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Abstract

Tracking characteristics on unstructured meshes is an important part of many numerical methods in
computational fluid mechanics. In this paper, we propose an efficient algorithm for characteristic track-
ing on two-dimensional unstructured triangular meshes. Numerical experiments, including an example
for applying this algorithm with the Eulerian-Lagrangian localized adjoint method (ELLAM) to solve a
convection-dominated convection-diffusion problem, are presented to demonstrate the efficiency of this
algorithm.

AMS Subject Classifications: 65M25, 65Y20, 68W01.

Keywords: Auxiliary mesh, characteristic, convection-diffusion, triangular mesh, unstructured mesh,
velocity field.

1. Introduction

Characteristic methods for fluid flow problems became viable when Douglas and
Russell described their modified method of characteristics (MMOC) in 1982 [4]. Other
characteristic methods include ELLAM [3], [10], [13], Galerkin-Lagrangian meth-
ods [9], and the semi-Lagrangian method [5], [14]. However, it is challenging to
implement characteristic methods on unstructured meshes. As pointed out by the
review paper [10]: The tracking is a major part of the overall computational effort,
especially when time steps are large and a point is tracked across several cells in a
time step. This considerable difficulty of implementation was also commented in [1].
Probably, this is a main reason why numerical experiments on two or three-dimen-
sional unstructured meshes are rarely reported in the literature on characteristic
methods.

Mathematically, characteristic tracking is expressed as solving an initial value prob-
lem of an ordinary differential equation (ODE):

⎧
⎪⎨

⎪⎩

dy
ds

= v(y, s),

y(s; x, t)|s=t = x,

(1)

where y(s; x, t) is the characteristic passing through point x at time t and v is a given
velocity field. An implementation of characteristic tracking involves many aspects:
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e.g., a mesh on the domain �, a mesh on the space-time boundary ∂� × [tn−1, tn];
a (continuous or discrete) definition of the velocity field v on the prism �n = � ×
[tn−1, tn]; and a proposed numerical method for solving the ODE, e.g., the Euler or
Runge-Kutta methods.

When tracking a characteristic, we need to determine in which element the foot, head,
or an intermediate point of the characteristic lies. This searching task is simple for
one dimensional or rectangular or structured meshes, but complicated for unstruc-
tured meshes. In [5], the QuadTree algorithm was proposed for general quadrilateral
meshes. The algorithm establishes a tree data structure to organize the neighborhood
information about nodes and elements. As pointed out by the author, this could be
inefficient for highly distorted grids and have adverse affects on the efficiency of
numerical schemes. Therefore, a special algorithm for the much more regular icosa-
hedral mesh was also discussed. Another searching algorithm was designed in [14]
for the semi-Lagrangian method on unstructured grids. This algorithm also relies
on the neighborhood information in meshes, which could be very complicated. In
this paper, we propose setting up an auxiliary rectangular mesh to assist charac-
teristic tracking. The auxiliary mesh covers the given unstructured mesh and has
roughly the same mesh size as the given mesh. The connectivity information about
the triangles in the real mesh and the rectangles in the auxiliary mesh is formed as
a look-up table and used for locating points on characteristics.

The rest of this paper is structured as follows. Section 2 presents a full description of
the algorithm. Section 3 briefly reviews the ELLAM formulation. Section 4 reports
our numerical experiments on two typical examples demonstrating the efficiency
of the tracking algorithm and one example using ELLAM to solve a convection-
diffusion problem on a two-dimensional unstructured triangular mesh. Section 5
concludes with some discussions.

2. Description of the algorithm

2.1. Outline of the algorithm

Let � be a planar polygonal domain equipped with a quasi–uniform triangular mesh
Th (real mesh).

(1) Find the minimal rectangular domain R that covers �;
(2) Set up a rectangular mesh (auxiliary mesh) on R that has approximately the

same mesh size;
(3) Sort out the information about the connection between the triangles in the real

mesh and the rectangles in the auxiliary mesh;
(4) At each time step, for either forward tracking or backward tracking, utilize the

connectivity information obtained in Step (3), apply the criterion for a point
being inside a triangle, and then locate the head or foot of a characteristic;

(5) Special treatment is needed when a characteristic intersects with the inflow/out-
flow boundaries.
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Fig. 1. A triangle intersects with seven rectangles

Fig. 2. Eight triangles sharing a rectangular box

2.2. Auxiliary mesh and its connection with real mesh

The minimal rectangular domain R that covers � can be taken as

R := [Xmin, Xmax] × [Ymin, Ymax],

where Xmin, Xmax, Ymin, Ymax are the minimum and maximum of X,Y-coordinates
of the nodes in the triangular mesh Th. Then we set up a rectangular mesh about
size h on the rectangular domain R. For each triangle in the real mesh, we find out
how many rectangles and which rectangles in the auxiliary mesh intersect with the
triangle. (see Fig. 1). Then we invert the above connectivity information to generate
a look-up table of rectangles versus the triangles intersecting with them (see Fig. 2).
This table is a rugged array and will be stored for later use.

2.3. Locating the head/foot of a characteristic

In applications of characteristic methods, one carries out forward tracking or back-
ward tracking of characteristics. Usually characteristics start from quadrature points
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Fig. 3. Barycentric coordinates of a point inside a triangle

in finite elements or some important points describing fluid fronts. For each charac-
teristic, we first locate the head (forward tracking) or the foot (backward tracking) in
the auxiliary rectangular mesh. That is, we find out which rectangular box contains
the head or foot. For this rectangular box, we retrieve from the look-up table con-
structed in Sect. 2.2 the list of triangles that intersect with this rectangle. Sweeping
through this list of triangles, and applying the criterion for a point being inside a
triangle, we find the very triangle in which the head or foot resides.

Criterion of a point being inside a triangle: Let T be a triangle with three vertices
P1, P2, P3 and P be an arbitrary point on the plane. Let A = �P1P2P3 be the area
of triangle T and Ai(i = 1, 2, 3) be the area of the triangle when Pi is replaced by
P . (see Fig. 3.) Let ai := Ai/A. Then, P ∈ �P1P2P3 if and only if

ai ≥ 0 (i = 1, 2, 3), a1 + a2 + a3 = 1. (2)

Here (a1, a2, a3) are called barycentric coordinates of the point inside the triangle
�P1P2P3.

The barycentric coordinates are also very useful for finite element approximations.
If the Lagrangian P1 element is used on a triangle and the nodal values of the shape
function at the three vertices are known, say, ui = u(Pi), i = 1, 2, 3, then the shape
function value at any point P inside the triangle is

u(P ) = a1 u(P1) + a2 u(P2) + a3 u(P3).

For characteristic methods like ELLAM or MMOC, backward tracking is usually
employed. The foot of a characteristic could be anywhere on a triangular mesh. Once
the foot of the characteristic is located in a triangle element, the above formula can
be used for interpolation.

In [14], a different criterion is proposed for determining whether a point is inside a
given triangle. It is based on the inner products of the vectors starting from the ver-
tices of the triangle to the given point and the inward normals of the corresponding
edges. It requires comparable amount of computations as the criterion in Eq. (2),
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and can also be used with our search algorithm. But the criterion in Eq. (2) is pre-
ferred, since the barycentric coordinates can be immediately used for interpolation
on the numerical solution. However, the criterion proposed in [14] needs another
round of computations for interpolation parameters.

2.4. Characteristics intersecting with boundaries

Let ∂� be the boundary of the spatial domain � and �n := ∂� × [tn−1, tn]. The
inflow, outflow, and no flow space-time boundaries during time period [tn−1, tn] are
denoted by �I

n, �O
n , �N

n , respectively, and defined as

�I
n := {(x, t) | x ∈ ∂�, t ∈ [tn−1, tn], v(x, t) · n(x) < 0},

�O
n := {(x, t) | x ∈ ∂�, t ∈ [tn−1, tn], v(x, t) · n(x) > 0},

�N
n := {(x, t) | x ∈ ∂�, t ∈ [tn−1, tn], v(x, t) · n(x) = 0},

(3)

where n(x) is the outward unit normal vector on ∂�.

The head or foot (or both) of a characteristic could hit the boundaries at any time
t ∈ (tn−1, tn). Figure 4 provides an illustration of all four possibilities in characteris-
tic tracking, assuming that the spatial domain � is a two-dimensional rectangle. The
left and front faces of the space-time domain �× [tn−1, tn] are assumed to be inflow
boundaries, and the right and back faces are outflow boundaries. In the figure,

– A1B1 goes from the domain to the domain;
– A2D1 goes from the domain to the outflow boundary;
– C1B2 goes from the inflow boundary to the domain; and
– C2D2 goes from the inflow boundary to the outflow boundary.

Suppose � is a two-dimensional polygonal domain. Let Jn := [tn−1, tn] be a typi-
cal time step and dn := ‖v‖∞�tn. We make a polygonal domain �n that is inside
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Fig. 5. The inner domain and its margins to the boundaries

� yet has the same shape as �. To be precise, the sides of �n are parallel to the
corresponding sides of � with distance dn (see Fig. 5)

A characteristic emanating from any point inside the inner domain �n will stay inside
the real domain � during the time period [tn−1, tn]. We can apply the algorithm dis-
cussed in the previous subsection directly to locate the foot of the characteristic.
But for a characteristic starting from a point in the strip � \ �n, it might hit the
boundary at any time t ∈ (tn−1, tn). For such a characteristic, we have to check the
intermediate points:

– If an intermediate point runs out of the original domain �, then we have to
modify the foot/head of the characteristic and tracking stops;

– If an intermediate point is still in the strip � \ �n, then we have to check if the
next intermediate point is inside the real domain �;

– If an intermediate point falls inside the inner domain �n, then we no longer need
any check for the remaining intermediate points.

Numerical methods based on characteristic tracking, e.g., ELLAM, are usually
not subject to the Courant-Friedrichs-Lewy (CFL) condition. In order to get bet-
ter numerical performances, we use micro time steps satisfying the CFL condi-
tion for characteristic tracking. Then the time period [tn−1, tn] is partitioned into
tn,i = tn−1 + iδtn (0 ≤ i ≤ m), where m is an integer, δtn := (tn − tn−1)/m, and δtn
satisfies the CFL condition (see Fig. 6)

Correction to characteristics intersecting with boundaries: Let us take a backward
characteristic as an example. At time t ∈ (tn,i−1, tn,i), the approximate character-
istic goes across the inflow boundary Qj−1Qj . On this approximate characteristic,
we have Pi ∈ � but point Pi−1 /∈ �. We need to replace Pi−1 by the intersection P
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of line segment Pi−1Pi with the inflow boundary. Assume � is a convex polygon.
Notice that P is on line segment Pi−1Pi and can be written as P = (1−α)Pi−1 +αPi

for some 0 < α < 1. Actually, it can be proved that α is the ratio of the area of tri-
angle �QjQj−1Pi−1 to the area of quadrilateral QjPiQj−1Pi−1. Accordingly, we
replace tn,i−1 by t∗ = tn,i − α(tn,i − tn,i−1) (see Fig. 7).

3. ELLAM formulation

An excellent overview about the state of research on ELLAM up to 2002 was given
in [10]. In this section, we outline and apply the ELLAM methodology to study the
following unsteady-state linear convection-diffusion equation

ut + ∇ · (vu − D∇u) = f (x, t), x ∈ �, t ∈ [0, T ]. (4)

Here, � ⊂ R
d(d = 1, 2, 3) with boundary � := ∂�; u(x, t) is the unknown func-

tion; v(x, t) is a velocity field; D(x, t) is a diffusion-dispersion tensor; and f (x, t) is
a source/sink term.
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Let �I , �O, �N be the inflow, outflow, and no flow space-time boundaries identified
by

�I := {x | x ∈ ∂�, v · n(x) < 0},
�O := {x | x ∈ ∂�, v · n(x) > 0},
�N := {x | x ∈ ∂�, v · n(x) = 0}.

(5)

The ELLAM framework can treat any boundary conditions [13], but we restrict
ourselves to the following boundary and initial conditions that are typical in appli-
cations:

u(x, t) = gO(x, t), x ∈ �O, t ∈ [0, T ],

(vu − D∇u)(x, t) · n = gI (x, t), x ∈ �I , t ∈ [0, T ],

−D∇u(x, t) · n = 0, x ∈ �N, t ∈ [0, T ],

u(x, 0) = u0(x), x ∈ �.

(6)

Let 0 = t0 < t1 < . . . < tn−1 < tn < . . . < tN = T be a partition of [0, T ] with
�tn := tn − tn−1. We multiply Eq. (4) by test functions w(x, t) that vanish outside
the space-time strip � × (tn−1, tn] and are discontinuous in time at time tn−1. Then
integration by parts leads us to the following weak form:

∫

�

u(x, tn)w(x, tn)dx +
tn∫

tn−1

∫

�

(D∇u) · ∇wdxdt

+
tn∫

tn−1

∫

∂�

(vu − D∇u) · nwdS −
tn∫

tn−1

∫

�

u(wt + v · ∇w)dxdt

=
∫

�

u(x, tn−1)w(x, t+
n−1)dx +

tn∫

tn−1

∫

�

(f w)(x, t)dxdt, (7)

where dS is the differential element on ∂� and w(x, t+
n−1) := lim

t→t+
n−1

w(x, t) takes

into account the fact that w(x, t) are discontinuous in time at time tn−1.

ELLAM takes advantage of the hyperbolic nature of convection-diffusion equations
to require the test functions to satisfy the adjoint equation

wt + v · ∇w = 0. (8)

This cancels the last term on the left-hand side of the weak form, and implies that
test functions are constants along the characteristics defined by the initial value
problem of the ordinary differential equation shown in Eq. (1).

For any x ∈ �, if (x, tn) backtracks along a characteristic to (x∗, t∗) ∈ �I
n or �

at time tn−1, we define �tI (x, tn) := tn − t∗ or tn − tn−1, respectively. Similarly,
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for any (y, t) ∈ �O
n , if it backtracks to (y∗, t∗) ∈ �I

n or � at time tn−1, we define
�tO(y, t) := t − t∗ or t − tn−1, respectively. See Fig. 4 for more details, where A1
and A2 are in � at time tn−1, while B1 and B2 are in � at time tn, C1 and C2 are on
the inflow boundary �I

n , while D1 and D2 are on the outflow boundary �O
n .

By enforcing the backward Euler quadrature on � at time tn and �O
n , we obtain

tn∫

tn−1

∫

�

f (x, t)w(x, t)dxdt

=
∫

�

�tI (x, tn)f (x, tn)w(x, tn)dx

+
∫

�O
n

�tO(y, t)f (y, t)w(y, t) (v · n)dS + E(f, w).

Similarly, the diffusion term can be evaluated as

tn∫

tn−1

∫

�

((D∇u) · ∇w)(x, t)dxdt

=
∫

�

�tI (x, tn)((D∇u) · ∇w)(x, tn)dx

+
∫

�O
n

�tO(y, t)((D∇u) · ∇w)(y, t) (v · n)dS + E(D, u, w).

Dropping the error terms in the source and diffusion terms and breaking up the
boundary term, we obtain the following reference equation: Find u(x, t) ∈ H 1(�×
(tn−1, tn]) such that for any w(x, t) ∈ H 1(� × (tn−1, tn]) satisfying the adjoint equa-
tion (8), the following holds:

∫

�

u(x, tn)w(x, tn)dx +
∫

�

�tI (x, tn)(D∇u · ∇w)(x, tn)dx

+
∫

�O
n

�tO(y, t)(D∇u) · ∇w)(y, t) (v · n)dS

+
∫

�O
n

(vu − D∇u) · n w(y, t)dS +
∫

�I
n

(vu − D∇u) · n w(y, t)dS

=
∫

�

u(x, tn−1)w(x, t+
n−1)dx +

∫

�

�tI (x, tn)f (x, tn)w(x, tn)dx

+
∫

�O
n

�tO(y, t)f (y, t)w(y, t) (v · n)dS. (9)
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Table 1. Statistics of experiments on example 1

Mesh 1 Mesh 2 Mesh 3 Mesh 4

Number of elements/nodes 324/183 1296/689 5184/2673 82944/41793
Size of auxiliary mesh 20x20 40x40 80x80 318x318
Minimal number of triangles

intersecting with a rectangle 2 2 2 2
Maximal number of triangles

intersecting with a rectangle 8 9 10 12
Average number of triangles

intersecting with a rectangle 5.2 5.4 5.5 5.6
Percentage of characteristics

intersecting with boundaries 2.5% 4.0% 4.2% 5.5%

For the first term on the right-hand side of the above equation, replacing the dummy
variable x by x∗, we rewrite the term as

∫

�

u(x∗, tn−1)w(x∗, t+
n−1)dx∗

=
∫

�

u(x∗, tn−1)w(x, tn)J(x∗, x)dx,
(10)

where x∗ = y(tn−1; x, tn) is obtained by backtracking (x, tn) along a characteris-
tic to time tn−1 and J is the Jacobian. Therefore, we have to track characteristics
accurately and efficiently.

4. Numerical experiments

In this section, we test our algorithm on several different triangular meshes to dem-
onstrate its efficiency. We also use this tracking algorithm and ELLAM to solve a
convection-diffusion problem on a two-dimensional unstructured triangular mesh.

Example 1: This example deals with a rotating velocity field v = (−y, x) defined
on a square � = [−1, 1]× [−1, 1]. Four triangular meshes are generated by the PDE
toolbox in Matlab based on the Delaunay triangulation. Figure 8 is a sketch of the
first triangulation. As revealed by Fig. 9, for quasi–uniform triangular meshes, most
rectangles in the auxiliary meshes intersect with about 6 triangles, while few rectan-
gles intersect with more than 8 triangles. Table 1, Row 6 lists the average number of
triangles intersecting with a rectangle for each triangular mesh. These numbers are
also the average search steps for the triangle containing a point of interest.

We take T = 2 ∗ π and �t = T/64. For each time step, δt = �t/16 is used as
the micro time step for characteristic tracking. We randomly choose a time step
[14�t, 15�t ] and carry out backward tracking from the barycenter of each triangle,
using the Euler method. The last row in Table 1 lists the percentage of characteristics
intersecting with the domain boundaries among all characteristics emanating from
the centers of triangles. The reason why a higher percentage of characteristics hit
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Fig. 8. The real and auxiliary meshes for example 1, mesh 1

2 3 4 5 6 7 8 9 10
0

200

400

600

800

1000

1200

1400

1600

1800

2000

2 3 4 5 6 7 8 9 10 11 12
0

0.5

1

1.5

2

2.5

3

3.5
x 10

4

For triangular mesh 3 For triangular mesh 4

Fig. 9. Example 1: distribution of rectangles intersecting with different numbers of triangles

the domain boundary is that we decrease mesh sizes from Mesh 1 to Mesh 4, while
we are using the same time step size.

Example 2: A swirling velocity field: In this interesting example proposed by
R. LeVeque in [7], the domain � is the unit square [0, 1] × [0, 1] and the veloc-
ity field v(x, y) = (v1, v2) is given by

v1(x, y) = sin2(πx) sin(2πy), v2(x, y) = − sin(2πx) sin2(πy).

This is an incompressible velocity field (div v = 0). The velocity vanishes (v = 0) on
the four sides and at the center of the square, i.e., these points are the equilibriums
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Fig. 10. The swirling velocity field in example 2

of the velocity field. We have noflow boundary types on the entire boundary of the
domain. (see Fig. 10.) Any characteristic starting from any point inside the domain
will stay strictly inside the domain, even though it approaches the boundary asymp-
totically.

The ODEs for characteristics

dx

dt
= sin2(πx) sin(2πy),

dy

dt
= − sin(2πx) sin2(πy)

are nonlinear. Numerical methods for solving ODEs have to be employed, since a
closed form of the exact solution is not available. However, it can be deduced that
the primary function

F(x, y) = sin(πx) sin(πy) (11)

is a constant on each characteristic. So we calculate |F(head) − F(foot)| to check
accuracy of characteristic tracking.

Table 2 lists numerical results for this example. A triangular mesh with 1312 ele-
ments and 697 nodes is generated by applying the mesh generator built in the PDE
Toolbox in Matlab. The time period is [0, 1] with a uniform partition �t = 0.01.
We randomly choose a time step [14�t, 15�t ] and carry out backward tracking
from the barycenter of each triangle. Both the Euler method and the second-order
Runge-Kutta method (RK2) are used in combination with different micro time steps
δt . To check accuracy of characteristic tracking, the maximum of |F(head)−F(foot)|
is measured with the head running over the centers of all triangles. Clearly, the
second-order Runge-Kutta method performs much better than the Euler method.
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Table 2. Numerical results for example 2

Micro time step max{|F(head) − F(foot)|}
δt/�t Euler RK2

1/4 1.387E-4 8.821E-8
1/16 2.774E-5 3.380E-9
1/64 6.605E-6 1.901E-10

1/256 1.632E-6 1.158E-11
1/1024 4.068E-7 7.213E-13

The results in Table 2 reflect the first order and second order accuracy of the Euler
method and RK2, respectively. It is also observed in the numerical experiments that
no characteristic intersects the boundary, as expected.

Example 3: ELLAM on an unstructured mesh: The domain is � = [−0.5, 0.5] ×
[−0.5, 0.5], and the velocity v = (2y, −2x) is incompressible. The characteristic with
head (x, y, t) and foot (x∗, y∗, 0) satisfies

[
x∗
y∗

]

=
[

cos(2t) − sin(2t)

sin(2t) cos(2t)

] [
x

y

]

. (12)

We consider the time period [0, T ] = [0, π ], which is needed for one complete rota-
tion. The initial condition

u0(x, y) = exp
(

− (x − xc)
2 + (y − yc)

2

2σ 2

)
(13)

is a Gaussian hill centered at (xc, yc) = (−0.25, 0) with a standard deviation σ =
0.0447, which yields 2σ 2 = 0.0040. The exact solution for the convection-diffusion
equation with a constant diffusion D and f = 0 is

u(x, y, t) = 2σ 2

2σ 2 + 4Dt
exp

(
− (x∗ − xc)

2 + (y∗ − yc)
2

2σ 2 + 4Dt

)
, (14)

where x∗, y∗ are expressed in Eq. (12). In our numerical experiment, we take
D = 10−4.

In [13], a uniform rectangular mesh with 64 × 64 elements and a time step �t =
π/40 are used to obtain a numerical solution with Umax = 0.8302. Here we use
an unstructured triangular mesh with local refinement, (shown in Fig. 11), with
only 2662 triangle elements and 1350 nodes. The largest side of triangle elements is
H = 0.12, while the smallest side is h = 0.0096. The Lagrangian P1 element and
the second-order Gaussian quadrature are used on all triangles. The global time
step is also �t = π/40 and the backward Euler tracking uses 40 micro steps. A
numerical solution with Umax = 0.8645 is obtained. It is known that the exact
solution has a maximum of 0.8642. Compared with the rectangular mesh used in
[13], we use less than one-third elements and solve for less than one-third unknowns,
(2663/(642 ∗ 2) = 0.325, 1350/652 = 0.320), but obtain an even better numerical
solution (see Fig. 11). Therefore, unstructured meshes with local refinement are more
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Fig. 11. Example 3: the unstructured mesh and numerical solution

efficient than uniform rectangular meshes, but rely on efficient characteristic track-
ing. While revising our paper, we noticed the numerical examples presented in [15].
However, the paper does not mention any tracking algorithms. We also notice that
the unstructured meshes actually do not align with the steep fronts or other features
of the numerical solutions. The cost on numerical integration (24 quadrature points
per triangle) seems too high. But we would like to test our tracking algorithm and
ELLAM implementation on those examples, when the mesh data become available
to us.

5. Discussions

Characteristic tracking can also be implemented based on the neighborhood infor-
mation in an unstructured mesh. However, large time steps are used in characteristic
methods, the foot of a characteristic is not necessarily in the immediate neighbor-
hood of the head. This implementation might end up with looking at neighbors of
neighbors, and becomes inefficient.

For our tracking algorithm, the quality of a triangular mesh should not have a big
impact on the performance of this algorithm, although it is usually preferred that the
minimum angle requirement is met for the triangular mesh. For a quasi–uniform tri-
angular mesh, the auxiliary rectangular mesh can be chosen as uniform. For meshes
with local refinement, hierarchical uniform auxiliary meshes can be considered to
further improve the efficiency.

The minimal side length of triangles in a real mesh could be used as a parame-
ter to guide the generation of the auxiliary mesh. As revealed by our numerical
experiments, the smaller the mesh size of the auxiliary mesh, the fewer the trian-
gles intersecting with a rectangular box. Hence, there are less search steps for the
triangle containing a point of interest. Since a rectangular mesh is a tensor product
of two one-dimensional meshes, only minimal storage is needed for the auxiliary
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Fig. 12. A quadrilateral is split into 2 triangles

information: the partitions on x-, y-axes and the table of rectangles versus triangles
discussed in Sect. 2.2.

In summary, the algorithm presented in this paper is efficient, since it has a lower
overhead in setting up the auxiliary mesh and the look-up table and also a minimal
number of searching steps in locating points on characteristics. Specifically, we have
the following observations regarding the spatial and temporal complexities [6] of
our tracking algorithm, assuming a given two-dimensional unstructured mesh has
n triangular elements.

– The spatial complexity of the auxiliary mesh is O(2
√

n). Furthermore, if the
auxiliary mesh is constructed as a uniform mesh, then the spatial complexity
could be O(1).

– The auxiliary mesh size is approximately the same as the real mesh size; a tri-
angular intersects with about nine rectangles so, setting up the look-up table
requires only O(9n) operations.

– For a quasi–uniform triangular mesh, the look-up table has spatial complexity
O(6n).

– For a quasi–uniform triangular mesh, the average number of searching steps in
the look-up table is 6, or O(1).

The algorithm can also be extended to the case when quadrilateral elements are
included in the real mesh. We only need to set up a criterion for a point to be inside
a quadrilateral. This could be done by splitting a quadrilateral into two triangles, as
illustrated by Fig. 12. Clearly, this algorithm can also be extended to three-dimen-
sional unstructured meshes.

The algorithm presented in this paper has been implemented in C++, following the
object-oriented programming paradigm [2], [11], [12]. Currently we are investigating
strategies for dimension-independent implementation for our two and three dimen-
sional algorithms and integration of our code with other software packages based
on characteristic tracking, as suggested in [8]. This will be reported in our future
work.
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