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1. Introduction

Let k be an algebraically closed field of characteristic #2,3. Let X—5 Y be a flat
proper map of reduced irreducible k-schemes such that every geometric fibre is
either

(@) an elliptic curve,

(b) a rational curve with a node, or

(c) a rational curve with a cusp.

Moreover we assume that a section s: Y—X is given, not passing through the
nodes or cusps of the fibres. Following Artin [A], let us call such a map a
Weierstrass fibration.

In this paper we will focus our attention on the case when Y=1IP!. Using
geometric invariant theory we will construct coarse moduli spaces for these
objects; this boils down to the calculation of stability. The most interesting case
from this viewpoint is when X is a rational surface ; here stability depends entirely
on the singular fibres of the map p. We can also describe, in this case, the semi-
stable compactification of the moduli space in some detail.

Weierstrass fibrations over a curve Y arise most naturally as follows. Let
X-25Y be a minimal elliptic surface over Y with a section S. By contracting every
component of every fibre of p which does not meet S, one obtains a normal surface
X which maps to Y and is a Weierstrass fibration with only rational double points.
X is uniquely determined by X ; moreover, two non-isomorphic elliptic surfaces
cannot give rise to the same Weierstrass fibration X (X is obtained from X by
resolving the double points). We will denote this 1 —1 correspondence by saying
that the elliptic surface X contracts to the Weierstrass fibration X, and that a
Weierstrass fibration X with only rational double points (at singular points of
singular fibres) resolves to the elliptic surface X.
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2. The Weierstrass Form

We wish to describe briefly a canonical form for a Weierstrass fibration X —- Y,

exhibiting X as a divisor in a P?-bundle over the base Y. Let S denote the given
section of p, i.e. S is the image of s. S is a divisor on X, and is carried isomorphically
onto Y by p.

Theorem (2.1) (Weierstrass form). Let X, Y, p, S be as above, and let
L= p,[04(5)/0]. Assume that the general fibre of p is smooth. Then L is invertible
and X is isomorphic to the closed subscheme of P=P(L®*®L®*®0,) defined by

(22) y*z=x3+Axz?+Bz3,

where AeI'(Y,L® %), BeT'(Y,L®®), and [x, y, z] is the global coordinate system of
IP relative to (L®2, L®3,0,). Moreover, the pair (4, B) is unique up to isomorphism,
and the discriminant 443 +27B%e (Y, L® " '2) vanishes at a point qge Y precisely
when the fibre X, is singular.

Proof. The statement is essentially that of Theorem 1" of [ITM]; the difference is
the existence of possible singular fibres. The proof, however, is identical.

The above theorem gives us one way to construct Weierstrass fibrations;
indeed, by careful choice of the coefficients A and B one may prescribe the points
ge Y where the fibre X is singular (with certain restrictions). Moreover, if Y is a
smooth curve and if X has only rational double points as singularities, one may
compute many of its numerical characters (or, equivalently, those of the elliptic
surface X to which X resolves) by using the explicit embedding, given above, of X
as a divisor in a rather simple 3-fold (a more intrinsic approach is also possible).
Let us recall the basic results.

Proposition (2.3). Let p:X —Y be a minimal elliptic surface over a smooth curve Y.
Assume that a section s: Y—X with image S exists. Then
() 5,05 =0y
(i) R'p,Oy is invertible on Y
(i) dimH'(X,05)=dimH*(Y,R'p,0%)+ (genus of Y)
(iv) dimH*(X,05)=dimH(Y,R'p,03)
(v) R'5,03=5,[04(8)/0 ] =5*04(5)
(vi) (S-S)=degR'p,03=—1(05)
(vil) the canonical class K 3 of X is an integral linear combination of fibres of p.

Proof. Let us only sketch these well-known results. Since every fibre of p is a
connected curve of arithmetic genus one, (i) and (ii) follow immediately by base
change. The Leray spectral sequence H?(Y,R% Oz)=H?"%X, O3) yields the exact
sequence

0-H'(Y,0,)—~H'(X,05)—~H(Y,R} 03)-H*(Y,0,)
and since H*(Y,0,)=0, (iii) follows. The collapsing of the p+¢g=2 terms in the

spectral sequence, except for the p=g =1 term, yields (iv). Applying p, to the exact
sequence

0-053-04S)-0x(S)s—0
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gives
0-0,—5,04(5)=s*0S)—R'5,03~R'p,048)—0.

By base change to the fibres of p one sees that f is an isomorphism and

L 0,(S)=(0); this gives (v). The penultimate assertion follows from (iii), (iv), and
(v), by applying Riemann-Roch to Rxli. Oy on Y. A proof of (vii) may be found in
[Sh], Chap. VII, Sect. 3. QED.

Corollary (2.4). Let X be a minimal elliptic surface over P!, with section S. Then
RI‘;* 03=0p(—N) for some N 20, and X is a product <>N =0. Moreover, if N >0,
then
() dlmHl(X 03)=0
(ii) dimH? (X O3)=N-1
(i) (S-S)=—N
(iv) Kz~(N—2YF where F is the class of a fibre of p.

Proof. Let X contract to the Weierstrass fibration X, and put X in the Weierstrass
form (2.2). If degree of R? P05 is positive, then the coefficient 4 and B of the form
must vanish, and hence X will have no smooth fibres, a contradiction. Using this
representation the second statement is clear. The preceding proposition now
implies (i), (i), and (iii) immediately. Since the base curve is P!, all fibres are
linearly equivalent so that K¢~ MF for some M eZ. By applying adjunction to the
section § we find

—2=degreeK,=(S-8)+(S-Kz)=(—N)+ M,

proving (iv). QED.
From now on fix N to be strictly positive.
This Corollary allows us to be more specific in describing Weierstrass

fibrations over IP! by their Weierstrass form. Let us denote by ¥y, the vector space
I(PP*, 0p:(N)).

Corollary (2.5). Let X .1 be a minimal elliptic surface over P! with section S,
contracting to the Weierstrass fibration X *+P'. Let N = —degR} Oy. Then X is
isomorphic to the closed subscheme of P=W(0,,(2N)PO.{3N )(—DOW) defined by

(2.6) y*z=x3+Axz’>+ Bz}

as in (2.2), where AeV,y and Be Vgy. Moreover,
(i) 443 +27B%eV,,y is not identically zero, and vanishes at ge P'<> the fibre
X, is singular

(ii) For every qeP!, either v {A) =3 or v(B)S5.

(11i) Every pair of forms (A, B)e Van®Ven satlsfymg (1) and (i1) define, via (2.6), a
Weierstrass fibration X with only rational double points, which resolves to a minimal
elliptic surface X P! with R; 03=0p(~N).

Proof. The only serious point to notice is that condition (ii) is equivalent to the
Weierstrass fibration X defined by (2.6) having only rational double points; this is
well-known (see for example [K]). QED.
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Let Ty CV, 4@ V,y be the open set of those pairs of forms (4, B) satisfying (i)
and (ii) above. Given the Weierstrass fibration X as above, the pair (4, B) is unique
up to isomorphism, in the following sense. The multiplicative group k* acts on T,
by (4, (4, B)}»(1*¥ 4, 1%V B). The group SL(V,) acts on Ty, in the obvious manner ;
Vi =Symm* V,. These actions commute and hence define an action of k* x SL(V,)
on Ty.

Proposition (2.7). Two pairs of forms in Ty give rise to isomorphic Weierstrass
fibrations <> they are in the same orbit of the action of k* xSL(V,).

Proof. Again, this is well-known ; the action of SL(},) corresponds to changes of
coordinates in IP!, and that of k* corresponds to admissible changes of coordinates
in the P2-bundle. QED.

Corollary (2.8). The set of isomorphism classes of minimal elliptic surfaces X 2, pt
(or, equivalently, of Weierstrass fibrations X =P with only rational double points)

with degR} O3 = — N and with fixed section is in 1 — 1 correspondence with the set
of orbits Tyk* xSL(V)).

The central problem with which we are concerned is the following: to what
extent can a geometric structure be put on the above set of orbits? In particular,
can one construct a coarse moduli space (in the sense of [ GIT]) for Weierstrass
fibrations? For this purpose we will use the techniques of geometric invariant
theory. To discuss the problem geometrically, we will make the standard
identification of elements of V@V, with the geometric points of the scheme
YV @ VE)=Spec(S(V® V), needless to say, this scheme (and the open
subscheme defined by the conditions (i) and (ii) of Corollary (2.5), which we shall
also call Ty] inherits the action of the group k* x SL(V),).

3. The Construction of T,/k*

Since the actions of k* and SL{V,) on T commute, SL(V,) acts on the set of orbits
Ty/k* and Ty/k* x SL{V,)=(Ty/k*)/SL(V,). We will therefore try to construct the
desired quotient space in two stages; the first is the construction of T,/k*. This can
be done by mimicking the constriction of P as a quotient of AY*'\{0} under the
usual equivalence. Since k* acts with different weights on the subspaces ¥(V¥,) and
Y(VEy) of Y(Vi,@VE,), there are some differences. These can be avoided by the
following construction.

Let S"(W) denote the n™ symmetric power of a vector space W, so that S(W)
= (P S"(W) is the symmetric algebra of W. The natural inclusions S3V*, »S(V,)

nz0
and S3(V¥,)->S(V#y) induce a k-linear map S3 (V)@ SA(VE)—S(VE)®,S(VE)
=S(ViH@®VE,) which extends to the map S(SUVi)DSHVE))-SViBVE).
This map of k-algebras induces W(V},® Vg‘N)—QW(S%V;“N)@SZ(V;‘N)). The
action of an element A of k* on W(V},@VE,) is given by multiplication by 1*N on
the subspace (V%) and- by multiplication by A°" on the subspace V(Vg4); the
action of 1 on V(S3(V*,)®S*(V¥,)) is given by multiplication by A*2V,
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Proposition (3.1). The morphism f is finite onto its image, and commutes with the
actions of k* defined above. Moreover, each fibre of f is a subset of an orbit of k*.

Proof. 1t follows directly from the fact that the map
S(S{U)—-S(U), for U a vector space over k,

is a finite map of k-algebras, that the morphism f is finite. Moreover, if the action
of iek* on U is given by multiplication by AX, then the action of A on S{(U) is
multiplicative by AX; this implies that f commutes with the given actions. Finally,
if 2 points of V(VF,®V¥,) are represented by the pairs of forms (4,,B;) and
(A,, B,), then these points are in the same fibre of f is and only if A} = 43 and
B?=B?2. Letting A be a primitive 12N™ root of unity in k, one sees that if this
condition holds then the two pairs of forms differ by some power of . QED.

Define Z, to be the image of f. Zy is a closed subvariety of
V(S (Vi@ S (V) and, by Proposition (3.1), two points of V(V¥@VE,) are in
the same orbit of k* if and only if their images Z, are. We have thus reduced the
problem to the construction of Zy/k*. Since 0 is in the closure of every orbit we can
only hope to construct the space Z,\{0}/k*; this variety is obtained easily
by projecting Zy\{0} into P(S*V¥,®S?V¥,), which is the quotient of
V(S Vi@ S2VE{0} by the given action of k*. Define M, to be the quotient
variety of Z,\{0} constructed above. SL(V,) acts on M, in the natural manner [it
is an SL(V,)-invariant subvariety of P(S*V},®S?V#)]. We have proved the

Proposition (3.2). Two points of V(VE,®VENO} are in the same orbit of the
action of SL(V,) xk* if and only if their images in M, are in the same orbit of the
action of SL(V,) on M.

Define EyCM, to be the image of Ty under the quotient map
VVEROVENO} M. Eyx Ty/k* and is a parameter space for those Weierstrass
fibrations with a smooth generic fibre and p,=N—1.

4. The Construction of M,/SL(V,)

The construction of the quotient of M, by the action of SL(V,) is performed using
the techniques of geometric invariant theory (we refer the reader to {GIT] for the
definitions of stability and semi-stability). Let M, ; (respectively M n.ss) e the
invariant open subvariety of stable (resp. semi-stable) points of My. Let Ry be the

homogeneous coordinate ring of My, and let Wy=Proj R}*"". By geometric
invariant theory, we have a diagram

[
My My < M,

Wy «— V_VN,

where Wy is open in Wy and the square is cartesian. Moreover, the maps ny and @y
have the following properties:

(4.1) For x,ye My , my(x)=my(y) if and only if x and y are in the same orbit of
SL(V)).
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(4.2) For x,ye My ,, Ty(x)=1,(y) if and only if the closure of the orbits of x and
y intersect in My (.
The variety W)y is a geometric quotient of My & by the action of SL(V,).

The non-complete variety Wy is the optimal solution to the problem of
constructing a quotient; it is a true orbit space for those orbits contained in M, .
The projective variety Wy is not an orbit space, and should be viewed as a com-
pactification of Wy. Three questions remain:

(4.3) What are explicit conditions [in terms of the pair of forms (4, B)] for
stability ?

(4.4) Are points of M which represent elliptic surfaces (i.., those points of Ey)
stable, or semi-stable?

(4.5) What are explicit conditions for two distinct orbits in My \My _ to be in
the same fibre of the map 7, ?

Before addressing these questions, let us remark that the dimension of Wy can
be computed as dimV(VF, @ V¥,)—dim(SL(V,) x k*), anticipating the existence of
stable points. This gives dim Wy = 10N —2.

5. Conditions for Stability and Semi-Stability

Let (4, B) be a pair of forms in V,,®V,y which represent the point r of M. For
any point g in P!, let v,(4) and v,(B) denote the order of vanishing of 4 and B,
respectively, at g. With this notation we can state the

Proposition (5.1). (a) The point r of M, represented by the pair (A, B) is not semi-
stable if and only if there is a point qe P such that

v(A)>2N and v(B)>3N.
(b) The point r is not stable if and only if there is a point geP* such that
v(A)22N and v (B)=3N.

Proof. (a) Assume r is not semi-stable. The numerical criterion for semi-stability
(see [GIT]) then states that there exists a non-trivial one-parameter subgroup f:
k*—SL(V,) of SL(V,) such that the weights of r with respect to f are all positive.
Let us explicitly compute these weights by choosing a basis T, T, of V| so that the
action of f(A) on ¥V, is given diagonally by f(1)- T, =4°T,, f(1)- T, =A"°T, for all
Aek*, and some e>0. Then f(4) acts on forms in V}, and V&, by sending

4N 4N
Z ai']"(l)'TitN—l to Z aiAZel—tteN’T(t)TfN*t
i=0 i=0

and

6N . ) 6N . . .
Y LTV to ) b AP SNTITIN T,
j=0 j=0

thereby sending the coordinates

a to ,12ei~4eNai
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and

2ej—6eN
b, to A2iToNp.

From the construction of the space M, coordinates in My are a,a,q, for i, j, and
k <4N and bb,, for [ and m<6N ; these are the coordinates of S3(V,y) and S*(Vy).
Assume that in the chosen basis the point r has coordinates [a,a,a,;bb,]. Then
f(4) acts on M by sending such a point r to

[/'{Ze(i+j+k)-12eNaiajak;)y2e(l+m)— lzerzbm] )

The weights of  with respect to f are those exponents
2e(i+j+k)—12eN for which a,a;0,%#0,

and
2e{l+m)—12eN for which 5,6, %0.

Since r is not semi-stable, all these weights are positive; i.c.,

whenever i+j+k—6N <0, a;a,a, =0, and

(5.2)
whenever [+m—6N =0, bb,_ =0.

In particular, a’ =0 for n<2N and b?=0 for n<3N, or
(5.3) a,=0 for n<2N and b,=0 for n=3N.

Thus if ¢ is the point of P* with coordinates [T,, T,]=[0, 1], v,(4)>2N and
v,{B)>3N.

Conversely, if ¢ is a point of P! satisfying the vanishing conditions of (5.1)(a),
choose a basis [T, T,] of ¥, so that g is the point [0, 1] in these coordinates. To
show that the point r represented by (A, B) is then not semi-stable, it suffices to find
a one-parameter subgroup f of SL(V;) so that the weights of r with respect to f

are all positive. The reader may check that such an f is given by f(1)= (?) 19 1)

where the matrix acts on V| in the usvual manner with the chosen basis {T,, T, }.

(b) Assume r is not stable. The numerical criterion for stability (see [GIT])
then states that there is a non-trivial one-parameter subgroup f of SL(V,) such
that the weights of r with respect to f are all non-negative. Again choose a basis
{T,, T,} of V, so that f is diagonalized as above; let this basis induce the
coordinates [a,a;a,;b/b, } for r. The same computation of the weights in (a) implies,
under the assumption that r is not stable, that

whenever i+j+k—6N <0, g,a,a, =0, and

(5.4)
whenever I4+m—6N <0, bb, =0.

In particular, a,=0 for n <2N and b, =0 for n <3N. Thus if q is the point [0, 1]
of IP! in these coordinates, v(A)Z 2N and v,(B)=3N. The argument to prove the
converse is identical to that used in part (a) and will be omitted. QED.

From Proposition (5.1) we can draw one immediate conclusion, addressing the
question (4.4).
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Corollary (5.5). For N =2, EyCMy  and thus ny(Ey) is a coarse moduli space for
Weierstrass fibrations with fixed section, smooth generic fibre, and p,=N — 1.

Proof. 1f (4, B)e Ty, then v (4) <3 or v (B) <5, for every ge PL. Hence if N =2, the
condition of Proposition (5.1)(b) for the point r of E, represented by (A4, B) to be
not stable is not satisfied. Hence r is stable. QED.

We will not address the problem of describing Wy, or the compactification Wy,
for N=2 more fully in this paper. Let vus simply remark that when N =2, the
condition for stability of the point r given by Proposition 5.1(b) is equivalent to the
condition that v (4)<3 or v (B)<5 for all ge IP'. However, it is not true that
E,=M, .. Consider the example

A(Ty, T)) = — AT (T~ T (Ty+ T (T,
B(To, T)=2ATo)*(To— T,)*(To + T,)*(T,)°

of a pair of forms in Vy@®V,,. The conditions for stability are met, but the
discriminant 44° +27B? is identically 0, and so the point of M, | represented by
(A4, B) is not in E,. This case {N =2) of elliptic K3 surfaces has been studied by
Jayant Shah and a detailed discussion appears in [S].

By Corollary (2.4), the case N=1 occurs precisely when the surface X is a
rational surface. We will call such a fibration X L, a rational Weierstrass
fibration, and the associated elliptic surface X ——IP' a rational elliptic surface with
section. We note that the pathology exhibited above for the N =2 case does not
occur for rational Weierstrass fibrations:

Proposition (5.6). Assume that the point re M, represented by the pair (A, B), is
stable. Then the rational Weierstrass fibration X defined by y?z=x>+ Axz* + Bz®
has a smooth generic fibre.

Proof. Assume X has a singular generic fibre. Then the discriminant
443 +27B%*eV,, is identically 0. If we choose an affine coordinate ¢ in IP!, we may
write 4 as a quartic polynomial and B as a sextic polynomial in ¢. Factor 4 and B
into linear factors:

4 6
A=a[](t-c), B@O=b]] (t—d).
i=1 i=1
Since 443+ 27B? is identically 0, we must have

4 6
4a® [] (t—c,)> = —27b2 [ (t—d,)>.
i=1 i=1

t

By comparing the order of vanishing of the two sides of this equation at the ¢;’s
and d;’s one readily deduces that

A(ty=alt—g)*(t—h)*> and B(t)=b(t—g)*(t—h)®
for some g,hek, and with 4a*+27b?=0. Hence at the point t=g, for example,

A vanishes to order 2 and B to order 3; thus r is not stable by
Proposition (5.1}(b). QED.
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The above proposition assures us that a stable point of M, actually represents
an elliptic surface; this is not the case for semi-stable points. For example, the
Weierstrass fibration y?z=x%—3t2x2z2+2t3z% is represented by a semi-stable
point of M, but the discriminant vanishes identically. However, not all elliptic
rational Weierstrass fibrations are stable; the reader can check that the surface
y?z=x3+3xz2+t*z3 has a smooth generic fibre, but Proposition (5.1) implies
that it is not even semi-stable. Let us turn to the problem of characterizing
geometrically those rational Weierstrass fibrations which are stable and semi-
stable.

6. The Geometric Characterization of Stability

To characterize the stability of a rational Weierstrass fibration in terms of the
singular fibres of the associated elliptic surface X, we must determine, given a pair
of forms (A4, B) defining X, and a point gelP', what the fibre X, is. If the
discriminant

D=4A4%+27B*
is non-zero at g, then X is a smooth elliptic curve whose J-invariant is given by
J=443%/D.

However, if D=0 at ¢, the fibre of X over ¢ is a singular curve of arithmetic genus
one. Kodaira [Ko] has classified all such fibres and we shall adopt his notation for
them. Neron [N] has taken Kodaira’s classification one step further and has
shown that the singular fibre )? depends only on the order of vanishing of 4, B,
and D at q; moreover, he calculates explicitly, given v,(4), v,(B), and v,(D), the fibre
X We reproduce these results in Table (6.1). In column 1 appears Koda1ra s name
for the singular fibre, and in column 2 appears a self-explanatory graph of the
components of the singular fibre, with multiplicities indicated if unequal to 1.
Columns 3, 4, and 5 contain the orders of vanishing of 4, B, and D at q. In
column 6 the value of the J-invariant appears, and the multiplicity m(J) to which J
takes on this value is in column 7.

A quick inspection of Table(6.1) now gives desired characterization of
stability.

Theorem (6.2). Let r be a point of M, represented by the pair of forms (A4, B). Let X
be the rational Weierstrass fibration defined by (A, B). Then r is stable if and only if
X has a smooth generic fibre and the associated elliptic surface X has only reduced
fibres.

Proof. Assume r is stable. Proposition (5.6) then states that X has a smooth generic
fibre. Using Proposition (5.1) and Table (6.1), we see that X cannot have a fibre of
type If, If, IT*, I11*, or IV*; all the other fibres in Kodaira’s list are reduced.

Conversely, 1f all ﬁbres of X are reduced, then Table (6.1) gives bounds on the
simultaneous orders of vanishing of 4 and B; these bounds are precisely those
insuring the stability of the point r, by Proposition 5.1. QED.
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Table (6.1). Fibres of rational elliptic surfaces with section y*z=x>+ Axz*+ Bz®; D=44%+27B?;
J=44%/D

Name Graph v,(A) v,(B) v,(D) J m(J)

Iy \ 0 0 0 +0,1, 00 -

Iy \ 0 K 0 1 2K

I, \ L 0 0 0 3L

I, >O 0 0 1 o 1

Iy 6 :) 0 0 N o N
%{t: 2 3 6 +0,1, 00 -

I3 L23 3 6 0 3L—6

2 2 Kz4 6 1 2K—6

—
por}
N
N
i
|
|
1
N
ﬁ
)
(%)
P4
+
EN
8
z

I } Lzl 1 2 0 3L-2
11 X | K22 3 1 2K -3
v - L2 2 4 0 3L—4
3
v* A 2 2 L23 4 8 0 3L-8
[l A
ar 13 2 3] | 3 K25 9 1 2K-9
12 2 3
' 6
2
i "_t:g R — 4 5 10 0 2
4

Remark. A rational elliptic surface with section can also be constructed by taking
a pencil of (generically smooth) cubics in IP? and blowing up the base points. If one
analyses the stability of such pencils [under the action of Aut(IP?)] one obtains the
same answer as the above for Weierstrass fibrations: stability depends only on the
singular fibres of the associated elliptic surface. For details, see [M].

Inspired by the above theorem, let us adopt the following terminology.

Definition (6.3). Let X-2»>IP! be a rational Weierstrass fibration with a smooth
generic fibre. We say that X is stable if the associated elliptic surface X has only
reduced fibres.
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7. The Moduli Space for Stable Rational Weierstrass Fibrations

As noted in Sect. 4, the variety W, constructed there is an orbit space for the action
of SL{V,) on the stable points M, . of M,. Therefore, by Corollary (2.8) and
Proposition (3.2), there is a 1 —1 correspondence between geometric points of W
and isomorphism classes of stable rational Weierstrass fibrations. In this section
we wish to investigate the role of the scheme structure of W ; it should reflect
properties of families of stable fibrations. To discuss this more precisely, let us
make the following

Definition (7.1). A stable rational Weierstrass fibration over a k-scheme T is a
T-map

X0

together with a section s : Q—X of p such that
(i) Q is a IP*-bundle over T,
(i) the fibre X ;2 0, is a stable rational Weierstrass fibration for every geo-

5:

metric point ¢ in T.
The central property of W, which is implied by its structure as a scheme is
given by the

Theorem (7.2). Given a stable rational Weierstrass fibration over a k-scheme T, there
is a unique morphism T— W, extending the set-theoretic map sending a geometric
point t of T to the point of W representing the isomorphism class of the fibre at t.

Proof. As usual, it suffices to prove the theorem for T affine, =SpecR. Let
X-5TxP! be a stable rational Weierstrass fibration over 7, with section
s:TxP'>SCX. Let L=p,[04(S)/O], and let the element (4, B) in I'(T x P!,
L®~H@I(T x P!, L® %) define the fibration X, as in Theorem (2.1). Since the
fibration is rational, we have L, = 0,.(— 1) for every ¢ in T by Corollary (2.4). Since
H'(PP*,0,,)=(0), we have by base change L p*0,,(— 1) where p,: T x P' > P! is
the natural projection. Hence the pair (4, B) can be considered as an element of the
R-module [I'(IP}, 0,,(4)@TI (P!, 0,.(6))]® R by the Kunneth formula. Thus the
pair (4,B) induces a map T-V(V}®V}), which clearly has image in
V(V¥@VEN0]}. The assumption of stability implies that the map in fact has image
in the inverse image of M, _ under the quotient map V(V;® VFN{0}»M . Hence
by composing with the quotient map M, .~ W, we define the desired map T—» W,.
If we choose a different pair {(4’, B') to defme the fibration X, there will exist a T-
valued point of SL(2) x k* sending (4, B) to (4', B'); and since W, is a geometric
quotient of the inverse image of M| in V(VF®V¥), the pair (4, B’) will induce the
same map T-W,. QED.

Theorem (7.2) implies that the variety W, is a coarse moduli space for stable
rational Weierstrass fibrations (see [GIT], Chap. 5, Sect. 1). Its compactification
W, constructed in Sect. (4) does not have the nice functorial properties which W
has; nevertheless, it is interesting to see explicitly which fibrations are represented
by points of W,\W,. Let us then turn our attention to this subvariety, which we
shall refer to as the strictly semi-stable points of M, (or, by abuse of notation, of
V(i@ V).
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8. The Strictly Semi-Stable Fibrations

Let us adopt the following notation: let W denote the closed subvariety WAW,
of strictly semi-stable points of W, ; similarly let M and V, denote the inverse
images of W, in M, and V(V¥@VZ) respectively. As a corollary of Pro-

position 5.1, we have

Proposition (8.1). The point r of M, represented by the pair (4, B) is in M
only if there is a point q of P' such that either
(i) v,(4)=2 and v(B)=3,

if and

58§

or
(i) v(4)=2 and v (B)=3.

It is easy to see from this description that V
are irreducible schemes.
Using this characterization and Table (6.1) we have

and hence both M, and W,

S8 §s8?

Proposition (8.2). Let r be a point of M, represented by the pair (A, B), and assume
that the fibration X defined by (A, B) has a smooth generic fibre. Thenr is in M if
and only if the associated elliptic surface X has a fibre of type I} for some N =0.

To complete the description of the strictly semi-stable fibrations, we would like
to analyse not only which fibrations are in V, or M, which is described above,
but also how the quotient map

V=M —W,

5SS REAS

588°

distinguishes between these fibrations. The answer is given by the following

Theorem (8.3). Let (A,, B,) and (A,, B,) be two points of V, defining fibrations X |
and X, which have smooth generic fibres. Let J, and J, be the values of the
J-invariant of the singular fibres on X, and X , of type I, whose existence is insured
by Proposition (8.2). Then (A, B,) and (A,, B,) have the same image in W if and
only if J,=J,.

Remark. This theorem implies that surfaces with a fibre of type I* are classified in
W, by the finite J-value of that fibre; however, surfaces with a fibre of type I for
N =1 are all mapped to one point of W, (that corresponding to J = o0). It is not
hard to see that if the Weierstrass fibration has no smooth fibre, then it is also
represented in W, by the point of W, corresponding to J = co. Since the map
M, —W, is surjective, the variety W, can be stratified as follows:

W, = WluYu{coq;} ,

where
(i) points of W, classify completely the stable rational Weierstrass fibrations
up to isomorphism,
(i) Y= A, and classifies the fibrations with a smooth generic fibre and a
singular fibre of type I§ by the J-value of that singular fibre.
(iii) w,, represents all the fibrations with a smooth generic fibre and a singular
fibre of type I§ with N1, and also all the fibrations with no smooth fibres.
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To return to the proof of the theorem, let us check that the numbers J, and J,
are well-defined :

Proposition (8.4). Let X be a rational elliptic surface with section, containing a
singular fibre of type 1% and one of type If;,. Then

() N=M=0,

(i) there are no other singular fibres on X. _

(i) Every fibre on X has the same J-invariant. We say that X is a “J = constant”
surface. Moreover,

{(iv) Every rational elliptic surface with section with J = constant, not equal to 0
or 1, has two fibres of type IE and no other singular fibres, and

(v) Two J = constant, not equal to O or 1, rational elliptic surfaces with section
are isomorphic if and only if the J-values are equal.

Proof. Since X is rational, the discriminant D =443 +27B? is a form of degree 12.
At the points g, and g, of P! where the fibre is of type I} and I}, D vanishes to
order N +6 and M + 6 respectively, by Table (6.1). Thus N=M =0, and D vanishes
only at ¢, and g, ; hence there are no other singular fibres. To prove (iii), choose an
affine coordinate ¢ of IP' such that ¢, and g, are =0 and t=o0. Represent the
Weierstrass fibration X obtained from X by the pair of forms ((4,B). By
Table (6.1), vy(4) 22, v (A)=2, v,(B) = 3, and v_(B)= 3. Since A is a quartic and B
a sextic, we must have A(f)=at? and B(z)=ht> for some a,bek, not both 0. The
J-value of the fibre over ¢ is then J(t) =4a®/4a® +27b?, independent of .

To prove (iv) and (v), assume that on X, J is constant, unequal to 0 or 1. Since J
is not 0 or 1, any pair of forms 4 and B representing X are not identically zero;
hence we may choose an affine coordinate ¢ of P! such that at t = oo neither form is
0. Let A(t) and B(1) be the polynomials of degrees 4 and 6 respectively of the
Weierstrass equation as above. We have

J=4A(t)*/4A(r)* + 27 B(t)*
or

27JB(t): =(4— 4J) A(t)?

for this constant value of J. For the square of the sextic B to equal the cube of the
quartic A up to a unit factor, one readily checks that there must be a quadratic
polynomial ¢(t)=u(t—r)(t—s) such that A(t)=aq(t)* and B(t)=bgq(t)*® for some
non-zero a, b in k. From Table (6.1) it is clear now that X has a fibre of type I} at
t=r and t=s, and no other singular fibres. Finally, assume that X, and X, ate
both J =constant, unequal to 0 or 1, rational elliptic surfaces with section. By (iv),
we may represent X, and X, by the pair of forms (4,, B,) and {4,, B,), and if we
choose an affine coordinate ¢ such that the two singular fibres are at t=0 and
t= 0, we must have

A,=at*, B,;=b1?
and

—g.q? —h. 3
A,=a,t*, B,=b,t".
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Assuming that the J-values of the two surfaces are equal, we have
4a3/(4a} +27b3)=4a3/(4a; +27b3)

or equivalently
(a,/a,)?=(b,/b,)*.

By choosing one of the 4™ roots of a,/a, appropriately, we obtain a 4 such that
A*=a,ja, and AS=b/b,,

and hence by Proposition (2.7), X, and X, are isomorphic. QED.

Remark. The conspicuous omission of the J=constant, equal to 0 or 1, surfaces
will be remedied in the next section.

Proof of (8.3). Assume first that J, =J,. Recall that two points of V, map to the
same point of W_ if and only if their orbits under the action of SL(V,) x k* have
common closure ; we will exhibit this common closure as follows. Proposition (8.1)
implies that we may choose a basis [T, T,] of V; inducing bases of V, and V, and
coordinates [a,a;a,;bb,] of M, such that

A, =a,T{+a, T,T} +a,Ti T}
and
B, =b Tt +b,T,T7 +b, T¢ Tt + b, T3 T}

with a, and b; not both zero. The element

PRIy
=g 2

of SL(2) sends the pair (4,, B,) to the pair (4,4,,9,B,) where
g, A, =2, Tt + 22, T,T; + a, T3 T?

and
g,B, =D TS+ A*b, T, T; + A*b, T3 T} + b, T, T3 .

Letting A approach 0O, we see that the point of V, represented by the pair
(a,T3TE,byTyT;) is in the closure of the orbit of (4,, B,). Notice that this pair
defines a J =constant surface Z,, and J, =4a3/4a; +27b3. By making the same
construction with the pair (4,,B,), we find that there is a point of ¥V,
represented by the pair (c,T¢T7,d,T3T;), in the closure of the orbit of
(A,,B,). Moreover, this pair represents a J=constant surface Z, and J,
=4c3/4c3+27d3. 1f neither a, nor b, are 0, then J, is unequal to 0 or 1, and since
J,=J, neither is J,. Hence by Proposition (8.4), (v), Z, is isomorphic to Z, and
are in the same orbit; thus (4,, B;) and (4,, B,) have the same image in W,

If a,=0 and b, 40, then J, =0 and J, =0 and therefore so does J,. We infer
that ¢,=0 and now Z, and Z, are defined by the pairs (0,b,T;T;) and
(0,d, T3 T3), and are clearly isomorphic. A similar argument is made for the case

a,*0, b, =0. This proves the sufficiency of the condition of the theorem.
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Conversely, assume J, +.J,. As above, the point (4, B,) of ¥V has a point of
the form (aTZTE,bTy T7) in the closure of its orbit ; similarly the point (4,, B,) has
a point (¢T3 T7,dTyT;) in the closure of its orbit. Moreover,

J,=4a*/4a®+27b* and J,=4c3/4c+27d%.

It suffices to show that these two derived pairs do not map to the same point of
W, to do this, it suffices to show that the closures of their orbits are disjoint. As
seen above, these two pairs represent surface with a constant J-invariant. Let N be
the subvariety of V,, consisting of all points representing surfaces with constant
J-invariant. The set N is invariant under the action of SL(V,) x k* and the J-value
is an invariant function on N. Since J, #J,, this function separates the two orbits
in N. Hence their closures are disjoint. QED.
This completes our analysis of the strictly semi-stable fibrations.

9. The J=0, J=1 Surfaces

Let X be a rational elliptic surface with section, and J=constant. If J%0 or 1,
Proposition (8.4) (iv), (v) states that X has two fibres of type I§ and no other
singular fibres; moreover, there is only one such surface up to isomorphism. It is
represented in W, by a point of W,_, and two J =constant, %0 or 1 surfaces with
distinct J-values are represented by distinct points. Hence the points of W,
representing such surfaces classify them completely.

Let us now turn to the case J = 1. The surface X is given here by a pair of forms
(4, B) and B must be identically 0. The surface X is then completely determined by
the quartic form A and one can easily determine from Table (6.1) the singular
fibres of X given the order of vanishing of 4 [see Table (9.1)].

SS

Table (9.1). J=1 surfaces Table (9.2). J=0 surfaces
v,(A) Fibre X, v,(B) Fibre X,
0 Smooth elliptic 0 Smooth elliptic
1 Type 111 1 Type 11
2 Type I} 2 Type IV
3 Type I111* 3 Type I}
4 Type [V*
5 Type 1I*

We merely wish to remark that, unlike the other J=constant surfaces, there
are J =1 surfaces which are stable; in face, by Proposition (5.1) we have thata J=1
surface X is stable if and only if X has exactly four fibres of type I11.

Finally, let us perform the above analysis for J =0, Here X will be given by a
pair of forms (4, B), and 4 must be identically 0; thus X depends only on the sextic
form B and the singular fibres are determined by the order of vanishing of B [see
Table (9.2)].

Again there are stable J =0 surfaces X ; X is stable if and only if X has only
singular fibres of types II and IV.
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