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Abstract In this paper, two postprocessing procedures for pressure recovery are proposed
and analyzed for the weakly over-penalized discontinuous Galerkin methods developed in
Liu in SIAM J Numer Anal 49:2165–2181, 2011 for the Stokes problem in two dimensions.
These pressure recovery procedures are just elementwise calculations, benefiting from the
weak over-penalization in the corresponding velocity schemes. There is no need for solving
any discrete linear system in pressure recovery. It is proved that these recovery procedures
have optimal order of convergence rates in the L2-norm for the numerical pressure. Three
benchmark examples are tested to illustrate the accuracy and efficiency of these procedures.
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1 Introduction

In this paper, we continue our efforts in [25] on developing finite element methods (FEMs)
for Stokes flow that avoid the saddle-point problem by utilizing the weak over-penalization
techniques [7,8]. These new FEMs are different than those methods investigated in [10,11,
13,21,22,28] for the Stokes problem.

This paper proposes and analyzes two postprocessing procedures for pressure recovery
using the numerical velocity obtained from the methods in [25]. A recent work in [4] uses the
weak over-penalization techniques also but solves a saddle-point problem with the Stokes
velocity and pressure together.

We consider the Stokes problem in the velocity–pressure formulation
⎧
⎨

⎩

−μΔu + ∇ p = f in Ω,

∇ · u = 0 in Ω,

u = g on ∂Ω,

(1.1)

where Ω is a polygonal domain in R2, u the fluid velocity, p the pressure, f an external body
force, and g data prescribed on the Dirichlet boundary.

For ease of presentation of error analysis (to be presented in Sect. 3), we assume the
viscosity constant is μ = 1 and consider a homogeneous Dirichlet boundary condition for
the entire boundary. But for numerical experiments in Sect. 4, we have nonhomogeneous
Dirichlet boundary conditions.

Let D be a bounded domain in R
2. We use the standard notations for the Lebesgue and

Sobolev spaces: L2(D), H1(D), H1
0 (D), L2(D) := L2(D)2, H1

0(D) := H1
0 (D)2. We use

(·, ·)D for the inner products on scalar, vector or matrix function spaces. We denote by
‖ · ‖m,D and | · |m,D respectively the norm and seminorm of the space Hm(D)d , d = 1, 2.
When D = Ω , we shall drop the subscript D for brevity. We define

L2
0(Ω) := {q ∈ L2(Ω);

∫

Ω

qdx = 0}.
H(div0;Ω) = {v ∈ L2(Ω) : ∇ · v = 0}.

A variational (weak) formulation for (1.1) on V := H1
0(Ω) ∩ H(div0,Ω) reads as: Seek

u ∈ V such that

(∇u,∇v) = (f, v), ∀v ∈ V . (1.2)

Numerical methods based on this weak formulation could decouple the velocity and pres-
sure variables, and hence avoid the difficult saddle-point problem. However, finite element
subspaces of V are difficult to construct [3,17,19,32,33].

The classical Crouzeix–Raviart nonconforming P1 finite element shape functions [18] are
pointwise divergence-free inside each element and continuous at edge midpoints. Construct-
ing global basis functions for the Crouzeix–Raviart elements is nontrivial, especially for
multiply connected domains. Recently, by relaxing the constraints of the Crouzeix–Raviart
elements, two finite element methods were developed in [25] for the Stokes velocity. The
basis functions for these methods are easy to construct. Furthermore, the resulting schemes
are symmetric positive-definite. However, [25] did not address how to compute the pres-
sure for the above methods. The purpose of this paper is to fill this gap and develop two
fast procedures for recovering the pressure for the corresponding velocity schemes. These
pressure recovery procedures are just elementwise calculations. There is no need for solving
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any discrete linear system in pressure recovery, benefiting from the over-penalization in the
velocity schemes. Numerical examples are also presented to illustrate the theoretical results.

The rest of this paper is organized as follows. In Sect. 2, we first recall the velocity
schemes formulated in [25], and then present the corresponding pressure recovery procedures.
Error estimates of these postprocessing procedures are given in Sect. 3. Section 4 presents
numerical experiments to illustrate the theoretical findings. Sections 5 and 6 comment on
preconditioning and other related issues.

Throughout this paper, we use C to denote a generic positive constant that is independent
of the discretization parameters.

2 FE Schemes for Pressure Recovery

Let Th be a family of quasi-uniform triangulations on Ω . Denote by Eh the set of all edges
in Th . For each T ∈ Th , we denote by hT the diameter of T . For e ∈ Eh , we denote by he the
length of e. The mesh size of Th is defined as

h = max
T∈Th

hT .

Let e ∈ Eh be an interior edge shared by two elements T1 and T2 with unit outward normals
n1 and n2, respectively. For a piecewise vector field v on Th , we define its mean {·} and jump
[·] along the edge e as

{v} = (v|T1)|e + (v|T2)|e,
[v · n] = (v|T1)|e · n1 + (v|T2)|e · n2, (2.1)

[v ⊗ n] = (v|T1)|e ⊗ n1 + (v|T2)|e ⊗ n2.

Here v ⊗ w denotes a matrix with entries viw j . For a boundary edge e, we define

{v} = (v|T )|e, [v · n] = (v|T )|e · n, [v ⊗ n] = (v|T )|e ⊗ n, (2.2)

where n is the unit outward normal on the domain boundary. Piecewise gradient and diver-
gence operators on Th are defined respectively as

(∇hv)|T = ∇(v|T ), (∇h · v)|T = ∇ · (v|T ). (2.3)

We introduce two finite element spaces for velocity approximations. The first one is a
weakly continuous P1 finite element space defined as

Vh =
⎧
⎨

⎩
v ∈ L2(Ω) :

v|T ∈ P1(T )2, ∀T ∈ Th;
v continuous at interior edge midpoints;
v = 0 at boundary edge midpoints

⎫
⎬

⎭
.

The second one is a locally divergence-free P1 finite element space defined as

Wh = {
v ∈ L2(Ω) : v|T ∈ P1(T )2,∇ · (v|T ) = 0, ∀T ∈ Th

}
.

The spaces Vh andWh can be regarded as relaxations of the space of the lowest order noncon-
forming Crouzeix–Raviart shape functions. Specifically, Vh relaxes the locally divergence-
free property whereas Wh relaxes the edge midpoint continuity. The basis functions of these
spaces can be easily constructed, see, e.g., [19,25,26].
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In [25], two symmetric velocity schemes were presented. The first velocity scheme using
Vh is to seek uh ∈ Vh such that

Ah(uh, v) = (f, v), ∀v ∈ Vh, (2.4)

where

Ah(u, v) := (∇hu,∇hv) + h−2(∇h · u,∇h · v).
The second velocity scheme using Wh is to seek uh ∈ Wh such that

Bh(uh, v) = (f, v), ∀v ∈ Wh, (2.5)

where

Bh(u, v) := (∇hu,∇hv) + h−2
∑

e∈Eh
(Π0

e [u ⊗ n]) : (Π0
e [v ⊗ n])

+h−2
∑

e∈Eh
(Π0

e [u · n])(Π0
e [v · n]).

Here Π0
e is the L2-projection onto the piecewise constant space on edge e.

Remark 2.1 Both schemes (2.4) and (2.5) are symmetric positive-definite but inconsistent.
The term h−2(∇h · u,∇h · v) in (2.4) is related to −(p,∇h · v), penalizing the nonzero local
divergence of shape functions, whereas the terms h−2 ∑

e∈Eh (Π
0
e [u⊗n]) : (Π0

e [v⊗n]) and
h−2 ∑

e∈Eh (Π
0
e [u ·n])(Π0

e [v ·n]) in (2.5) are related to −〈∇u, [v⊗n]〉Eh and 〈p, [v ·n]〉Eh ,
penalizing respectively the normal flux jumps and discontinuity of the shape functions across
edges.

In this paper, we replace scheme (2.5) by a modified scheme, which seeks uh ∈ Wh such
that

B̃h(uh, v) = (f, v), ∀v ∈ Wh, (2.6)

where

B̃h(u, v) := (∇hu,∇hv) + h−3
∑

e∈Eh
(Π0

e [u ⊗ n]) : (Π0
e [v ⊗ n])he

+h−3
∑

e∈Eh
(Π0

e [u · n])(Π0
e [v · n])he.

Note that the only differences between (2.5) and (2.6) is the penalty factor. The former uses
h−2 while the latter uses h−3he. Under the quasi-uniform mesh assumption, the two penalty
factors are equivalent. So the corresponding velocity schemes are also equivalent. But from
the purpose of pressure recovery, the modified velocity scheme (2.6) avoids the edge pressure
computation and has lower computational cost (see Lemma 3.3 below). So we replace (2.5)
by (2.6) in this paper.

Now we present two postprocessing procedures to compute numerical pressure for the
above velocity schemes. For ease of presentation and correspondence to the velocity schemes
in [25], we name the procedures as Pressure Recovery Procedure II and III. Note that the
velocity Scheme I discussed in [25] is the classical method using the Crouzeix–Thomas
elements for velocity. How to find the corresponding piecewise constant pressure has been
addressed in the literature and hence not in the scope of this paper. So there is no Pressure
Recovery Scheme I in this paper (for presentation easiness).
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Consider the following finite element spaces for pressure. The first one is an edge-based
finite element space defined as

Ph = {
q : q = Π0

e [v · n] for some v ∈ Wh
}
. (2.7)

The second one is an element-based finite element space defined as

Qh = {
q ∈ L2

0(Ω) : q|T ∈ P0(T ), ∀T ∈ Th
}
. (2.8)

Define

H1(Th) := {
v ∈ L2(Ω) : v|T ∈ H1(T ), ∀T ∈ Th

}
.

Testing the first equation of (1.1) by a function v ∈ H1(Th) and then integration by parts on
each element of Th leads to the following weak form

(∇u,∇hv) − 〈∇u, [v ⊗ n]〉Eh
− (p,∇h · v) + 〈p, [v · n]〉Eh = (f, v), (2.9)

where 〈·, ·〉Eh denotes the inner products on the edges Eh .
If a test function v ∈ Vh , then we have the edge midpoint continuity, which nullifies the

second and the fourth terms on the left-hand side of (2.9) and results in the Pressure Recovery
Procedure II.

Recovery Procedure II A recovery procedure based on the scheme (2.4) (the velocity
Scheme II in [25]) is: Seek ph ∈ Qh such that

−(ph,∇h · v) = (f, v) − (∇huh,∇hv), ∀v ∈ Vh . (2.10)

Remark 2.2 The above formula (2.10) will be simplified into a surprisingly simple explicit
formula (3.3) for recovering the numerical pressure elementwise.

If a test function v ∈ Wh , then the local div-free property nullifies the third term on the
left side of (2.9), we have

∑

e∈Eh
〈p, [v · n]〉e = (f, v) − (∇u,∇hv) +

∑

e∈Eh
〈∇u, [v ⊗ n]〉e.

A recovery procedure based on the modified scheme (2.6) (correspondingly the velocity
Scheme III in [25]) includes two steps.

Recovery Procedure III Step 1. Seek p̂h ∈ Ph such that

〈 p̂h, [v · n]〉Eh = (f, v) − (∇huh,∇hv)
−h−3

∑

e∈Eh
(Π0

e [uh ⊗ n]) : (Π0
e [v ⊗ n])he, ∀v ∈ Wh . (2.11)

Step 2. Seek ph ∈ Qh such that

−(ph,∇h · v) = (f, v) − (∇huh,∇hv)
−h−3

∑

e∈Eh
(Π0

e [u ⊗ n]) : (Π0
e [v ⊗ n])he − 〈 p̂h, [v · n]〉Eh (2.12)

for any v ∈ Wh , where Wh = {
v ∈ L2(Ω) : v|T ∈ P1(T )2,∀T ∈ Th

}
.

Remark 2.3 If the numerical pressure p̂h on the mesh skeleton is not needed, then Pressure
Recovery Procedure III can be simplified into formula (3.13), which is just an elementwise
calculation.
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3 Analysis of Pressure Recovery Procedures

We first define a unified mesh-dependent norm for any v ∈ V + Vh or V + Wh :

‖v‖2h := ‖∇hv‖20 + h−2‖∇h · v‖20
+ h−3

∑

e∈Eh
(Π0

e [v · n])2he + h−3
∑

e∈Eh
(Π0

e [v ⊗ n])2he. (3.1)

Note that for shape functions inWh , the second term disappears due to the locally divergence-
free property; for Vh , the third and fourth terms vanish due to the edge midpoint continuity.

Theorem 3.1 Let (u, p) ∈ (H1
0(Ω)∩H2(Ω))× (L2

0(Ω)∩H1(Ω)) be the solutions of (1.1).
Let uh be the solution of (2.4) or (2.6). Then the following holds

‖u − uh‖0 + h‖u − uh‖h ≤ Ch2(‖u‖2 + ‖p‖1). (3.2)

Proof For the velocity scheme (2.4), the estimate (3.2) has been proved in [25]. For
the modified velocity scheme (2.6), a similar argument as that in [25] yields the desired
result. ��

Next we consider the numerical pressures obtained in Recovery Procedures II and III.
The following lemma shows that Recovery Procedure II is well defined and the approxi-

mate pressure could be obtained directly.

Lemma 3.1 The pressure in (2.10) is well defined and uniquely determined by

ph |T = −h−2∇ · uh |T , ∀T ∈ Th . (3.3)

Proof First, if ∇h · v = 0, then the right-hand side of (2.10) is zero by (2.4). By utilizing
the Crouzeix–Raviart interpolation, the following inf-sup condition has been established in
[18,19]:

sup
0 =v∈Vh

(q,∇h · v)
|v|1 ≥ γ ‖q‖0, ∀q ∈ Qh, (3.4)

where γ is a positive constant. Hence, the recovery scheme (2.10) iswell defined and uniquely
solvable.

Secondly, comparing (2.10) with (2.4), we obtain

−(ph,∇h · v) = h−2(∇h · uh,∇h · v), ∀v ∈ Vh . (3.5)

It is obvious that∇ ·uh |T ∈ P0(T ), ∀T ∈ Th . Applying integration by parts and the definition
of Vh , we have

(∇h · uh, 1) =
∑

e∈Eh
〈[uh · n], 1〉e =

∑

e∈Eh
he[uh · n](me) = 0,

which means that ∇h · uh ∈ Qh . Therefore, we conclude from (3.5) that ph = −h−2∇h · uh ,
which gives the desired result (3.3). ��
Remark 3.1 Formula (3.3) clearly indicates that Pressure Recovery Procedure II is an ele-
mentwise calculation, and hence there is no need for solving any linear system. It is also
interesting to see such an explicit connection between the (penalized) divergence residual of
the numerical velocity and the associated numerical pressure.
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Theorem 3.2 Let (u, p) ∈ (H1
0(Ω)∩H2(Ω))× (L2

0(Ω)∩H1(Ω)) be the solutions of (1.1).
Let ph be the solution of the recovery procedure (2.10). Then the following holds

‖p − ph‖0 ≤ Ch(‖u‖2 + ‖p‖1). (3.6)

Proof Define Π0
h : H1(Ω) −→ Qh by (Π0

h )|T = Π0
T , ∀T ∈ Th , where Π0

T is the local L2

projection onto P0(T ). The following local approximation property is standard

‖p − Π0
T p‖0,T ≤ Ch‖p‖1,T , ∀T ∈ Th . (3.7)

From (2.10) and (2.9), we have an error equation

(Π0
h p − ph,∇h · v) = (∇h(u − uh),∇hv) − 〈∇u, [v ⊗ n]〉Eh

+ 〈p, [v · n]〉Eh , ∀v ∈ Vh . (3.8)

Here we have used the fact that (Π0
h p,∇h · v) = (p,∇h · v) for v ∈ Vh .

By the Cauchy–Schwarz inequality and (3.2), we get

|(∇h(u − uh),∇hv)| ≤ Ch(‖u‖2 + ‖p‖1)|v|1. (3.9)

Since any function in Vh is continuous at the midpoints of the interior edges and vanishes at
the midpoints of the boundary edges, the midpoint quadrature gives

〈Π0
e (∇u), [v ⊗ n]〉Eh =

∑

e∈Eh
heΠ

0
e (∇u)[v ⊗ n](me) = 0.

So, by the definition of the projection Π0
e , we have

|〈∇u, [v ⊗ n]〉Eh |
= |〈∇u − Π0

e (∇u), [v ⊗ n]〉Eh |
= |〈∇u − Π0

e (∇u), [v ⊗ n] − Π0
e [v ⊗ n]〉Eh |

≤ ‖∇u − Π0
e (∇u)‖0,Eh‖[v ⊗ n] − Π0

e [v ⊗ n]‖0,Eh
≤ Ch‖u‖2|v|1,

(3.10)

where a scaling argument and the Bramble–Hilbert lemma have been used in the last inequal-
ity (see [18] for details). Similarly,

|〈p, [v · n]〉Eh | ≤ Ch‖p‖1|v|1. (3.11)

Combining (3.8)–(3.11) yields

(Π0
h p − ph,∇h · v) ≤ Ch(‖u‖2 + ‖p‖1)|v|1, ∀v ∈ Vh .

Applying the inf-sup condition (3.4), the approximation estimate (3.7), and a triangle inequal-
ity, we obtain

‖p − ph‖0 ≤ ‖p − Π0
h p‖0 + 1

γ
sup

0 =v∈Vh

(Π0
h p − ph,∇h · v)

|v|1 ≤ Ch(‖u‖2 + ‖p‖1),

which completes the proof of the theorem. ��
Next we analyze Pressure Recovery Procedure III.

Lemma 3.2 The space Ph defined in (2.7) could be characterized by

Ph = {
q ∈ L2(Eh) : q|e ∈ P0(e),∀e ∈ Eh; 〈q, 1〉Eh = 0

}
. (3.12)

123



706 J Sci Comput (2015) 63:699–715

Proof Let Sh denote the right-hand side of (3.12). For any vh ∈ Wh , let qh |e = Π0
e [vh · n].

Then qh |e ∈ P0(e) and

〈qh, 1〉Eh =
∑

e∈Eh
〈Π0

e [vh · n], 1〉e =
∑

e∈Eh
〈[vh · n], 1〉e =

∑

T∈Th

〈∇ · vh, 1〉T = 0.

Therefore, Ph ⊆ Sh .
On the other hand, for any qh ∈ Sh , there exists a ṽh ∈ W̃h := {r : r|T = ax + b, a ∈

P0(T ),b ∈ P0(T )2} such that
Π0

e [ṽh · n] = qh |e, e ∈ Eh .

Let sh = ∇h · ṽh . It is easy to verify that

(sh, 1) =
∑

T∈Th

(∇h · ṽh, 1)T =
∑

e∈Eh
〈[ṽh · n], 1〉e

=
∑

e∈Eh
〈Π0

e [ṽh · n], 1〉e =
∑

e∈Eh
〈qh, 1〉e = 0.

By the surjectiveness of the divergence operator from the Raviart-Thomas space to Qh , there
is a w̃h ∈ W̃h ∩ H0(div,Ω) such that

∇ · w̃h = sh .

Set vh = ṽh −w̃h . Then∇h ·vh = 0 and vh ∈ Wh . Moreover,Π0
e [vh ·n] = Π0

e [ṽh ·n] = qh |e
for any e ∈ Eh . Hence Sh ⊆ Ph .

Finally, we have Ph = Sh as shown in (3.12), from the above arguments. ��
Lemma 3.3 The Pressure Recovery Procedure III (see formulas (2.11) and (2.12)) is well
defined and there exists a unique solution ( p̂h, ph) ∈ Ph × Qh. Moreover, the Recovery
Procedure III can be simplified into one step: Seek ph ∈ Qh such that

−(ph,∇h · v) = (f, v) − (∇huh,∇hv)

− h−3
∑

e∈Eh
(Π0

e [uh ⊗ n]) : (Π0
e [v ⊗ n])he

− h−3
∑

e∈Eh
(Π0

e [uh · n])(Π0
e [v · n])he, ∀v ∈ W⊥

h , (3.13)

where W⊥
h is the orthogonal complement of Wh in Wh such that

W⊥
h = {

v ∈ L2(Ω) : v|T ∈ P1(T )2,∇ × (v|T ) = 0,∀T ∈ Th
}
.

Proof First, if [v · n] = 0 for all e ∈ Eh on the left-hand side of (2.11), then its right-hand
side is zero by (2.6). Secondly, if∇h ·v = 0 on the left-hand side of (2.12), then its right-hand
side is zero by (2.11). Thus the Recovery Procedure III is well defined.

By the definition of Ph , we have

〈 p̂h, [v · n]〉Eh =
∑

e∈Eh
p̂hΠ

0
e [v · n]he.

Therefore, the statement 〈 p̂h, [v ·n]〉Eh = 0 ∀v ∈ Wh implies that p̂h = 0, which means that
(2.11) is uniquely solvable. To prove unique solvability of (2.12), we only need to show

sup
0 =v∈Wh

(q,∇h · v)
|v|1 ≥ C‖q‖0, ∀q ∈ Qh
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holds true, which is a direct consequence of the inf-sup condition (3.4) due to the fact that
Vh ⊆ Wh .

Finally, by (2.6) and (2.11), we have
∑

e∈Eh
p̂h(Π

0
e [v · n])he = 〈 p̂h, [v · n]〉Eh

= h−3
∑

e∈Eh
(Π0

e [u · n])(Π0
e [v · n])he, ∀v ∈ Wh .

Then we deduce from the definition (2.7) that p̂h |e = h−3Π0
e [u · n], e ∈ Eh . Inserting the

expression of p̂h into (2.12) and using (2.11) give the simplified procedure (3.13). ��
Remark 3.2 If the original velocity scheme (2.5) is used, then the edgepressure p̂h couldn’t be
obtained explicitly. A linear system resulted from (2.11) needs to be solved, which increases
computational costs.

Theorem 3.3 Let (u, p) ∈ (H1
0(Ω)∩H2(Ω))× (L2

0(Ω)∩H1(Ω)) be the solutions of (1.1).
Let ph be the recovered pressure obtained from (2.11) and (2.12). Then the following holds

‖p − ph‖0 ≤ Ch(‖u‖2 + ‖p‖1). (3.14)

Proof From (2.12) and (2.9), we have the following error equation

(p − ph,∇h · v) = (∇h(u − uh),∇hv) − 〈∇u, [v ⊗ n]〉Eh
− h−3

∑

e∈Eh
(Π0

e [uh ⊗ n]) : (Π0
e [v ⊗ n])he + 〈p − p̂h, [v · n]〉Eh

(3.15)

for all v ∈ Wh . Let Π0
h be the L2 projection defined in Theorem 3.2. We take v ∈ Vh in

(3.15) to obtain

(Π0
h p − ph,∇h · v) = (∇h(u − uh),∇hv)

− 〈∇u, [v ⊗ n]〉Eh + 〈p, [v · n]〉Eh , ∀v ∈ Vh, (3.16)

where we have used the fact that Π0
e [v · n] = 0 and 〈 p̂h, [v · n]〉e = p̂hΠ0

e [v⊗ n]he = 0 for
v ∈ Vh . By the Cauchy–Schwarz inequality and the estimate (3.2), we have

|(∇h(u − uh),∇hv)| ≤ Ch(‖u‖2 + ‖p‖1)|v|1. (3.17)

The last two terms on the right-hand side of (3.16) have been estimated in Theorem3.2, which
are controlled by Ch(‖u‖2 + ‖p‖1)|v|1. Combining the above estimates together yields

(Π0
h p − ph,∇h · v)

|v|1 ≤ Ch(‖u‖2 + ‖p‖1), ∀v ∈ Vh .

Finally, the desired estimate (3.14) follows from the inf-sup condition (3.4), the approximation
property (3.7), and a triangle inequality. ��

4 Numerical Experiments

In this section, we present numerical results on three commonly tested examples to illustrate
the theoretical analysis shown in the previous section. Code implementation techniques are
also briefly discussed.
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Table 1 Example 1 (swirling velocity): numerical results of velocity Scheme II and pressure recovery Pro-
cedure II

1/h ‖u − uh‖L2 rate ‖u − uh‖h rate ‖ph − p‖L2 rate

25 2.9660e−03 – 3.2766e−01 – 1.2237e−01 –

26 7.4824e−04 1.98 1.6412e−01 0.99 6.0532e−02 1.01

27 1.8750e−04 1.99 8.2097e−02 0.99 3.0171e−02 1.00

28 4.6904e−05 1.99 4.1053e−02 0.99 1.5073e−02 1.00

Note that we actually use formulas (3.3) and (3.13) for pressure recovery, which are both
elementwise calculations.

One salient feature of the two velocity schemes in [25] is that they are symmetric positive-
definite (SPD). To maintain this nice property for Scheme II, we adopt the “gentle” approach
used in [2]. That is, the velocity values on the Dirichlet boundary edges are still treated as
unknowns in the assembly process. Then they are eliminated from the discrete global linear
system. The reduced discrete linear system has less unknowns but is still SPD. An easy
(“harsh”) approach could be like this: on the right-hand side of the discrete global linear
system, set the entries corresponding to the velocity on the Dirichlet boundary edges to the
prescribed data; in the global coefficient matrix, change the diagonal entries in those rows to 1
and set all other non-diagonal entries to 0. But this approach might result in loss of symmetry
of the global coefficient matrix. For Scheme III, we enforce theDirichlet boundary conditions
in a weak sense [25,31].

We have re-implemented the velocity schemes in [25] in Matlab. The pressure recovery
procedures in this paper have also been implemented in Matlab. Some data structures
and programming techniques used in [1,2,16] are adopted in our Matlab code package.
The code package runs fast, since large arrays and sparse matrices for meshes and discrete
linear systems could be implemented in very efficient ways. Instead of looping through all
elements of a mesh in a conventional way, calculations are mostly done over all elements
simultaneously. For example, it takes about 40 s on a laptop to run our Matlab code for
(velocity) Scheme II plus (pressure) Procedure II on Example 1 (see below) on a triangular
mesh with h = 1/28. These include mesh preparation, solving for the Stokes velocity,
recovering the numerical pressure, computing errors, and plotting. In this case, there are
197K edges, 131K elements, and 394K unknowns.

Example 1: A swirling velocity with a no-slip boundary condition.We present numer-
ical experiments on a swirling velocity with a prescribed pressure [24]:

u(x, y) = (
sin2(πx) sin(2πy),− sin(2πx) sin2(πy)

)
,

p(x, y) = π sin(2πx) sin(2πy).

The velocity admits a no-slip boundary condition on the unit squareΩ = (0, 1)2. Forμ = 1,
the body force is f(x, y) = ( f1, f2) with

f1(x, y) = 4π2 sin2(πx) sin(2πy),
f2(x, y) = −4π2 sin(2πx) sin2(πy) + 4π2 sin(2πx) cos(2πy).

In Tables 1 and 2, for Scheme II + Procedure II or Scheme III + Procedure III, one can
observe second order convergence in ‖u − uh‖L2 , first order convergence in ‖u − uh‖h
and first order convergence in ‖ph − p‖L2(Ω). These results agree well with the theoretical
estimates in Theorem 3.1., 3.2, and 3.3.
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Table 2 Example 1 (swirling velocity): numerical results of modified velocity Scheme III (2.6) and pressure
recovery Procedure III on uniform x-shaped triangular meshes

1/h ‖u − uh‖L2 rate ‖u − uh‖h rate ‖ph − p‖L2 rate

25 3.0115e−03 – 2.4263e−01 – 1.0508e−01 –

26 7.5276e−04 2.00 1.2101e−01 1.00 5.2223e−02 1.00

27 1.8800e−04 2.00 6.0407e−02 1.00 2.6070e−02 1.00

28 4.6965e−05 2.00 3.0177e−02 1.00 1.3030e−02 1.00

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1
−150

−100

−50

0

50

100

150

Fig. 1 Example 2 (lid-driven cavity): numerical pressure profile for Procedure II with h = 1/64

Example 2: Lid-driven cavity. The lid-driven cavity problem is a popular test case that
has low regularity in velocity and singularity in pressure [12]. Let Ω = (0, 1)2 be the cavity
domain. The fluid moves at a unit speed on the upper side, while remains still on the other
three sides. To be more specific, a watertight [21] Dirichlet boundary condition is given as

u|∂Ω =
{

(1, 0) if x ∈ (0, 1), y = 1,
(0, 0) elsewhere.

The boundary condition is discontinuous at the two upper corners (0, 1) and (1, 1), which
introduces singularity in the pressure and discontinuity in the velocity.

Shown in Fig. 1 is a profile for the numerical pressure obtained from Procedure II with
h = 1/64. The singularities at the two top corners can be clearly observed. Table 3 shows
that the pressure at the two corners diverge to infinity (like O(1/h) or at order −1) as the
mesh is refined. This is in agreement with our analysis, since approximation to the pressure
uses piecewise constant.
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Table 3 Example 2 (lid-driven cavity): numerical results of Procedure II

1/h 24 25 26 27

min
Th

ph −3.1354E1 −6.7062E1 −1.3812E2 −2.7997E2

max
Th

ph +3.6735E1 +7.8063E1 +1.6025E2 +3.2431E2

Table 4 Example 2 (lid-driven cavity): numerical results of Procedure III on x-shaped triangular meshes

1/h 24 25 26 27

min
Th

ph −4.4355E1 −9.6832E1 −1.9987E2 −4.0466E2

max
Th

ph 4.4355E1 9.6832E1 1.9987E2 4.0466E2

(0,0)

L=5

Fig. 2 Example 3: flow over a back-facing step

Shown in Table 4 are the results for the numerical pressure recovered from Procedure
III on x-shaped triangular meshes. Singularity of the pressure at the two corners is again
reflected by the divergence to infinity (like h−1). It is a bit surprise to observe the symmetry
among the numerical pressures at the two singularity corners.

Example 3: Flow over a back-facing step. Flow over a backward step is another bench-
mark problem, see, e.g., [20,21,23,30]. The geometry of the problem is shown in Fig. 2. The
domain is Ω = ((−1, L) × (−1, 1)) \ (−1, 0)2 with L = 5. For the boundary segments
other than the entry and exit, a zero velocity (homogeneous Dirichlet boundary condition) is
specified. At the entry, a Poiseuille type profile for the velocity is prescribed as

u(x, y) = (u1, u2) = (4y(1 − y), 0) for x = −1, y ∈ (0, 1).

At the exit, a parabolic profile is specified as

u(x, y) =
(
1

2
(y + 1)(1 − y), 0

)

for x = L , y ∈ (−1, 1).

Clearly, the maximum of u1 at the entry is 1. The total influx at the entry is 2
3 whereas the total

outflux at the exit is also 2
3 , which renders the total outflux on the whole domain boundary

zero.
As can be observed from the numerical results in Table 5 and Fig. 3, the origin is a point of

singularity for the pressure. There is a significant drop in pressure when the duct is suddenly
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Table 5 Example 3 (flowover a back-facing step):Comparisonof the numerical pressures bySchemeII+ProcII
and IFISS

1/h max ph min ph max ph − min ph

Scheme II plus Procedure II

25 13.854 −3.732 17.587

26 14.241 −6.548 20.789

27 14.363 −10.271 24.634

28 16.185 −15.198 31.383

IFISS (Q1, P0) element pair

25 16.038 +0.041 15.997

26 16.246 −1.711 17.957

27 16.340 −4.490 20.830

28 16.384 −8.206 24.590

Fig. 3 Example 3 (flow over a back-facing step): numerical pressure profile for Procedure II with h = 1/27

widen at the origin. The fluid pressure right below the corner should be negative infinity,
reflected by the divergence of the numerical pressure as the mesh is refined. Table 5 also
shows that our numerical results are slightly better than those obtained from using IFISS
with the (Q1, P0) element pair [30].

To further examine the performance of the pressure recovery procedures, we test them
on unstructured triangular meshes for Example 3. We use DistMesh [29] to generate an
initial unstructured triangular mesh on the back-step domain in Fig. 2. As shown in Fig. 4a,
this mesh has 35 nodes, 47 triangles, and 81 edges. Then the mesh is refined regularly.
Shown in Fig. 4b is a profile of the numerical pressure from Procedure II on the mesh
after six refinements. Again the pressure drop right after and below the back-step can be
clearly observed. In Table 6, we list also the locations of the minimal numerical pressure
for different levels of refined meshes. These results demonstrate the pressure drop after the
back-step. Interestingly, we can observe the 1st order convergence of the minimal pressure
locations to the origin (the back-step corner). This actually means the minimal pressure is
always located on the triangular element that is immediately below and to the right of the
back-step corner.
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Fig. 4 Example 3 (flow over a back-facing step): aAn unstructured triangularmesh generated byDistMesh;
b numerical pressure profile of Scheme II on the mesh with 6 refinements

Table 6 Example 3 (flow over a back-facing step): numerical results of Scheme II on unstructured triangular
meshes (refinements of themesh shown in Fig. 4). These results demonstrate pressure drop next to the back-step
corner

Level of refinement max ph min ph Location of minimal pressure

3 13.036 −2.676 (8.96E−3, −1.33E−2)

4 14.326 −5.026 (4.48E−3, −6.67E−3)

5 14.744 −8.287 (2.24E−3, −3.33E−3)

6 14.856 −12.61 (1.12E−3, −1.66E−3)

For Scheme III, numerical results are similar. For instance, after six refinements of the
initial unstructured triangular mesh shown in Fig. 4, the numerical pressure recovered by
Procedure III has a maximal value 10.67, a minimal value −10.99, the minimal pressure is
located in the element that is centered at (1.10E−3, −1.52E−3). This indicates the pressure
drop right after and below the back-step in the domain.

5 Discussion on Preconditioning

An issue accompanying the weak over-penalization is the large condition number of the
resulting discrete linear system for the numerical velocity. Specifically, the linear system
for velocity Scheme II or III has a condition number O(h−4). Preconditioning is needed, as
discussed in [4].

In practice, one can use a preconditioned conjugate gradient method, since the coefficient
matrix is symmetric and positive-definite. For our velocity Scheme II, using a simple diagonal
preconditioner is very algebraic, just the same as doing incomplete Cholesky factorization.
For our velocity Scheme III, one could use a block diagonal preconditioner whose blocks
have size 5 × 5 and correspond to the interaction of the five basis functions on individual
elements.

Theoretically, further investigation is needed for construction and properties of optimal
preconditioners for the aforementioned velocity schemes with weak over-penalization. For
the weak over-penalization schemes for the elliptic boundary value problem, the precondi-
tioner constructed in [8] brings the condition number from O(h−4) to O(h−2). But they are
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not applicable to our velocity schemes, because there are more constraints here. Particularly,
two main issues need to be addressed.

(1) The optimal preconditioner in [8] for elliptic problems relies on the discrete Poincare–
Friedricks inequalities [5], which hold only for scalar functions. Whether a similar
inequality for vector functions can be established needs further investigation.

(2) Another approach would be an additive Schwartz preconditioner, which uses some suit-
able nonconforming finite elements as a transition [6]. For the Stokes problem, this
needs further investigation due to the constraints of “divergence-free” or “edge midpoint
continuity” in the discrete velocity space.

These issues are under our investigation and will be reported in our future work.

6 Concluding Remarks

Pressure Recovery Procedure II is preferred due to its simplicity. It is simply an elementwise
calculation, there is no need for solving any discrete linear system. Formula (3.3) presents
a pleasant surprise for the connection between the divergence residual of the numerical
velocity and the associated numerical pressure. Together, these features make the local-div
penalty approach an attractive and practical one for the Stokes problem. Furthermore, it
is straightforward to extend the local-div penalty Scheme II and the associated Pressure
Recovery Procedure II to three space dimensions.

Pressure Recovery Procedure III reveals the connection among velocity jumps and the
skeleton pressure, the roles of the local div-free finite element spaces and the local curl-
free spaces. It is also interesting to see the similarity among the skeleton pressure space
(3.12) defined in this paper, the pseudo-pressure space introduced in [17], and a pressure
space defined in [27]. Similarly, Pressure Recovery Procedure III requires only elementwise
calculations. There is no need for solving any discrete linear system, demonstrating the
benefits of the weak over-penalization technique.

The two velocity schemes presented in [25] together with the two pressure recovery proce-
dures investigated in this paper provide two complete sets of solvers for the two-dimensional
Stokes problem. These solvers avoid the saddle-point problem by decoupling velocity and
pressure and solving them in sequential. The resulting discrete linear systems for Stokes
velocity are symmetric positive-definite. The symmetric positive-definiteness demonstrates
preserving of ellipticity of the continuous operators at the discrete level through weak over-
penalization in the finite element schemes.

The scheme development, analysis, and numerical results for the numerical schemes for
Stokes velocity presented in [25] and the pressure recovery procedures studied in this paper
all together demonstrate that thesemethods are viable alternatives of the classical lowest order
Crouzeix–Raviart elements for the Stokes problem. The results for Example 3 in Sect. 4 also
indicate that our methods are comparable to the stabilized (Q1, P0) element pair, which uses
also piecewise constants for approximating the pressure.

Recently, higher order weakly over-penalized methods have been investigated for two-
dimensional elliptic problems in [9]. With the help of nonconforming Crouzeix–Raviart
interpolation [18], it should be possible to extend the ideas in [9] to ourmethods for the Stokes
problem. Specifically, for any integer k ≥ 0, the velocity could be approximated by piecewise
vector polynomials of order 2k + 1, whereas the pressure is approximated by piecewise
polynomials of order 2k. Other similar techniques for the DG methods are developed in [15]
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for the wave equations and in [14] and [34] for singularly perturbed problems and Naghdi
arches, respectively.
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