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ABSTRACT. In this paper we study the Brill-Noether theory of sub-line bundles of a general,
stable rank-two vector bundle on a curve C' with general moduli. We relate this theory to
the geometry of unisecant curves on smooth, non-special scrolls with hyperplane sections
isomorphic to C'. Most of our results are based on degeneration techniques.

1. INTRODUCTION

The classical Brill-Noether theory aims to the description of all families G%(C') of linear
series of fixed degree d and dimension r on a given curve C' of genus g. Equivalently, one can
consider the image via the Abel-Jacobi map W7 (C) C Pic?(C) of G(C). In such a generality,
the project is certainly too ambitious. However, for C' sufficiently general in M, the problem
has been completely solved. The main results are Griffiths-Harris’ theorem (see [18]), which
determines the dimensions of the families G(C'), and Gieseker’s theorem (see [17]), proving
the so called Petri’s conjecture which refines Griffiths-Harris’ result giving further important
information about the local structure of G(C'). Recall also Fulton-Lazarsfeld’s theorem (see
[8]) asserting that W[ (C') is connected, for any curve C, as soon as its dimension is positive.
Brill-Noether’s type of questions can be asked replacing line bundles with vector bundles.
This can be done in various ways (cf. e.g. [4], [29] and [33] as general references).

In this paper we will take the following view-point. Given a curve C of genus g > 1, one
can consider the moduli space Uq(d) of semistable, degree d, rank-two vector bundles on C,
which is an irreducible, projective variety of dimension 49 — 3 4 ¢, where e = 1, if g = 1 and
d is even, € = 0 otherwise (cf. e.g. [27]). For any [F] € Uc(d), one can consider the set

M, (F) :={N C F| N sub-line bundle of F, deg(N) = n}, (1.1)

which has a natural structure of Quot-scheme. Note that M, (F) is isomorphic to M, 1 9/(F ®
L), for any L € Pic/(C). If [F] € Ux(d) is general, then M, () is not empty if and only if
n < L%J =: 7 (cf. Corollary 4.16, Remark 4.18 and [24]). The problem we consider here
is to study the loci M, (F), for C' general of genus g and F general in Uq(d), as well as their
images W,,(F) in Pic"(C). Of course, similar questions can be asked for vector bundles of any
rank and in this generality they have been considered by various authors (see [22], [24], [28]).

As well known, the study of vector bundles on curves is equivalent to the one of scrolls in
projective space. Therefore, the above questions can be translated in terms of the geometry
of scrolls. Let S be a smooth, non-special scroll of degree d and sectional genus g > 0 which
is linearly normal in P®, R = d — 29+ 1. If d > 2g + 3 + min{1, g — 1}, such scrolls fill up
a unique component 3, , of the Hilbert scheme of surfaces in P¥ which dominates M, (cf.
Theorem 3.1 below).
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Let [S] € H4, be a general point, such that S = P(F), where F is a very ample rank-two
vector bundle of degree d on C, a curve of genus g with general moduli, and S is embedded in
P® via the global sections of Op(s)(1). In [6] we showed that, if ¢ > 1 and S is general, then
F is general in Ug(d) (cf. [2] and [6, Theorem 5.5]). We then proved that S is a general ruled
surface in the sense of Ghione [12], namely the scheme Divklg’m parametrizing unisecant curves
of given degree m on S behaves as ezpected (for details, cf. [6, Def. 6.6 and Thm. 6.9]). If
we put m := d — n, in Proposition 4.11 we prove that there is a natural isomorphism

Divg™ & M, ().
This provides the translation from the vector bundle to the scroll setting. The map
Tn + Mp(F) — W (F) C Pic"(C)

can also be interpreted in terms of curves on the scroll: the fibres of 7, are connected (cf.
Lemma 4.21) and can be identified with linear systems of unisecant curves of degree m on
S. Therefore, the map m, can be regarded as an analogue of the Abel-Jacobi map. It is
then natural to consider the subschemes W, (F) C W, (F) of points where the fibres of 7, has
dimension at least r. These are analogues of the classical Brill-Noether loci.

The scheme Divg™ was originally studied by C. Segre (cf. [30]), then in [12] and, by
the present authors, in [6], where we used degeneration techniques. These techniques, in
particular the degeneration of a general scroll in Jy 4, to the union of a rational normal scroll
and ¢ quadrics (cf. Construction 3.2), are also the main tool in the present paper.

First of all, we apply the results in [6] to prove a conjecture by Oxbury asserting that
Mz(F) is connected for any curve C' of genus g, [F] € Uc(d) general and d — g even (cf. [28,
Conjecture 2.8]; Oxbury’s conjecture refers more generally to vector bundles of any rank).

Then, we turn to the consideration of W! (). In order to study such loci, a basic ingredient
is the contraction map

py: H(F@NY) @ H(FY @we ® N) — H(we)

which, in accordance to the line bundle case, is called the Petri map of the pair (F, N) (cf.
e.g. [28]). The case n =7 is already studied in [28] (cf. Proposition 4.36 below). For n <7
the situation is more complicated. In Proposition 4.39, we give some general results about
the Brill-Noether filtration in the general moduli case. In particular we show that, when
[S] € Hyy is general, one has:

(a) if dim(Divg™) > g and [T] € Divg™ is general, then dim(|Og(T")|) = dim(Divg™) — g,
(b) if 0 < dim(Divg™) < g and [I'] € Divg™ is general, then dim(|Og(I')|) = 0.

In Theorem 5.1, we concentrate on W,!(F) and, when C has general moduli, we prove that
each of its irreducible components has the expected dimension. We finish the paper by
proving an enumerative result, i.e. Theorem 6.1, in which we compute the class of the sum
of all sub-line bundles of F of maximal degree, when these are finitely many and [F] € Uq(d)
is general.

The paper is organized as follows. In § 2 we collect standard definitions and properties
of scrolls and unisecant curves. In § 3 we recall the results in [5] and in [6]. In §’s 4 and 5
we prove the above-mentioned results of the Brill-Noether theory, whereas § 6 contains the
enumerative result.

2. NOTATION AND PRELIMINARIES

In this section we will fix notation and general assumptions as in [6]. For non reminded
terminology we refer the reader to [21], [27], [31] and [6].
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Let C' be a smooth, projective curve of genus g > 0 and let p: F' — C be a geometrically
ruled surface on C', namely F' = P(F), for some rank-two vector bundle, or locally free sheaf,
F on C. In this paper, we shall make the following;:

Assumptions 2.1. We assume that h°(C,F) = R + 1, for some R > 3, that |Or(1)| is
base-point-free and that the corresponding morphism ® : F — PR is birational to its image.

We denote by d the degree deg(F) := deg(det(F)).

Definition 2.2. The surface ®(F) := S C P is called a scroll of degree d and of (sectional)
genus g, and S is called the scroll determined by the pair (F,C). S is smooth if and only if
JF is very ample; if S is singular, then F'is its minimal desingularization. For any x € C| let
fo := p t(z) 2 P.. The line I, := ®(f,) is called a ruling of S. Abusing terminology, the
family {l,},cc is also called the ruling of S.

For further details on ruled surfaces, we refer to [19], [21, § V], [2], [9], [10], [11], [12], [15], [16],
[24], [25], [26], [30] and [32]. If we denote by H the section of p such that Op(H) = Op(1),
then Pic(F) = Z[Op(H)] @ p*(Pic(C)); if d € Div(C), we denote by df the divisor p*(d) on
F, where f is the general fibre of p. A similar notation will be used when d € Pic(C'). Thus,
any element of Pic(F') corresponds to a divisor on F' of the form nH + df, for some n € Z
and d € Pic(C).

Definition 2.3. Any curve B € |H + df| is called a unisecant curve of F. Any irreducible
unisecant curve B of F'is smooth and is called a section of F'.

There is a one-to-one correspondence between sections B of F' and surjections F — L, with
L = Lg aline bundle on C (cf. [21, § V, Prop. 2.6 and 2.9]). Then, one has an exact sequence

0—+N—->F—=L—0, (2.4)

where N is a line bundle on C. If L = O¢(m), with m € Div™(C), then m = HB and
B ~ H + (m — det(F)) f. One has

Op(B)2 N'®L (2.5)

(cf. [21, §5]). In particular,
B? = deg(L) — deg(N) = d — 2 deg(N) = 2m — d. (2.6)
Similarly, if B; is a reducible unisecant curve of F' such that H B; = m, there exists a section
B C F and an effective divisor a € Div(C), a := deg(a), such that B = B + af, where

BH = m — a. In particular there exists a line bundle L = L on C, with deg(L) = m — a,
fitting in (2.4). Thus, one obtains the exact sequence

0—>N®0Oc(-a) = F—-Lp0O, — 0. (2.7)
(for details, cf. [6]).

Definition 2.8. Let S be a scroll of degree d and genus g corresponding to (F,C) and let
B C F be asection and L as in (2.4). If ®|p is birational to its image, then I :== ®(B) C S
is called a section of S. We will say that the pair (S,T") is associated with (2.4) and that
[ corresponds to L on C. If m = deg(L), then I is a section of degree m of S; moreover,
®|p : B = C — T is determined by the linear series A C |L|, which is the image of the
map H°(F) — H°(L). If B, C F is a (reducible) unisecant curve and ®|p, is birational to
its image, then ®(By) = I'y is a unisecant curve of degree m of S. As above, the pair (S,T'1)
corresponds to a sequence of type (2.7).
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By Riemann-Roch, one has
R+1:=0°0p(1)) =d—2g+2+h'(0p(1)). (2.9)

Definition 2.10 (cf. [30, § 3, p. 128]). We will call A'(Op (1)) the speciality of the scroll S.
A scroll S is said to be special if h'(Op(1)) > 0, non-special otherwise.

For bounds and remarks on h'(Or(1)), we refer the reader to e.g. [6, Lemma 3.7, Example
3.10] and to [30, pp. 144-145].

Definition 2.11. Let I'y C S be a unisecant curve of S of degree m such that (S,I'y) is
associated to a sequence like (2.7). Then, I’y is said to be special, if h*(C, L) > 0, and linearly
normally embedded, it H*(F) - H(L & O,).

3. HILBERT SCHEMES

Let S be a linearly normal, non-special scroll of degree d and genus g. When g = 0, S is
rational and its properties are well-known (see e.g. [19]). Thus, from now on, we shall focus
on the case g > 1. From (2.9), one has that S C P? where R = d — 29+ 1 and d > 2¢g + 2,
because of the condition R > 3 in Assumptions 2.1. If, in addition, we assume that S is
smooth, then d > 2¢g + 3 + k, where k¥ = min{1, g — 1} (cf. e.g. [5, Remark 4.20]). In this
situation, one has the following result essentially contained in [2] (cf. also [5, Theorem 1.2]
and [6, Theorem 5.4]).

Theorem 3.1. Let g > 0 be an integer and let k = min{l,g — 1}. If d > 29 + 3 + £k,
there exists a unique, irreducible component Hy 4 of the Hilbert scheme of scrolls of degree d,
sectional genus g in P® such that the general point [S] € Hy, represents a smooth, non-special
and linearly normal scroll S. Furthermore,

(i) Hay is generically reduced;

(i) dim(Hay) =T(g— 1) +(d =29+ 2)> =T(g — 1) + (R+ 1)%;

(iii) Hqy dominates the moduli space My of smooth curves of genus g.
If, moreover g > 1, let (F,C) be a pair which determines S, where [C] € M, is general. If
Uc(d) denotes the moduli space of semistable, degree d, rank-two vector bundles on C, then

(F] € Uc(d) is general. 0O

We recall a construction of some reducible surfaces corresponding to points in Hgy,. This
is one of the key ingredients of the degeneration arguments used in [6], which will also be
used in this paper. The presence of points in H,, corresponding to reducible surfaces was
already pointed out in [2]. However te reducible surfaces we need in this paper are different.

Construction 3.2 (see [6, Construction 5.11]). Let g > 1. Then Hy, contains points [Y]
such that Y 1is a reduced, connected, reducible surface, with global normal crossings, of the
form

Y =WuQiU---UQ,, (3.3)
where W is a rational normal scroll, corresponding to a general point of Hy 240, each Q;
is a smooth quadric, such that Q; N Qr =0, if 1 < j#k < g, and WNQ; =1 Ul
where l; ; are general rulings of W, for 1 <i <2, 1< j <g, and where the intersections are
transverse. Furthermore, for any such Y, one has that h*(Y, Ny pr) = 0; in particular, [Y]
is a smooth point of Hy 4.

We finish this section with the following definition and result.
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Definition 3.4 (see [12, Definition 6.1]). Let C' be a smooth, projective curve of genus g > 0.
Let F' = P(F) be a geometrically ruled surface over C' and let d = deg(F). For any positive
integer m, we denote by
Div,;" (3.5)

the Hilbert scheme of unisecant curves of F', which are of degree m with respect to Op(1); it
has a natural structure as a Quot-scheme (cf. [20]), whose expected dimension is

Ay = max{—1, 2m —d — g+ 1}; (3.6)
therefore dim(Divy™) > d,y,.

In [6], we proved

Theorem 3.7 (see [6, Theorem 6.9]). Let g,d,Hay be as in Theorem 3.1. If [S] € Hyy is a
general point, then S is a general ruled surface, namely, for any m > 1:

(i) dim(Divg™) = d,,, for any m > 1;
(ii) Divg™ is smooth, for any m such that d,, > 0;
(iv) Divg’m is irreducible, for any m such that d,, > 0. O

4. BRILL-NOETHER THEORY

4.1. Preliminaries. Let S C P® be a smooth, non degenerate scroll of degree d and genus
g. Let (F,C) be a pair determining S. Let I' be any unisecant curve of S of degree m,
corresponding to the exact sequence

0—-N—->F—->Lae0, =0, (4.1)
where L and N are line bundles and a € Div?(C) such that m = deg(L) + a. Set
n :=deg(N)=d —m. (4.2)

In this section we will study the subschemes of Pic(C') parametrizing the sub-line bundles
N C JF asin (4.1).

Definition 4.3. Let C' be a smooth, projective curve of genus ¢ > 0 and let F be any
rank-two vector bundle on C. The Segre invariant of F is defined as:

s(F) = deg(F) — 2(Max {deg(N)}),

where the maximum is taken among all the sub-line bundles N of F (cf. e.g. [22]). We denote
by M(F) the set of all sub-line bundles of F of maximal degree. Notice that M (F) has a
natural structure of Quot-scheme (cf. e.g. [28]).

In other words, s(¥F) is the minimum of the self-intersections of sections of F' := P(F) (cf.
Formula (2.5) and see e.g. [22]) and therefore, s(F) = s(F ® L), where L is any line bundle.
Similarly, M (F) is isomorphic to M(F ® L). Note that the vector bundle F is stable (resp.,
semi-stable) if and only if s(F) > 1 (resp., s(F) > 0). In the following proposition we recall
a result by Nagata, cf. [26].

Proposition 4.4. Let C' be a smooth, projective curve of genus g > 0 and let F be any
rank-two vector bundle on C. One has:

s(F) < g. (4.5)
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Proof. Let d = deg(F). Let T be a section of F' = P(F), such that ['* = s(F). It corresponds
to an exact sequence of type (4.1), with a = 0. Let m = deg(L), so that I'? = 2m — d (cf.
Formula (2.6)). Consider Divy™. By the assumption I'> = s(F), then all the curves in Divy™
are sections. Therefore, dim(Div;?™) < 1. On the other hand, by (3.6), dim(Divy™) > d,, =
2m —d —g+1=T?— g+ 1. Hence, (4.5) follows. O

m

The proof of Proposition 4.4 shows that sub-line bundles N of F with maximal degree
correspond to sections in DiV};"m, with 0 < d < 1.

Lemma 4.6. Let C be a curve of genus g > 1 with general moduli and let [F] € Us(d) be a
general point. Then, the line bundles in M(F) have degree

7 i {%J | (4.7)

Proof. From what recalled above on M (F), by tensoring F with sufficiently large multiple of
an ample line bundle we can assume that the scroll S corresponding to the pair (F,C) is the

general point in H, 4 as in Theorem 3.1. The assertion follows from Theorem 3.7 and from
(2.4). O

Let n be any integer such that
n < 7. (4.8)
For any such n, one can consider the set
M, (F):={N C F| N sub-line bundle of F, deg(N) = n}. (4.9)

With this notation, M;(F) = M(F) as in Definition 4.3 (cf. also [28]). As for the maximal
case, any M, (F) has a natural structure of Quot-scheme.

For any [N] € M, (F), one can define sy(F) := deg(F) — 2 deg(N); observe that, as for the
Segre invariant, one has syg(FQ L) = sy(F), for any L € Pic(C). The proof of Lemma 4.6
shows that, in order to study the schemes M, (F), for C' with general moduli and [F] € Ux(d)
general, we may assume that the pair (F, C') determines a general point in 3, , as in Theorem
3.1. Then, one has the morphism

Yo Div}g’m — M, (F), (4.10)
with m = d — n as in (4.2), defined by
Yma([T]) = [N],

where I' corresponds to L & O, on C fitting in (4.1). The morphism ,, is bijective; in
fact, given N < F one has an exact sequence of type (4.1), which uniquely determines the
corresponding unisecant curve I'. This defines the inverse ,;71". In particular,

dim(Divg™) = dim(M, (F)).
Proposition 4.11. Let g > 1 and d be integers as in Theorem 3.1. Letn <T andm =d—n
be integers. Let [S] € Hy 4 be a general point. Then
Ym : Divg™ — M, (F)
18 an isomorphism.

Proof. Since M, (F) is a Quot-scheme, it is smooth at those points [N] € M, (F) such that
Ext'(N,F/N) = (0). From (4.1), Ext'(N,F/N) = H'((L® O0,) ® NV) =2 H' (L ® NV). Let
[['1] € Divg™ be the unisecant curve as in (4.1). I'; is of the form

=TUlLU---Ul,, a=deg(a),
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where [T] € Divg™ “ is a section and the I;’s are lines of the ruling. From the inclusion of
schemes I' C I'y, we get
L®o, > L. (4.12)

Therefore, the section I' corresponds to a sequence
0—+N —-F = L0,

where N’ is a line bundle on C of degree n’ = n + a. Moreover, from (4.12), it follows that

N < N, (4.13)
Since H'(L ® NY) 2 H(we ® LY ® N)V, by (4.13) we have
H(we® LY ®@ N) — H(we ® LY @ N'). (4.14)

From (2.5),

L® (N’)v = NF/S
and h'(Nr/s) = 0, for any [['] € Divg™ * (cf. Theorem 3.7). This implies that H (L NV) =
(0) so M,(F) is smooth. Since t),,,, is bijective, it is an isomorphism (cf. [21, Exercise I,
3.3)). 0

As an immediate consequence of Proposition 4.11 and of the proof of Lemma 4.6, we have
the following:

Corollary 4.15. Let C be a curve of genus g > 1 with general moduli and [F] € Uc(d) be a
general point. Let n <7 and m = d — n be integers. Then M,(F) is smooth, of dimension
d,n and it is irreducible when d,, > 0.

Moreover, we have the following result (cf. [24], [22, Corollary 3.2] and [28, Proposition
1.4, Theorem 3.1, Example 3.2]).

Corollary 4.16. Let C' be a smooth, projective curve of genus g > 1 and let F be a rank-two
vector bundle of degree d on C. One has:

(a) if s(F) = g, then dim(M(F)) = 1, d — g is even and 7 = 2.

(b) if C' has general moduli, [F] € Uc(d) general and s(F) < g — 1, then dim(M(F)) =0,

s(F)=g—1,d—gis odd and 7 = =L,

Proof. As usual, we may assume that (&, C') corresponds to a point in H,,. Let m :=d — 7.
(a) One has 1 > dim(M (%)) = dim(Divy™) > dm = 1 (cf. the proof of Proposition 4.4). The
assertion follows. (b) By the generality assumptions, one has dim(M (%)) = dim(Divy™) >
dm = 0. The assertion follows. O

The following corollary proves a particular case of [28, Conjecture 2.8].

Corollary 4.17. Let C' be any smooth, projective curve of genus g > 1. Let d be an integer
such that d — g is even. Let [F] € Uc(d) be general. Then M(F) is a connected curve.

Proof. By Corollary 4.15, M (F) is a smooth and irreducible curve if C' has general moduli. On
the other hand, since we are in in case (a) of Corollary 4.16, then M (F) is in any case a curve.
Now, [28, Theorem 3.1] implies that the numerical equivalence class of M (&) is independent
on C. Therefore, M(F), as a limit of a smooth, irreducible curve, is connected. O]
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Remark 4.18. Note that, in case (b) of Corollary 4.16, Maruyama proves more, i.e. he
assumes C' to be any curve, d any positive integer and [F] € Us(d) general. Furthermore, in
this case, M (F) consists of 29 distinct elements (cf. [34, Theorem 16], [22, Corollary 3.2] and
[28, Proposition 1.4, Theorem 3.1, Example 3.2]; see also Proposition 4.11 and [6, Theorem
7.1.1]). Thus, when d — ¢ is odd, one has a rational map

A: Ug(d) - Sym® (Pic'2" (C)).
For g = 1, X is everywhere defined and it is an isomorphism (cf. e.g. [6, Remark 5.5]). As
soon as g > 2, dim(Uq(d)) < dim(Syng(PiCd;_g)). Natural questions are:
e is )\ injective?
e is d\ injective where \ is defined?
Affirmative answers would give (global and infinitesimal) Torelli type theorems.

4.2. The Brill-Noether loci. As in [28, §1], for any n < 7 one can consider the natural
morphism

o+ My (F) — Pic"(C) (4.19)
sending any sub-line bundle N C F of degree n to [N] € Pic"(C). We shall denote by
W (F) .= Im(m,) C Pic"(C) (4.20)

(cf. [13, Theorem 3], [14] and [28], where W5 (F) is denoted by W(F)). The map m, can be
viewed as an analogue of the classical Abel-Jacobi map and M, (F) has to be viewed as an
analogue of the symmetric product of the curve C'.

Lemma 4.21. For any [N] € W,(F),
T ((N]) = P(H (T @ NY)).
In particular, m, has connected fibres.

Proof. This follows from the definition of W, (F) (cf. [28, p. 11], for n = 7). Indeed, [N] €
W, (F) iff [N] € Pic"(C) is a sub-line bundle of F, equivalently, iff there exists a non-zero
global section in H*(F @ NV). O

Remark 4.22. Recalling (4.10), we have the commutative diagram

wm,n

Divy™ —— M, (%) (4.23)
| Wa(F)
For any [N] € W,(F) and [['n] = ¢}, (N), we have
P(H(T® NY)) = |05(Ty)|, (4.24)

i.e., the fibres of 7, can be identified with linear systems of unisecant curves of degree m =
d—nonS.

The above setting suggests the definition of Brill-Noether type loci in W,,(F). One proceeds
as follows. For any integer p > 0, one defines the Brill-Noether locus

WP(F) := {[N] € Pic"(C) | h’*(F@ NY) > p+1}. (4.25)

Since [F] € Ucq(d) is general, this is a degeneracy-locus of a suitable vector bundle map on
Pic"(C) and, as such, has a natural scheme structure (cf. the construction in [28, pp. 11-12],
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for the case n = M, which extends to any n < n). In particular, for any n <7, W(F) = W2(F)
and there is a filtration

0 =Wy (F) CWi(F) S Wy (F) € - CSWEF) S W(F) S W(F) = Wa(F),  (4.26)

for some k > 0 (cf. [14]). Note that, for any p > 0, WP (F) is contained in the singular
locus of W2(F). Recalling Remark 4.22, we see that the pull-back via ®,,,, of W2(F) is

Divy™(p) := {[T] € Divg™ | dim(|0s(T)|) > p}, (4.27)
which is a subscheme of Div}q’m (cf. [13, p. 68]). Via the isomorphism ,,,, the scheme
Divy™(p) can be identified with

MP(F) == {N C F| deg(N) =nand h°(FQ NV) > p+1}, (4.28)
which is the subscheme of M, (F) pull-back of W2(&F) via m,,.

We recall the following proposition from [13, Theorems 2, 3], [14] (see also [28, Lemma 2.2],
for the case n =n):

Proposition 4.29. Let d,,, be as in (3.6). For any integer p > 0, let
7(F) = max{-1, g—(p+ 1)(p+g—dn)}. (4.30)
IfWP(F) #0, then
dim(W7(F)) > min {g, 7,(F)}, (4.31)
where the right-hand-side is the expected dimension of WP(F). In particular, with d as in
Theorem 3.1, one has:
(i) if 0 < 1,(F) < g, then
dim(Divg™(p)) > 7,(F) + p =: expdim(Divy™(p)),
whereas,
(ii) if 7(F) = g, then for any py < p, one has
WP (F) = Pic"(C') and Div}g’m (po) = Div}q’m;
furthermore, the general fibre of ®,,, has dimension dy,, —g =2m —d —2g+ 1.

If, moreover, the equality in (4.31) holds with 0 < 7,(F) < g, then the class in Pic"(C) of
WP(F) is

p 1
[Wg(g-’)] = <H v ') . 29—717(?) . gp—Tp(g)’

o (ptgt+i—dp)
where = denotes the numerical equivalence of cycles and 0 is the class of the theta divisor in
Pic"(C). O
Note that, since m = d — n, one has

70(F) = dpp, (4.32)
which agrees with the notion of expected dimension for Divyg™ (cf. Formula (3.6)). Moreover,
in case (ii), for any [I'] € Divy™ one has

dim(|0s(T)|) > 2m —d — 2g + 1,

which agrees with Riemann-Roch theorem. Equality holds if Divé’m has the expected dimen-
sion and [I'] € Divg™ is general. For the proof of Proposition 4.29, see [14]. In [13, Theorems



10 ALBERTO CALABRI, CIRO CILIBERTO, FLAMINIO FLAMINI, RICK MIRANDA

2, 3], one finds the expression of the class of [Divg™ (p)] in Divy™, for S a general ruled surface
(cf. Theorem 3.7). In order to study the morphism

Tn + Mp(F) — W, (F) (4.33)
and the schemes WZ(F), for p > 0, a basic ingredient is the following contraction map
py : H(F@NY) @ H(F @we ® N) — H(we) (4.34)

defined for any [N] € M, (F). In accordance to the classical case of line bundles, py is called
the Petri map of the pair (F, N) (cf. e.g. [28]). As in [1, Ch. IV, §1], one has (cf. [28, Prop.
2.4], for the maximal case n = n):

Lemma 4.35. For [N] € W2(F) \ WPTH(F),
Tin(W2(F)) = Im(pn)™
Therefore, if not empty, WP(F) is smooth and of the expected dimension at [N] if and only

if the Petri map py s injective.

Therefore if the Petri map uy is injective for any [N] € WP(F)\ WPT!(F), then the singular
locus of WP(F) coincides with WP+ (F).
The maximal case n = 7 has been studied in [28]. We recall the results.

Proposition 4.36. Let g > 1 be an integer and let C' be any smooth, projective curve of
genus g. For any integer d, let [F] € Uc(d) be general. Then:
(i) the map 7z is an isomorphism; in particular, W (F) is smooth and strictly contained
in Pic"(C).
(ii) Wi(F) =0, for any p > 1.
(iii) If d is as in Theorem 3.1 and if

% I, (4.37)

then for the general [S] € Ha, and for any [[] € Divg™, one has dim(|Og(I)]) = 0.

m:=d-n=|

Parts (i) and (4i) are contained in [28]. Part (4i7) is an immediate consequence of Remark
4.22.

Remark 4.38. Wy(J) is a divisor in Pic"(C) when g = 2 and d is even (cf. [28, Remark
1.6]): up to twists, d = 0 so m = —1; in this case, W;;(F) can be identified with the divisor
Dg = {M € Pic' (C) | h°(F ® M) = 1} € |20], where © denotes the theta divisor in Pic'(C).

For n < m the situation is more complicated. We will prove the following:

Proposition 4.39. Let C be a smooth, projective curve of genus g > 1 with general moduli
and let d be an integer. Let [F| € Uq(d) be general and let 7o(F) be as in (4.32). Let n <7
be any integer. (a) If 7o(F) > g, then for general [N] € M, (F), K" (F@ NY) =0 and we have
the filtration
)C-- CWi9tYF) Cc Wi 9(F) = - .. = WHTF) = W,(F) = Pic"(C). (4.40)

(b) If 0 < 7(F) < g, then W2(F) is not empty, strictly contained in Pic"(C) and also the
inclusion WHF) C W, (F) is strict. Moreover:

(i) W2(F) is smooth, of dimension 1o(F), at any [N] € WX(F) \ W,.H(F).

(ii) mn) : My (F)\ M) (F) = W2(F) \ W(F) is an isomorphism.

(iii) W2(F) is irreducible when o(F) > 0.
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Proof. (a) As usual, we may assume that the pair (¥, C) determines a general point in Hy
as in Theorem 3.1. Consider the exact sequence

0—>0c—>FQ@N" = (L0, ® N =0, (4.41)

obtained from (4.1). One has h'((L ® O,) ® NY) = 0 (see the proof of Proposition 4.11).
Thus

0— HOc) » H(F@NY) = H(L®NY) S H' (0c) > H(FRNY) =0,  (4.42)

where the coboundary map 0 can be identified with the differential of the morphism =, :
M, (F) — Pic"(C). Since 19(F) > g, the morphism 7, is surjective (cf. Proposition 4.29 -
(i1)). Hence 0 is surjective if [N] is general and therefore h'(F @ NV) = 0.

(b) Since 79(F) = dyn, as in (4.32), then from Theorem 3.7 dim(Divg™) = d,, > 0. By
(4.10), also M, (F) # 0, so WO(F) is not empty. Since dim(M,(F)) = d,,, by (4.31), we
have dim(W?(F)) = 70(F) = d,, (cf. also [29, Theorem 0.3]). Since 7¢(F) < g, then W(F)
is strictly contained in Pic"(C'). From Proposition 4.11 and Lemma 4.21, it follows that
Tn @ Mp(F) — W, (F) is birational. Since M, (F) is smooth (see Theorem 3.7 and Proposition
4.11), then the scheme W, (¥) is generically smooth. This proves that the inclusion W, (F) C
W, (F) is strict. Part (7) follows by the injectivity of the Petri map py. In fact, h°(FQNY) =
1, for any [N] € W,,(F)\ W(F). Moreover, since [F] € Uc(d) is general, then F is very-stable
(cf. [23] and [28, p. 12]), which means that ;1 is injective on each factor of the tensor product.
Part (ii) follows since m,| is a bijective morphism between smooth varieties hence it is an
isomorphism.

Part (uii) follows from Theorem 3.7 and Proposition 4.11. O

The above argument shows the following:

Corollary 4.43. Let d and g be positive integers as in Theorem 3.1. Let C' be a smooth,
projective curve of genus g with general moduli. Let [F] € Uc(d) be general. Let [S] € Hgy,
be determined by (F,C). Let m > m be any integer. Then:
(a) If dp > g and [I'] € Divg™ is general, then dim(|0g(D)|) = 70(F) — g = dp — g.
(b) If 0 < d,, < g, then for any unisecant curve [I] € Divg™ \ Divg™(1) one has
dim(|05(I)[) = 0.

In the circle of ideas presented in this section, a natural and interesting problem would be
to prove the analogue of Petri’s conjecture:

Conjecture 4.44. Let C be a smooth, projective curve of genus g with general moduli. Let
(F] € Uc(d) be general. Let [N] € M,(F) be any point. Then, the Petri map py is injective.

As remarked above, the validity of this conjecture would imply:
(i) W2(F) has the expected dimension, i.e. min{g, 7,(F)} as in (4.31);
(i) WP(F) is smooth off WFHH(F).
Statement (i) above is an analogue of the Brill-Noether Theorem. In the next section, we
will prove (i) for p = 1 under suitable numerical assumptions.

5. BRILL-NOETHER'S THEOREM FOR W (F
n

In this section we will study W,}(F) and prove that it has the expected dimension e := e} (d),
which is:
(i) —1, when n > 2232,
(i) 2d — 4n — 3g < g, when &2 < n <

2d—3g
4
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(iii) g, when n < d_%,
(cf. (4.30), (4.31)). Case (i7i) is contained in Proposition 4.39-(a). Therefore, it suffices to
consider n > d;ﬁ.

Theorem 5.1. Let C' be a smooth, projective curve of genus g > 1 with general moduli and d
be an integer. Let [F] € Uq(d) be general. Let n > d;ﬁ be any integer. Then, each irreducible
component of W (F) has the expected dimension.

Proof. As usual, we can assume that the pair (F,C) corresponds to a general point [S] €
Hag. In order to prove the theorem, it suffices to show that, for m = d — n, one has
dim(Divg™ (1)) = e + 1, if e > 0, whereas Divg™ (1) is empty, if e = —1 (cf. (4.27)). We will
prove this by degeneration, studying the limit of Divé’m(l) when S degenerates to a surface
Y =WUQU---UQ, where W is a general rational normal scroll of degree d — 2¢g and
Q1,...,Q, are general quadrics as in Construction 3.2, from which we keep the notation.

In order to study the limit in question, let P be a linear pencil of curves in Divklg’m and
let Py be the flat limit of P on Y. Then Py consists of a collection of linear pencils L,
Li,..., L, of unisecant curves on W, Q1,...,Q,. By the genericity of ()1,...,Q, none of
these pencils contain the double lines /;;, where 1 < ¢ < 2, 1 < j < g, in their fixed
locus. Moreover, they verify the obvious matching properties along them. Let 1, py,. .., g
be the degrees of the curves in L, L4,...,L,, respectively. We will call such a Py a limit
unisecant pencil of type (u, pi1, ..., py). One has m = p+ > | u;. We may assume that
p1 = po = ... = py = 1, whereas pp41,..., 1y > 2. Note that h > 1; otherwise we would
have m > u+2g > d;ﬁ +2¢9 = %+g (cf. (4.37) applied to p and W). This reads d > 2n+2g
which implies 74 (F) > g hence e = g, a case which we are not considering. Recall that W NQ),
consists of the pair of lines [, ;, l5;, 1 < j < g. The Segre embedding 3; of [, ; X ly; sits in
a P, whose dual we denote by II;. Let G be the grassmannian of lines in Div‘l,f,“. One has a
natural rational map

r: G --»II; x ... x1l,

which is defined as follows. Let £ be a general pencil in Divll/{,“; L cuts on the divisor l; j + 15 ;
a linear series of dimension one and degree two which can be interpreted as a curve on X,
cut out by a plane corresponding to a point ¢; € II;. The map r sends L to the h-tuple

(ly, ..., 0).
Claim 5.2. If e = —1, then r is not dominant.

Proof of Claim 5.2. One has m = /H—h—l—zjg-:hH pj > p+2g—h. The assumption e = —1 is

equivalent to m < 2439 therefore one has 2‘{+39 > pu+2g—h,ie 4p+ 59 — 2d < 4h, which
implies dim(G) = 4u + 49 — 2d < 3h = dim(II; x ... x II,). This proves the assertion. [

This claim settles the case e = —1. In fact it shows that, by the genericity of the quadrics
Q1,-..,Qp, the pencils L1, ..., L, cannot match any pencil L on W to give a limit unisecant
pencil Py. Thus, from now on, we assume e > 0 and we study the possible components of the
flat limit of Divg’m(l) when S degenerates to Y. Since Divls’m(l) is not empty in this case,
its flat limit is not empty. Let Py be a limit unisecant pencil of type (u, i1, ..., py) as above.
By the genericity of the quadrics @1, ...,Qs, the map r has to be dominant. Let ¥ be the
general fibre of r. One has

9
dim(¥) = dim(G) — 3h =4m —2d —3g — Y (41 — 7). (5.3)
i=h+1
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Now we are ready to compute the dimension of a component of limit unisecant pencils. Let
G; be the grassmannian of lines of Divgfj, for j=h+1,...,9. We have two rational maps

p: W Il x ... x 11, q: Gppr X - x Gy > Iy x ..o x 10

defined as follows. A general point of ¥ is a pencil £ in Divll/{,“ . It cuts a linear series of

degree 2 and dimension 1 on the divisor 1 ; + 15, j = h +1,..., g, which, as usual, gives
rise to a point ¢; € II;. The map p sends L to (¢y41,...,£,). The definition of the map ¢ is
similar (see the proof of Claim 5.4 below). A component Z of limit unisecant pencils of type
(o, i1, - - ., pbg) can be interpreted as an irreducible component of the fibred product of p and

q.
Claim 5.4. All fibres of the map q have dimension Y7, (4p; — 7).

Proof. Fixa j = h+1,...,9. We have amap ¢; : G; ——» Il and ¢ = qpy1 X ... X q,. It
suffices to prove that all fibres of ¢; have dimension 4; — 7. Since p; > 1, the linear system
Div!#i @, of dimension 2j; — 1 cuts out a complete linear series A; of dimension 3 on the
divisor [; ; + [ ;. So we have a surjective projection map s;: Div#i @, ——* A\, with centre
a projective space of dimension 2u; — 5. This induces a map o;: G; —» @j, where @j is
the grassmannian of lines of A;. All fibres of o, are grassmannians of dimension 4u; — 8.
We have also a map 7; : @j --» II; sending, as usual, a pencil in A; to a point ¢; € II;.
Every fibre of 7; has dimension 1. Indeed, a point /; € II; can be interpreted as a projective
transformation w; : l; ; — Iy, and this in turn determines the quadric €2; described by all
lines joining corresponding points on /; ; and Iy ;. The pairs of such corresponding points are
cut out by all pencils of planes based on lines of the ruling of €2; to which /; ; and 5 ; belong.

Since g; = 7; o 0j, the above considerations imply the assertion. 0
Putting together (5.3) and Claim 5.4, one obtains that dim(Z) = 2d — 4n — 3¢, which
proves the theorem. O

6. TENSOR PRODUCT OF QUOTIENT LINE BUNDLES

In this section we consider the following problem. Let C be a smooth, projective curve
with general moduli and d be an integer. Let [F] € Uc(d) be general. Assume d — g odd,
and let m = ©L asin (4.7). Let [N;] € Mn(F), with N; # N, for 1 < i # j < 29, and let
v; denote a divisor class on C' such that N; = O¢(v;). We want to compute the equivalence

class of the divisor ”

V= E V;.

i=1
Set L; := det(F) ® N and let \; be a divisor class such that L; = O¢()\;). Consider
A= 3% )\ and notice the relation A + v = 29 H, where det(F) = Oc(H).
Theorem 6.1. With the above notation, one has:

v=29202H ~ K¢),ifg>2, and v=H, ifg=1 (6.2)
and

AN=2"22H + K¢), if g > 2, and A= H, if g = 1. (6.3)
Proof. It suffices to show (6.2).

Claim 6.4. There exist a, 3 € Z such that
v =aKc+ H. (6.5)
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We first show that Claim 6.4 implies (6.2). Then, we will prove the claim.

If g =1, K¢ is trivial and therefore the first summand in (6.5) does not appear. Moreover,
it is clear that o and (3 in (6.5) do not depend on H. As usual, we may assume that the
pair (&, C) is associated to a scroll S correpsonding to a general point in Hy,. SincE any N,
is a maximal sub-line bundle of F, then each L; corresponds to a section in Div}q’m, where
m=d—n= ‘H;;l. Consider the exact sequence

0=>N,—=-F =L, —>0, 1<i<29,
Let p € C be a general point. Twist the above sequence by O¢(p)
0— N;(p) = F(p) — Li(p) = 0, 1<i<29,
Observe that
H' :=det((F(p)) = H® 0c(2p),
hence deg(F(p)) = d + 2 and F(p) corresponds to a general point of Us(d + 2). Thus, N;(p)
is a sub-line bundle of F(p) of maximal degree, for 1 < i < 29. Set N;(p) = O¢(v}) and
V' =37 vl One has
V' =v+ 2. (6.6)
By Claim 6.4, there exist two integers o/, §', independent on H and p, such that
vV =d Ko+ [ H'.
By comparing the former relation with (6.5) and (6.6), we find
(@ —a)Ke+ (B—F")H +2(2°" = §')p = 0.
Since «, o, 3, 3" € Z do not depend on H and p, we deduce
=0 =291 and a=-29"2
proving (6.2) (in case g = 1, we simply get v = H).
We are left to prove Claim 6.4. To do this, we follow a similar argument as in [7]. Let M}

be the Zariski open subset of the moduli space M,, whose points correspond to equivalence
classes of smooth curves of genus g without non-trivial automorphisms. By definition, Mg is
a fine moduli space, i.e. we have a universal family p: C — Mg, where € and Mg are smooth
schemes and p is a smooth morphism. € can be identified with the Zariski open subset Mg’l
of the moduli space M,; of smooth, pointed, genus g curves, whose points correspond to
equivalence classes of pairs (C,x), with z € C and C a smooth curve of genus g without
non-trivial automorphisms. On MSJ there is again a universal family p; : ¢; — Mg}l, where
¢ =20 X Mo C. The family p; has a natural regular global section § whose image is the
diagonal. By means of 9, for any integer n, we have the universal family of Picard varieties
of order n, i.e.
pﬁ") : Pic™ — Mg’l

(cf. [7, §2]). For any closed point [(C, z)] € M} |, its fibre via p'™ is isomorphic to Pic™ (C).
As in [6, Theorem 5.4], let ¢ : Uy — Mg’l be the relative moduli stack of degree d, rank-two
semistable vector bundles; namely, the fibre of ¢ over [(C,z)] is Uc(d). Thus, we have the
following natural surjective map over Mj

Uy 28 Pic@), (6.7)
which is given by the relative determinant; namely

rd((C,z,F)) = (C, z, det(F)),
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for any [(C, z)] € M ; and any [F] € Uc(d). Observe that the fibre of rd over any [(C, =, H)] €
M), is SUc(H), i.e. the moduli stack of semistable, rank-two vector bundles on C' with fixed
determinant H € Pic*(C). From [3], we know that any SUc(H) is stably rational, i.e.
SUc(H) x P* is rational for some k > 0. In particular, it is unirational.
Set a := deg(v) = 297'(d — g + 1). One has an obvious morphism
¢ Uy — Pic@ (6.8)

which maps (C,z,F) to the class of v. By the unirationality of the fibres of rd, we have a
morphism ¢ which makes the following diagram commutative

Uy —L ) (6.9)
w\ lqs
Picl®
At this point, one concludes by imitating the proof of [7, Proposition (5.1)], which can be
repeated almost verbatim. O
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