangles OPQ, and OPS are related to the area of the circular sector,
OPR as follows:

Area of AOPQ < area of sector OPR <Area of AOPS

We can express these area explicitly in terms of x, and write this last string of inequalities
as

1 1,1
> Sn(x)Cos(x) < 5X < 5 Tan(x)
Now, dividing through by %Si n(x), (which is valid so long as x > 0), we obtain

1

X Sn(x) 1
CosX) = Fne = Cosx) E

or Cos(x) < —x—= < Cos(x)

Now, using the result of the previous problem, together with theorem 2.12, the result
follows.

Problem 2.25 Evaluate the limits,

@lip 2= (o) LS
Solution: Write
1-Cos(x) 1-Cos(x) 1+ Cos(x) Sn(x)?
X a X 1+ Cos(x)  Xx(1+ Cos(x))
_ ( an(x) )2 X
a X 1+ Cos(x)
and
1-Cos(x) _ ( Sn(x) 2 1
X2 X 1+ Cos(x)

Now we can use the results of the previous two problems together with theorem 2.11 in
order to obtain

1CosW _g  and gim 2SS _ 1
x-0

lim
X2 2

x-0

Exercises
1. Use both the definition of limit and a sequence approach to establish
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

im_—1
Iﬂ?l—x 1

Use both the definition of limit and a sequence approach to establish

Use both the definition of limit and a sequence approach to establish

lim=—2%X— =1/2
x-1 1 + X
Show that the limit: I)!rgﬁ does not exist

Show that the limit: Iirgl sin(x—lz) does not exist
X—

Show that the limit: lim cos(%) does not exist
x-0

Show that the limit: Iimi does not exist
*-0 ﬁ
Prove thatif a, > 0 Vnand a, - A, then ja, - JA
2 —
Find IXirQLX)1 or show the limit does not exist
) ) X -1 o .
Find ler? ‘/X__ 1 or show the limit does not exist
Find lim J1+2% - J1+3X or show the limit does not exist
x>0 X + 2X2

Find Iimxsin(%) or show the limit does not exist
x-0
Find IXirQﬂ sin(%) or show the limit does not exist

Find Iimxzcos(%) or show the limit does not exist
x-0

1

Find Iiercos(ﬁ) or show the limit does not exist
X—

Given that x— +x® < sinx < x for x>0, find Iim<_3i)r(lx>
x-0

JX

Giventhat 1- 1x? < cosx < 1 for x>0, find Iim( coSX 1)
*x-0

Given that x— +x3 < sinx < x for x>0, find m;(ﬂ)

Given that 1 — %xz

IA

cosx <1 for x>0, find Iim( Cosx—1>
x-0 1/?

. 2
lim X
-0 [X|

0
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