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In this article, we utilize spline wavelets to establish an adaptive multilevel numerical scheme for time-
dependent convection-dominated diffusion problems within the frameworks of Galerkin formulation and
Eulerian-Lagrangian localized adjoint methods (ELLAM). In particular, we shall use linear Chui-Quak semi-
orthogonal wavelets, which have explicit expressions and compact supports. Therefore, both the diffusion
term and boundary conditions in the convection-diffusion problems can be readily handled. Strategies for
efficiently implementing the scheme are discussed and numerical results are interpreted from the viewpoint of
nonlinear approximation. © 2005 Wiley Periodicals, Inc. Numer Methods Partial Differential Eq 22: 000–000, 2006
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I. INTRODUCTION

Many applications in sciences and engineering demand multiscale modeling and computations. As
we know, wavelets are tightly connected with multiresolution analyses, which provide a platform
for performing multilevel computations. Efforts in applying wavelets to solve differential and
integral equations can be observed in [1–3], as well as in many other articles. Previously, we
applied compactly supported orthogonal and biorthogonal wavelets to establish unconditionally
stable explicit numerical schemes for convection-reaction equations [4,5] within the frameworks
of Galerkin methods and ELLAM [6].

For approximations based on wavelets, the order of accuracy is usually the number of vanishing
moments of the wavelets being used. Given the number of vanishing moments, the Daubechies’
orthogonal wavelets [7] have minimal supports and, hence, require less computations (theoreti-
cally). But these wavelets lack closed forms. The primals of the biorthogonal wavelets developed
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in [8] are splines and hence have explicit expressions, but the duals do not. For some applications,
wavelet coefficients are computed through numerical integrations on the wavelet supports. So
minimal support is a good thing to have, but one has to store many point values of the wavelets in
their supports (usually at dyadic points) if the wavelets lack explicit expressions. For Lagrangian
or semi-Lagrangian methods [6,9], the feet of characteristics are not necessarily dyadic points, so
interpolation between dyadic points must be taken into consideration. In addition, these orthogonal
or biorthogonal wavelets are bases for the whole real line, instead of bounded intervals. Periodiza-
tion of these wavelets might be suitable for image processing, but not necessarily so for boundary
value problems of differential equations. Another nuisance in dealing with these wavelets is from
their derivatives. Obviously, the derivatives do not possess explicit expressions either, so it is hard
to apply these wavelets directly to diffusion problems, which involve second-order derivatives of
unknown functions, or first-order derivatives of test and trial functions if the Galerkin formulation
is applied. Some investigators proposed using eigenvectors and refinement equations to handle
integrals of wavelet derivatives [10], but it is preferable to have a direct treatment.

Bearing with these concerns, we turn to the semi-orthogonal spline wavelets developed by
Chui and Quak in [11]. These spline wavelets form bases on bounded intervals, and have compact
supports and explicit expressions, so the above issues for solving differential equations by wavelets
are readily resolved. The duals of these wavelets are fully supported on the whole intervals, but
are not really needed in our applications. In this article, we shall use these spline wavelets as both
trial and test functions within the Galerkin framework to solve convection-diffusion equations.

We want to point out that these semi-orthogonal spline wavelets have been used to solve
first-kind integral equations in [3]. A nice comparison between orthogonal and semi-orthogonal
wavelets for solving integral equations is presented in [12]. The advantages of semi-orthogonal
spline wavelets have also been exploited in [13] to solve inverse problems for two-phase flows in
porous media. Castano and Kunoth have recently used these spline wavelets on robust regression
of scattered data [14]. Discussions on how to apply these wavelets to nonlinear problems can be
found in [15].

The rest of this article is organized as follows. Section 2 presents the differential equations
to be solved and the main ideas of the ELLAM methodology. The features of Chui-Quak semi-
orthogonal spline wavelets are briefly reviewed in Section 3. Section 4 establishes our multilevel
numerical scheme for convection-dominated diffusion equations by applying these spline wavelets
within the frameworks of Galerkin formulation and ELLAM. Strategies for efficient implementa-
tions and numerical results are presented in Section 5. Section 6 concludes the article with some
brief remarks.

II. ELLAM FOR CONVECTION-DIFFUSION PROBLEMS

ELLAM is a general framework for convection-diffusion-reaction equations. Finite element
methods, collocation methods, and wavelet methods have been developed within this frame-
work [5, 16, 17]. An excellent overview about the current state of research on ELLAM is given
in [18]. In this article, we focus on convection-diffusion equations in one-dimensional space, but
the notations used are consistent with those for multiple dimensions.

ut + ∇ · (Vu − D∇u) = f (x, t), x ∈ �, t ∈ (0, T ]
Appropriate boundary conditions

u(x, 0) = u0(x) (2.1)
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where � = [a, b] is an interval with boundary � := ∂�, u(x, t) is the unknown function, V(x, t)
is a velocity field, D(x, t) is a diffusion coefficient, and f (x, t) is a source/sink term.

Let �I , �O , and �N be the inflow, outflow, and noflow boundaries identified by

�I := {x | x ∈ �, V · n < 0},
�O := {x | x ∈ �, V · n > 0},
�N := {x | x ∈ �, V · n = 0},

(2.2)

where n is the outward unit normal vector (n = 1 or n = −1 for one-dimensional space). The
ELLAM framework can treat any boundary conditions [6, 16], but we restrict ourselves to the
following boundary and initial conditions that are typical in applications:

u(x, t) = gO(x, t), x ∈ �O , t ∈ [0, T ],
(Vu − D∇u)(x, t) · n = gI (x, t), x ∈ �I , t ∈ [0, T ],

−D∇u(x, t) · n = 0, x ∈ �N , t ∈ [0, T ],
u(x, 0) = u0(x), x ∈ �.

(2.3)

Let 0 = t0 < t1 < · · · < tn−1 < tn < · · · < tN = T be a partition of [0, T ] with �tn :=
tn − tn−1. We multiply Equation (2.1) by test functions w(x, t) that vanish outside the space-time
strip � × (tn−1, tn] and are discontinuous in time at time tn−1. Then, integration by parts leads us
to the following weak form:∫ b

a

u(x, tn)w(x, tn) dx +
∫ tn

tn−1

∫ b

a

(D∇u) · ∇w dx dt

+
∫ tn

tn−1

∫
∂�

(Vu − D∇u) · nw dS dt −
∫ tn

tn−1

∫ b

a

u(wt + V · ∇w) dx dt

=
∫ b

a

u(x, tn−1)w(x, t+
n−1) dx +

∫ tn

tn−1

∫ b

a

(f w)(x, t) dx dt , (2.4)

where dS is the differential element on ∂� and w(x, t+
n−1) := limt→t+

n−1
w(x, t) takes into account

the fact that w(x, t) are discontinuous in time at time tn−1.
ELLAM takes advantage of the hyperbolic nature of convection-diffusion differential equations

to require test functions to satisfy the adjoint equation

wt + V · ∇w = 0. (2.5)

This cancels the last term on the left side of the weak form and implies that test functions are
constants along characteristics defined by initial value problems to ordinary differential equations

dy

ds
= V(y(s; x, t), s),

y(s; x, t)|s=t = x. (2.6)

For convenience, we denote �I
n := �I × [tn−1, tn], �O

n := �O × [tn−1, tn], and �N
n := �N ×

[tn−1, tn]. For any x ∈ �, if (x, tn) backtracks along a characteristic to (x∗, t∗) ∈ �I
n or � at time

tn−1, we define �tI (x, tn) := tn − t∗ or tn − tn−1, respectively. Similarly, for any (y, t) ∈ �O
n ,
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if it backtracks to (y∗, t∗) ∈ �I
n or � at time tn−1, we define �tO(y, t) := t − t∗ or tn − tn−1,

respectively.
By enforcing the backward Euler quadrature on � at time tn and �O

n , we obtain∫ tn

tn−1

∫ b

a

f (x, t)w(x, t) dx dt =
∫ b

a

�tI (x, tn)f (x, tn) w(x, tn) dx

+
∫

�O
n

�tO(y, t)f (y, t)w(y, t) (V · n) dS dt + E(f , w).

Similarly, the diffusion term can be evaluated as∫ tn

tn−1

∫ b

a

((D∇u) · ∇w)(x, t) dx dt

=
∫ b

a

�tI (x, tn)((D∇u) · ∇w)(x, tn) dx

+
∫

�O
n

�tO(y, t)((D∇u) · ∇w)(y, t) (V · n) dS dt + E(D, u, w).

Here E(f , w) and E(D, u, w) are truncation error terms.
The two formulas above rely on the backward Euler quadrature to approximate the correspond-

ing integrals in weak form (2.4). It should be pointed out that higher order numerical quadratures
have also been used to establish the ELLAM formulation [19].

Dropping the error terms in the source and diffusion terms and breaking up the boundary term,
we obtain the following weak formulation: Find u(x, t) ∈ H 1(� × (tn−1, tn]) such that for any
w(x, t) ∈ H 1(� × (tn−1, tn]) satisfying the adjoint equation (2.5), the following holds∫ b

a

u(x, tn)w(x, tn) dx +
∫ b

a

�tI (x, tn)(D∇u · ∇w)(x, tn) dx

+
∫

�O
n

�tO(y, t)(D∇u) · ∇w)(y, t) (V · n) dS dt

+
∫

�O
n

(Vu − D∇u) · n w(y, t) dS dt +
∫

�I
n

(Vu − D∇u) · n w(y, t) dS dt

=
∫ b

a

u(x, tn−1)w(x, t+
n−1) dx +

∫ b

a

�tI (x, tn)f (x, tn)w(x, tn) dx

+
∫

�O
n

�tO(y, t)f (y, t)w(y, t) (V · n) dS dt . (2.7)

III. CHUI-QUAK SPLINE WAVELETS ON BOUNDED INTERVALS

During the late 1980s and early 1990s, a variety of wavelets with different properties were devel-
oped for applications of different types. Orthogonal wavelets usually do not have closed forms,
and hence are difficult to be applied directly to boundary value problems or higher order differ-
ential equations. In this article, we shall use the semi-orthogonal spline wavelets constructed by
Chui and Quak [11] to solve boundary value problems of convection-diffusion equations. For

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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TABLE I. Nodal values of linear Chui-Quak wavelets ψj , k .

Level-(j + 1) node 2k − 4 2k − 3 2k − 2 2k − 1 2k 2k + 1 2k + 2

Left (k = 1), 1
12 ∗ N/A N/A 12 −11 6 −1 0

Internal (2 ≤ k ≤ 2j − 1), 1
12 ∗ 0 −1 6 −10 6 −1 0

Right (k = 2j ), 1
12 ∗ 0 −1 6 −11 12 N/A N/A

semi-orthogonal wavelets, as will be seen later on, orthogonality is lost on the same scale, but
still kept among different scales.

Let j(≥1) be a positive integer and the unit interval [0, 1] be partitioned into 2j dyadic cells.
The dyadic nodes are k/2j , k = 0, 1, . . . , 2j . For convenience, let us denote Yj = {1, 2, . . . , 2j }
and Zj = {0, 1, 2, . . . , 2j }. Let Vj be the space of piecewise linear polynomials, i.e., linear splines
over this dyadic partition. We define φj , k(x) as the linear nodal basis functions over this partition.
For k = 0 or k = 2j , we take only the half inside the unit interval [0, 1]. It can be verified
that [11]:

• Vj = span{φj , k};
• Vj ⊂ Vj+1,

⋃∞
j≥1 Vj = L2(0, 1).

Let Wj+1 be the L2-orthogonal complement of Vj in Vj+1, that is,

Vj ⊕ Wj+1 = Vj+1, (3.1)

then dimWj+1 = 2j . In [11], a set of semi-orthogonal linear spline wavelets ψj , k , k ∈ Yj was
constructed as a set of basis functions for Wj . Table I lists the nodal values of these linear
Chui-Quak wavelets: left boundary, internal, and right boundary. Their graphs are shown in Fig. 1.
Clearly, internal wavelet ψj , k(x) is centered in the kth element of level j .

The two-scale equations for the internal scaling functions and wavelets are

φj , k = 1

2
φj+1, 2k−1 + φj+1, 2k + 1

2
φj+1, 2k+1, (3.2)

ψj , k = − 1

12
φj+1, 2k−3 + 1

2
φj+1, 2k−2 − 5

6
φj+1, 2k−1 + 1

2
φj+1, 2k − 1

12
φj+1, 2k+1. (3.3)

Similar equations can be derived for the left and right boundary scaling functions and wavelets
without any difficulty.

FIG. 1. Linear Chui-Quak wavelets.
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The semi-orthogonality means

Vj1 ⊥ Wj2 if j1 ≤ j2 and Wj1 ⊥ Wj2 if j1 �= j2,

that is,

(φj1,k1 , ψj2,k2) = 0 if j1 ≤ j2 and (ψj1,k1 , ψj2,k2) = 0 if j1 �= j2.

Furthermore, direct calculations give us

[
(φj ,k1 , φj ,k2)k1,k2∈Zj

] = 1

2j

1

6


2 1 0 · · · 0 0
1 4 1 · · · 0 0

· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 4 1
0 0 0 · · · 1 2

 (3.4)

and

[
(ψj ,k1 , ψj ,k2)k1,k2∈Yj

] = 1

2j+1

1

108



64 9 −1 0 0 · · · 0 0 0 0 0
9 54 10 −1 0 · · · 0 0 0 0 0

−1 10 54 10 −1 · · · 0 0 0 0 0
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

0 0 0 0 0 · · · −1 10 54 10 −1
0 0 0 0 0 · · · 0 −1 10 54 9
0 0 0 0 0 · · · 0 0 −1 9 64


.

(3.5)

The Galerkin formulation for diffusion problems involves first-order derivatives of trial and
test functions, so we also list the derivatives of these spline wavelets in Table II. The inner products
of the derivatives of these splines can be computed directly, as well.

Applying (3.1) recursively, we obtain a multilevel subspace decomposition

Vjc ⊕ Wjc ⊕ · · · ⊕ Wjf −1 = Vjf
.

Hence, we have two bases for subspace Vjf
:

• The finest level scaling functions: φjf ,k , k ∈ Zjf
;

• The coarsest level scaling functions φjc ,k , k ∈ Zjc , plus fine level wavelets ψj , k , k ∈ Yj ,
jc ≤ j ≤ jf − 1.

Therefore, there are two equivalent representations for any function f ∈ Vjf
:∑

k∈jf

cjf ,kφjf ,k =
∑
k∈Zjc

cjc ,kφjc ,k +
jf −1∑
j=jc

∑
k∈Yj

dj , kψj , k . (3.6)

TABLE II. Derivatives of linear Chui-Quak wavelets ψj , k .

Level-(j + 1) cell 2k − 3 2k − 2 2k − 1 2k 2k + 1 2k + 2

Left (k = 1), 2j∗ N/A N/A −23/6 17/6 −7/6 1/6
Internal (2 ≤ k ≤ 2j − 1), 2j∗ −1/6 7/6 −16/6 16/6 −7/6 1/6
Right (k = 2j ), 2j∗ −1/6 7/6 −17/6 23/6 N/A N/A

Numerical Methods for Partial Differential Equations DOI 10.1002/num



MULTILEVEL SOLUTIONS BY SPLINE WAVELETS 7

When we carry out approximations from subspace Vjf
, the first part on the right side of

the above equivalence provides a basic approximation. Then, the wavelet coefficients in the
second part brings in progressive improvements (or details). But wavelet coefficients are small
in the smooth regions of the function being approximated, and hence can be suppressed to save
computations. This is the wavelet compression discussed in [20].

The following features of these semi-orthogonal spline wavelets are attractive:

• The semi-orthogonality of scaling functions and wavelets allows us to conduct progressive
approximations;

• The superpositions in (3.6) are easy to implement because all basis functions are piecewise
linear polynomials;

• These splines have explicit expressions and, thus, allow us to handle Sobolev H 1-inner
products and impose boundary conditions directly;

• As will be seen later, the coefficient matrix of the derived discrete system is symmetric and
has a clear block structure.

To construct scaling functions and wavelets on a general interval [a, b], we only need to perform
a simple coordinate transform x = (b−a)X+a, X ∈ [0, 1] and utilize the above standard scalings
and wavelets on [0, 1].

IV. A MULTILEVEL WAVELET SCHEME FOR CONVECTION-DIFFUSION PROBLEMS

Rather than covering the most general initial boundary value problems for convection-diffusion
equations stated in Section II, we consider a convection-diffusion equation with the homogeneous
Dirichlet boundary condition

ut + ∇ · (V u − D∇u) = f (x, t), x ∈ �, t ∈ (0, T ],
u|∂� = 0,

u(x, 0) = u0(x), (4.1)

where � = [a, b] is a finite interval. Let jc, jf be the coarsest and finest spatial resolution levels
and Sjf

(�) be the subspace generated by piecewise linear polynomials over the dyadic partition
at level jf on the interval [a, b]. We construct an adaptive multilevel scheme as follows.

Part 1: Initial Approximation

For any given initial data u0(x) ∈ L2([a, b]), we find an approximation from subspace Sjf
:

U0(x) =
∑

k∈Zjf

c0
jf ,k φjf ,k . (4.2)

This could be the interpolation at those level-(j + 1) dyadic nodes or the best L2-approximation
from Sjf

, for which we solve a tri-diagonal linear system. Then we apply (3.2) and (3.3) recursively
to decompose the scaling coefficients at the finest level jf into scaling coefficients at the coarsest
level jc and wavelet coefficients at the levels in between. A threshold ε is prescribed for wavelet
compression. For hard-thresholding, wavelet coefficients just below the threshold are set to zero,
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but those just above are kept intact. As pointed out in [21], hard-thresholding induces numerical
instabilities and can be remedied by soft-thresholding described as below:

d0
j , k :=


0 if |d0

j , k| < ε,

2(|d0
j , k| − ε) sign(d0

j , k) if ε ≤ |d0
j , k| ≤ 2ε,

d0
j , k if |d0

j , k| ≥ 2ε. (4.3)

We end up with

U0(x) =
∑
k∈Zjc

c0
jc ,kφjc ,k(x) +

jf −1∑
j=jc

∑
k∈Y

0
j

d0
j , kψj , k(x), (4.4)

where Y
0

j is the significant wavelet coefficient index set

Y
0

j := {
k ∈ Yj : |d0

j , k| ≥ ε
}

(4.5)

at time t0 = 0 for the remaining wavelet coefficients after the compression.

Part 2: Prediction

In a multilevel approximation, scaling coefficients describe the basic shape of the solution, whereas
wavelet coefficients describe the smoothness/roughness of the solution. The significant coeffi-
cient wavelet index sets Y

n−1

j (j = jc, . . . , jf − 1, n = 1, 2, . . . , N) reveal the rough regions of
the solution Un−1(x). Note that the convection has a finite propagation speed and the diffusion
is relatively small, so we can utilize the information from characteristics to predict where the
singularities (e.g., steep flow fronts) will be at time step tn. In other words, we track Y

n−1

j forward
along characteristics from time tn−1 to time tn to obtain the predicted significant wavelet coefficient
index sets Ŷ n

j .

Part 3: Solution

Once Ŷ n
j are determined, we define an adaptive trial and test function subspace Ŝjf

(�) ⊂ Sjf
(�)

by

Ŝjf
(�) := Span

{{φjc ,k}k∈Yjc
, {ψj , k}k∈Ŷ n

j
,jc≤j≤jf −1

}
. (4.6)

Then we seek Ûn(x) ∈ Ŝjf
(�) with

Ûn(x) =
∑
k∈Zjc

cn
jc ,kφjc ,k(x) +

jf −1∑
j=jc

∑
k∈Ŷ n

j

dn
j , kψj , k(x) (4.7)

such that for any w(x, tn) ∈ Ŝjf
(�), the following holds:∫ b

a

Ûn(x)w(x, tn) dx +
∫ b

a

�tnD∇Ûn(x) · ∇w(x, tn) dx

=
∫ b

a

Un−1(x)w(x, t+
n−1) dx +

∫ b

a

�tnf (x, tn)w(x, tn) dx. (4.8)

Numerical Methods for Partial Differential Equations DOI 10.1002/num



MULTILEVEL SOLUTIONS BY SPLINE WAVELETS 9

To solve the above system, we need to assemble the following two sparse matrices: the mass
matrix

M :=
[
(φjc ,k1 , φjc ,k2) 0

0 (ψj ,k1 , ψj ,k2)

]
,

and the stiffness matrix

S :=
[
(φ′

jc ,k1
, φ′

jc ,k2
) (ψ ′

j ,k1
, φ′

jc ,k2
)

(φ′
jc ,k1

, ψ ′
j ,k2

) (ψ ′
j1,k1

, ψ ′
j2,k2

)

]
.

Part 4: Compression and then Superposition

At each time step tn, n = 1, . . . , N , a compression on wavelet coefficients in

Ûn(x) =
∑
k∈Zjc

cn
jc ,kφjc ,k(x) +

jf −1∑
j=jc

∑
k∈Ŷ n

j

dn
j , kψj , k(x) (4.9)

can be performed, just like that in Part 1. The compressed solution Un(x) is then defined by
(or assembled)

Un(x) =
∑
k∈Zjc

cn
jc ,kφjc ,k(x) +

jf −1∑
j=jc

∑
k∈Y

n
j

dn
j , kψj , k(x). (4.10)

Two remarks follow.

• As seen above, many of the ingredients in this scheme are consistent with those of the explicit
and unconditionally stable wavelet schemes developed in [4, 5] for convection-reaction
equations, which are first-order hyperbolic equations. However, this article is targeted at
convection-dominated diffusion problems. The scheme is no longer explicit due to the dif-
fusion term. However, the linear system in (4.8) is well-conditioned, because the diffusion
is small.

• The first part on the right side of (4.7) provides a basic approximation. The significant wavelet
coefficients in the second part appear only near the moving fluid fronts, so the second part of
the right side of (4.7) brings in progressive improvements to the approximation. This way, the
scheme resolves the moving steep fronts present in the solution accurately, adaptively, and
efficiently. Furthermore, the fact that the integral of a wavelet is zero implies the compression
conserves the total mass.

V. IMPLEMENTATION STRATEGIES AND NUMERICAL EXPERIMENTS

Listed below are some strategies used in implementing the scheme.

1. For a time-dependent problem, the initial condition is supposed to be known to a cer-
tain resolution. This resolution can be taken as the finest resolution level jf in our
scheme. Interestingly, the point values of the initial condition u0 over the corresponding
dyadic partition are also the coefficients in (4.2) (as the best L2-approximation from Vjf

),

Numerical Methods for Partial Differential Equations DOI 10.1002/num



10 LIU, EWING, AND QIN

when u0 is linearly interpolated at these points. We can apply the fast wavelet decompo-
sition algorithm based on (3.2) and (3.3) to obtain the scaling and wavelet coefficients at
coarser levels. Then wavelet compression follows. This is similar to a common practice in
the image processing community by taking pixel values as scaling coefficients at the finest
level, because the integral of a scaling function on its support can be normalized to one.

2. Because all basis functions are piecewise linear polynomials, we only need to assemble
their nonzero nodal values. The superposition in (4.10) is straightforward and fast, and we
can easily reconstruct Un−1 to the finest resolution level jf .

3. The first term on the right side of (4.8) can be rewritten as∫ b

a

Un−1(x
∗)J (x∗, x)w(x, tn) dx

with (x∗, tn−1) as the back-tracking image of (x, tn) and J (x∗, x) as the Jacobian. Clearly
Un−1(x

∗)J (x∗, x) reflects the convection, i.e., the mass flowing from point x∗ at time tn−1

to point x at time tn. This means the singularity of Un−1 is transported from time tn−1 to
time tn. Because Un−1 is already reconstructed to the finest resolution level, we can use
the technique used in item (1) to get the scaling coefficients at the finest level. Then the
fast wavelet algorithm again produces the inner products of Un−1J with the scalings and
wavelets specified in (4.6). This is easier and also more accurate than applying quadratures
directly to evaluate those integrals.

4. Soft-thresholding instead of hard-thresholding is used for wavelet compression, to retain
numerical stability.

In the multilevel wavelet scheme presented in section IV, if the threshold is set to zero, then the
approximation will be equivalent to that of a single-level scheme at the finest level. Conversely,
if the threshold is relatively large, then all wavelet coefficients will be suppressed and the scheme
becomes a single-level scheme at the coarsest level. When only single-level scaling functions
are used in the approximation, the approximation order will be 2, because the approximants are
piecewise linear polynomials. So the actual approximation accuracy of the multilevel scheme with
wavelet compression sits in between those of the single-level schemes with the coarsest and finest
level. Clearly, it depends on the thresholding parameter. To better measure the approximation
accuracy of the multilevel scheme, we look at the relationship between the error and the number
of terms (scaling functions and wavelets) being actually used. Obviously, the number of terms
depends on the thresholding parameter. This is the n-term approximation or nonlinear approxi-
mation discussed in [21]. In this section, we shall perform numerical experiments and interpret
the numerical results from the viewpoint of n-term approximation.

We now consider Equation (4.1) with V (x, t) = 1 + cx (with c being a small constant) and
0 < D  1. The initial condition is specified as a Gaussian hill

u0(x) = exp

(
− (x − xc)

2

2σ 2

)
,

where 0 < xc < 1 and σ > 0 are the center and standard deviation, respectively. The corresponding
exact solution is given by

u(x, t) =
√

2σ√
2σ 2 + 4Dt

exp

(
− (x − V (x, t)t)2

2σ 2 + 4Dt

)
,
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TABLE III. Numerical results for initial condition.

jc jf ε Terms in U0 ‖U0 − u0‖∞ ‖U0 − u0‖2

5 6 0.0 65 1.0003E−2 2.4944E−3
5 7 0.0 129 2.5017E−3 6.1189E−4
5 8 0.0 257 5.9513E−4 1.4541E−4
5 9 0.0 513 1.1922E−4 2.9069E−5
5 9 0.1 33 3.8666E−2 5.1978E−3
5 9 0.01 39 1.0453E−2 1.8813E−3
5 9 0.001 64 1.1414E−3 2.7526E−4
5 9 0.00018 129 2.7257E−4 7.4092E−5

with f (x, t) in Equation (4.1) being computed accordingly. In the numerical results reported
below, we took [a, b] = [0, 1], T = 0.5, c = 0.01, D = 10−4, xc = 0.25, σ = 0.0447, and
�t = 0.1. In the Tables III and IV, U0 stands for the numerical solution at the initial time and UT

is the numerical solution at the final time T .
From Table III, we can observe the second-order convergence for the initial approximations.

This is right, because the approximants are piecewise linear polynomials. Comparing the first two
lines with the last two lines in Table III, we find that they use almost the same numbers of terms,
but the results with nonlinear approximations are much better. The numerical results for the final
solution with wavelet compression are listed in Table IV.

VI. CONCLUDING REMARKS

The wavelet scheme established in this article is also a finite element method. We have uni-
form (dyadic) partitions at different levels on the given interval. Each dyadic cell is a finite
element, and the shape function is a linear polynomial. For finite element methods, the assem-
bly is usually element oriented. But for wavelet methods, the superposition is usually node
oriented.

In this article, we focus on Dirichlet boundary conditions for ease of presentation. But the
method can be extended to other types of boundary conditions. For Neumann or Robin (total flux)
boundary problems of second-order differential equations, first-order derivatives are involved in
the boundary conditions. Since the derivatives of Chui-Quak linear spline wavelets are piecewise
constants and all types of boundary conditions are already incorporated in the ELLAM formula-
tion, we only need to modify those boundary integral terms in (2.7) for the wavelets touching the
boundaries.

The extension of the multilevel scheme proposed in this article to multidimensional prob-
lems is basically technical. A direct approach is to construct tensor products of wavelets

TABLE IV. Numerical results with compression.

Terms Terms
jc jf ε in U0 ‖U0 − u0‖∞ ‖U0 − u0‖2 in UT ‖UT − uT ‖∞ ‖UT − uT ‖2

5 9 1E−1 33 3.8666E−2 5.1978E−3 33 3.6084E−2 4.8587E−3
5 9 1E−2 39 1.0453E−2 1.8813E−3 37 2.2402E−2 3.5767E−3
5 9 1E−3 64 1.1414E−3 2.7526E−4 66 1.1012E−2 2.3003E−3
5 9 1.8E−4 129 2.7257E−4 7.4092E−5 126 1.0550E−2 2.2839E−3

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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and multiresolution analyses, if the domain is logically rectangular. For polygonal domains
in the 2- or 3-dimensional spaces, we might apply the C1-spline wavelets developed by
S. T. Liu [22].

J. L. thanks Professors Charles Chui and Wenjie He for the inspiring discussions.
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