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We develop a quasi-two-level, coarse-mesh-free characteristic nonoverlapping domain decomposition
method for unsteady-state convection-diffusion partial differential equations in multidimensional spaces.
The development of the domain decomposition method is carried out by utilizing an additive Schwarz
domain decomposition preconditioner, by using an Eulerian-Lagrangian method for convection-diffusion
equations and by delicately choosing appropriate interface conditions that fully respect and utilize the
hyperbolic nature of the governing equations. Numerical experiments are presented to illustrate the
method. © 2004 Wiley Periodicals, Inc. Numer Methods Partial Differential Eq 21: 89–103, 2005
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I. INTRODUCTION

Unsteady-state (time-dependent) convection-diffusion partial differential equations (PDEs) arise
in petroleum reservoir simulation, subsurface contaminant remediation, and many other appli-
cations. These problems admit solutions with moving sharp fronts and complicated structures,
which present serious numerical difficulties. Furthermore, an identifying feature of these
applications is the presence of extremely large-scale fluid flows coupled with transient transport
of physical quantities such as pollutants and temperature. Therefore, an extremely refined global
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mesh will result in excessive computational cost. Domain decomposition methods (DDMs)
provide a feasible approach for handling these problems. Different physical, mathematical, or
numerical models can be set up on different subdomains based on the properties and scales of
the problems. Moreover, the subproblems in different subdomains can be solved in parallel, by
using DDMs as an iterative solution procedure or as a preconditioner. Nevertheless, many
DDMs that are well suited for elliptic or parabolic PDEs [1, 2] could have a less promising
performance for convection-diffusion PDEs. The fundamental reason for this is that these
methods do not necessarily respect the hyperbolic nature of convection-diffusion PDEs. Cai [3,
4] developed and analyzed multilevel additive and multiplicative Schwarz DDM precondition-
ers for non-self-adjoint parabolic PDEs. The Adaptive Dirichlet-Neumann and Adaptive Robin-
Neumann nonoverlapping DDMs [5, 6] choose the interface matching conditions to be adapted
to local flow direction in solving stationary convection-diffusion PDEs. Numerical damping
effect is introduced in [7] via a streamline diffusion finite element method. Because the
underlying methods are Eulerian type, these DDMs generate discrete algebraic systems with
strongly nonsymmetric coefficient matrices at each time step. Hence, these methods tend to
require extra computational effort and cost [8].

Eulerian-Lagrangian methods [9, 10] carry out temporal discretization along characteristics
by combining the advective component with the accumulation term through characteristic
tracking and treat the diffusion separately in an Eulerian manner. They symmetrize the
governing equations and generate accurate numerical solutions even if large time steps are used.
Hence, several overlapping characteristic DDMs [11] have been developed for convection-
diffusion PDEs, which have demonstrated the strength of characteristic DDMs. However, few
characteristics nonoverlapping DDMs can be found in the literature, partly due to the fact that
many earlier characteristic methods have difficulties in treating general boundary conditions. In
such applications as mathematical and numerical modeling of subsurface flow through porous
media with physical or numerical interfaces, nonoverlapping DDMs are particularly preferred.

In this article we develop a quasi-two-level, coarse-mesh-free characteristic nonoverlapping
DDM for time-dependent convection-diffusion PDEs in multiple space dimensions. The DDM
is developed based upon an Eulerian-Lagrangian localized adjoint method (ELLAM), which
solves time-dependent convection-diffusion PDEs with general boundary conditions in a con-
servative manner [12]. The development of the DDM is carried out by using an additive
Schwarz DDM framework, by taking the full advantages of the Lagrangian nature of convec-
tion-diffusion PDEs (e.g., finite propagation speed of advective transport, virtually local infor-
mation exchange), and by delicately choosing appropriate interface conditions that fully respect
and utilize the hyperbolic nature of the governing equations.

The rest of this article is organized as follows. In section II we outline an underlying ELLAM
formulation for convection-diffusion PDEs. In section III we develop a nonoverlapping coarse-
mesh-free characteristic DDM. In section IV we present numerical experiments to show the
strong potential of the method. Finally a summary is given in section V.

II. AN UNDERLYING EULERIAN-LAGRANGIAN FORMULATION

An excellent overview about the current state of research on ELLAM was given in [13]. In this
section, we apply the ELLAM methodology to study the following unsteady-state linear
convection-diffusion PDE

ut � � � �vu � D�u� � f �x, t�, x � �, t � �0, T�, (2.1)
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and outline an ELLAM scheme for (2.1). Here � is a domain in �d with boundary � :� ��;
u(x, t) is the unknown function; v(x, t) is a velocity field; D(x, t) is a diffusion-dispersion tensor;
and f (x, t) is a source/sink term.

Let �I, �O, and �N be the inflow, outflow, and noflow boundaries identified by

�I :� 	x�x � �, v � n � 0
, �O :� 	x�x � �, v � n � 0
, �N :� 	x�x � �, v � n � 0
, (2.2)

where n(x) is the outward unit normal vector. The ELLAM framework can treat any boundary
conditions [12, 14]. But we restrict ourselves to the following boundary and initial conditions
that are typical in applications:

u�x, t� � gO�x, t�, x � �O, t � �0, T�,

�vu � D�u��x, t� � n � gI�x, t�, x � �I, t � �0, T�,

� D�u�x, t� � n � 0, x � �N, t � �0, T�,

u�x, 0� � u0�x�, x � �. (2.3)

Let 0 � t0 � t1 � . . . � tn�1 � tn � . . . � tN � T be a partition of [0, T] with tn :�
tn � tn�1. We multiply Equation (2.1) by test functions w (x, t) that vanish outside the space-time
strip � � (tn�1, tn] and are discontinuous in time at time tn�1. Then integration by parts leads
us to the following weak form:

�
�

u�x, tn�w �x, tn�dx � �
tn�1

tn �
�

�D�u� � �wdxdt � �
tn�1

tn �
��

�vu � D�u� � nwdS

� �
tn�1

tn �
�

u�wt � v � �w�dxdt � �
�

u�x, tn�1�w �x, tn�1
� �dx � �

tn�1

tn �
�

� fw��x, t�dxdt, (2.4)

where dS is the differential element on �� and w�x, tn�1
� � :� limt3tn�1

� w �x, t� takes into account
the fact that w (x, t) is discontinuous in time at time tn�1.

The ELLAM formalism takes advantage of the hyperbolic nature of convection-diffusion
PDEs to require the test functions to satisfy the adjoint equation:

wt � v � �w � 0. (2.5)

This cancels the last term on the left side of the weak form and implies that test functions are
constants along the characteristics defined by the initial value problem to ordinary differential
equations:

�dy
ds

� v�y, s�

y�s; x, t��s�t � x
(2.6)

For convenience, we denote �n
I :� �I � [tn�1, tn], �n

O :� �O � [tn�1, tn], and �n
N :� �N

� [tn�1, tn]. For any x � �, if (x, tn) backtracks along characteristic to (x*, t*) � �n
I or �
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at time tn�1, we define t I(x, tn) :� tn � t* or tn � tn�1, respectively. Similarly, for any (y, t) �
�n

O, if it backtracks to (y*, t*) � �n
I or � at time tn�1, we define tO(y, t) :� t � t* or tn � tn�1,

respectively.
Figure 1 provides a graphic illustration of various possibilities in the characteristic tracking,

under the assumption that the spatial domain � is a two-dimensional rectangular domain and
that the left and front faces of the space-time domain � � [tn�1, tn] are inflow boundary and the
right and back faces are outflow boundary. In Fig. 1, A1 and A2 are in � at time tn�1, while B1

and B2 are in � at time tn. C1 and C2 are on the inflow boundary �n
I , while D1 and D2 are on

the outflow boundary �n
O.

By enforcing backward Euler quadrature on � at time tn and �n
O, we obtain

�
tn�1

tn �
�

f �x, t�w �x, t�dxdt � �
�

tI�x, tn�f �x, tn�w �x, tn�dx

� �
�n

O

tO�y, t�f �y, t�w �y, t��v � n�dS � E� f, w�.

Similarly, the diffusion term can be evaluated as

�
tn�1

tn �
�

��D�u� � �w��x, t�dxdt � �
�

tI�x, tn���D�u� � �w��x, tn�dx

� �
�n

O

tO�y, t���D�u� � �w��y, t��v � n�dS � E�D, u, w�.

FIG. 1. Characteristics and flows.
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The above two formulas rely on backward Euler quadrature to approximate the correspond-
ing integrals in the weak form (2.4). It should be pointed out that higher order numerical
quadratures have also been used to establish ELLAM formulation [15, 16].

Dropping the error terms in the source and diffusion terms and breaking up the boundary
term, we obtain the following weak formulation: Find u(x, t) � H1(� � (tn�1, tn]) such that for
any w (x, t) � H1(� � (tn�1, tn]) satisfying the adjoint equation (2.5), the following holds

�
�

u�x, tn�w �x, tn�dx � �
�

tI�x, tn��D�u � �w��x, tn�dx � �
�n

O

tO�y, t��D�u� � �w)�y, t��v � n�dS

� �
�n

O

�vu � D�u� � nw �y, t�dS � �
�n

I

�vu � D�u� � nw �y, t�dS � �
�

u�x, tn�1�w �x, tn�1
� �dx

� �
�

tI�x, tn�f �x, tn�w �x, tn�dx � �
�n

O

tO�y, t�f �y, t�w �y, t��v � n�dS. (2.7)

III. A CHARACTERISTIC NONOVERLAPPING DOMAIN DECOMPOSITION METHOD

The ELLAM formulation (2.7) yields a discrete algebraic system with a banded, symmetric, and
positive-definite (SPD) coefficient matrix [8, 12, 14]. Therefore, the ELLAM scheme can be
solved by conjugate gradient (CG) types of methods. It can also be used in the construction of
an additive Schwarz domain decomposition preconditioner to expedite the convergence of the
PCG method.

A. An Additive Schwarz Preconditioner

Let A be the coefficient matrix of the ELLAM formulation (2.7) and B be an SPD preconditioner
of A. Let u be the resulting solution vector with its entries being the nodal values of the ELLAM
solution, and uk be the kth iterative solution. Then the convergence rate of a preconditioned
conjugate gradient (PCG) method is

�uk � u�A � 2����BA� � 1

���BA� � 1�
k

�u0 � u�A, (3.1)

where ���A :� �(A�, �) is the discrete energy norm and �(A) :� 	max(A)/	min(A) is the condition
number of A.

A great deal of effort has been cast into constructing good preconditioners that are compu-
tationally inexpensive and reduce the condition number �(BA) significantly. The additive
Schwarz DDM proves to be a very effective preconditioner. Let V be an n-dimensional vector
space wit V� being its dual space, and Vj ( j � 1, . . . , J ) be auxiliary vector spaces. Let A :
V3 V� and Aj : Vj3 V�j be SPD operators, and Ij : Vj3 V be linear operators connecting the
auxiliary spaces Vj to the space V. If the following space decomposition holds

V � �
j�1

J

Ij�Vj�, (3.2)
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then an abstract additive Schwarz preconditioner B : V� 3 V for A is constructed as follows
[1, 17]:

B :� �
j�0

J

IjAj
�1Ij

t, (3.3)

where Aj
�1 is the inverse operator of Aj and Ij

t is the transpose of Ij (see Fig. 2).

B. Artificial Boundary Conditions and Interface Matching Conditions

To develop a characteristic nonoverlapping DDM, we use the ELLAM formulation (2.7) as an
underlying numerical scheme to solve the governing convection-diffusion PDE (2.1) over the
global domain �. We also use a modified ELLAM formulation as a subdomain solver on each
subdomain �j in an abstract two-level additive Schwarz preconditioner (3.3). To do so, we need
to specify artificial inflow or outflow boundary conditions on the internal boundary ��j
� of the
subdomain �j. We also need to propose appropriate interface matching conditions for adjacent
subdomains. It is known that boundary conditions for convection-diffusion PDEs are not
symmetric with respect to the inflow and outflow boundaries. The numerical solutions to
convection-diffusion equations are very sensitive to flow directions and the types of boundary
conditions specified at inflow or outflow boundaries [14, 18]. Therefore, the artificial inflow and
outflow boundary conditions at the boundaries of each subdomain must be chosen carefully.
Notice that physically the total flux must be continuous across an interface. The unknown
function should be continuous (or at least the left- and right-limits of the function should satisfy
certain condition as in the case of multiphase flows) across an interface. Thus, we choose Robin
and Dirichlet conditions as interface matching conditions (see Fig. 3).

C. A Modified ELLAM Scheme on Subdomains

For each subdomain �j, we identify its inflow boundary ��j
I, outflow boundary ��j

O, and noflow
boundary ��j

N by

��j
I :� 	x�x � ��j, v � n � 0
, ��j

O :� 	x�x � ��j, v � n � 0
, ��j
N :� 	x�x � ��j, v � n � 0
. (3.4)

Let Sh :� Sh(�j) be the space of continuous piecewise linear polynomials on �j associated
with the partition given by the restriction of the partition �h on �j. We define the finite element
trial space Sh

trl(�j) to be the restriction of Sh(�) on �j. For test functions, we add the test

FIG. 2. Abstract additive Schwarz preconditioner.
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functions associated with the nodes on the outflow boundary ��j
O to the test functions at their

neighboring nodes on the same element [14]. The corresponding test space is denoted by
Sh

tst(�j). A modified ELLAM scheme based on the ELLAM formulation (2.7) on �j can be
formulated as follows: Seek U � Sh

trl(�j) with U � gO on ��j such that

�
�j

U�x, tn�w �x, tn�dx � �
�j

tj
I�x, tn��D�U � �w��x, tn�dx � �

�j

U�x, tn�1�w �x, tn�1
� �dx

� �
�j

tj
I�x, tn�f �x, tn�w �x, tn�dx � �

tn�1

tn �
��j

I

gI�y, t�w �y, t�dS. (3.5)

On ��j
I � �I, we use the prescribed Robin data gI(x, t) given in (2.3). Then tj

I(x, tn) in (3.5)
is just t I(x, tn) defined in the ELLAM reference equation (2.7). On ��j

I
�I, we take

gI�x, tn� :� �vu � D�u��x*, tn�1� with x* :� y�tn�1; x, tn� (3.6)

and

tj
I�x, tn� :� tn. (3.7)

Similarly, on ��j
O � �O, we use the prescribed Dirichlet data gO(x, t) given in (2.3). On

��j
O
�O, we define an artificial outflow Dirichlet boundary data by

gO�x, tn� :� U�x*, tn�1� with x* :� y�tn�1; x, tn�. (3.8)

In general, a blind specification of an artificial Dirichlet boundary data often introduces artificial
boundary layers and causes numerical difficulties. Here, we fully utilize the hyperbolic nature

FIG. 3. Internal boundary conditions.
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of convection-diffusion PDEs to specify a Dirichlet condition based on characteristic tracking.
The errors incurred are small, as pointed out in [14].

D. A Quasi-Two-Level Coarse-Mesh-Free Characteristic Nonoverlapping DDM

After artificial boundary conditions and interface matching conditions are specified as above, the
ELLAM formulation (2.7) on the global domain � and (3.5) on subdomains �j for j � 1, . . . ,
J will produce SPD coefficient matrices. Let V :� �h(�) and Vj :� �h(�j) for j � 1, . . . , J, then
by construction

V � I1�V1� � · · · � IJ�VJ�, (3.9)

where Ij is the mapping from the local nodal labeling on subdomain �j to the global nodal
labeling on the whole domain � as illustrated in Fig. 4, and Ij

t is the corresponding reversal
mapping. Thus, the current setting fits into the abstract additive Schwarz framework. Therefore,
we can construct an additive Schwarz domain decomposition preconditioner according to (3.3).

The iterations in PCG involve multiplications of the matrices A and B with vectors. Because
the coefficient matrix A is sparse and SPD, the operation Av needs computations on the order
of number of unknowns and is straightforward. However, the operation Bv requires some extra
work. Notice that

Bv � �
j�1

J

�IjAj
�1Ij

t�v. (3.10)

The multiplication of Ij
t or Ij with a vector is just a restriction or prolongation of the vector. Let

w :� Ij
tv and Aj� � w. In general, we do not compute or formulation Aj

�1 explicitly, because
it is very expensive to compute and no longer a sparse matrix even though Aj is. Any suitable
exact or inexact solver can be used to implement the action of Aj

�1 by solving the local problem
via a direct or iterative algorithm. For example, it can be a multigrid solver or a recursive use
of the current DDM preconditioner.

FIG. 4. Local versus global labeling of nodes.
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The artificial boundary conditions (3.6) and (3.8) defined along the characteristics from the
solution at the previous time step can be viewed as a coarse mesh solution, in the quasi-two-
level, characteristic nonoverlapping DDM. In the context of convection-diffusion PDE (2.1),
convection dominates fluid flow process. Hence, the propagation of information is virtually
local. Consequently, the coarse mesh solution generated via the artificial boundary conditions
across subdomain boundaries provides a fairly accurate approximation. The effect of diffusion
is picked up via the ELLAM formulation in the DDM. Some of the authors previously derived
optimal-order asymptotic error estimates for ELLAM schemes for linear convection-diffusion
PDEs in multiple space dimensions [18, 19]. The theoretical estimates for two-level additive
Schwarz DDMs can be found in [17] for elliptic PDEs, while estimates for DDMs for non
self-adjoint parabolic PDEs can be found in [3, 4]. A theoretical error estimate for the
characteristic nonoverlapping DDM developed in this article will be studied in subsequent
articles.

IV. NUMERICAL EXPERIMENTS

In this section we carry out numerical experiments to investigate the performance of the
characteristic nonoverlapping DDM developed in this article. In the numerical experiments, we
use the standard CG algorithm as an inner iterative solver to solve the modified ELLAM scheme
(3.5) on each subdomain �j in the nonoverlapping additive Schwarz preconditioner (3.3). Then
we use the PCG algorithm equipped with the nonoverlapping additive Schwarz preconditioner
(3.3) as an outer iterative solver for the ELLAM scheme (2.7) imposed on the global domain �.

A. A Rotating Gaussian Pulse

In this subsection, we consider the transport of a rotating Gaussian pulse in a two-dimensional
square domain. In the example run, the velocity field is given by V1(x, y) � �4y, V2(x, y) � 4x,
and the diffusion tensor is taken as D � DI with D being a positive constant. The source f � 0
and the initial condition is

u0�x, y� � exp��
�x � xc�

2 � �y � yc�
2

2�2 �, (4.1)

where (xc, yc) and � are the center and standard deviation, respectively. The analytical solution
for this problem is given by

u�x, y, t� �
2�2

2�2 � 4Dt
exp��

�x* � xc�
2 � �y* � yc�

2

2�2 � 4Dt
�, (4.2)

where

�x* � �cos 4t�x � �sin 4t�y,

y* � ��sin 4t�x � �cos 4t�y. (4.3)

Additional data are given as follows: � � [�0.5, 0.5] � [�0.5, 0.5], T � �/2, D � 0.0005,
(xc, yc) � (�0.25, 0), � � 0.0447, t � �/32, h � 1/128, and 10�6 as the tolerance for both
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the interior CG iterative solver on each subdomain and the outer PCG iterative solver on the
global domain.

This problem provides an example of a transient two-dimensional homogeneous convection-
diffusion PDE with a variable velocity field and a known analytical solution and can be viewed
as an incompressible fluid flow through a two-dimensional homogeneous porous medium.
Moreover, this problem switches from convection dominance in most of the domain to diffusion
dominance in the region that is close to the origin. These types of problems often arise in many
important applications and are more difficult to handle compared with purely convection- or
diffusion-dominated problems. Consequently, this example has been used widely to test for
numerical artifacts of different schemes, such as numerical stability, numerical dispersion,
spurious undershoot or overshoot, deformation, and phase errors as well as other numerical
effects arising in porous medium fluid flows [8, 14, 20].

Previous numerical experiments [8, 14, 15] revealed that some widely used numerical
methods could suffer from one or a combination of the numerical artifacts mentioned above.
These experiments also show that ELLAM schemes generate accurate numerical solutions that
are free of these numerical artifacts, even if very large spatial grids and time steps are used. The
objective of the numerical experiments in this section is to investigate whether the characteristic
nonoverlapping DDM based on the ELLAM formulation (2.7) inherits the numerical advantages
of the ELLAM schemes and is free of the numerical artifacts that are typical for numerical
methods for transient convection-diffusion PDEs. To carefully study the performance of the
characteristic nonoverlapping DDM, we present the error between the DDM solution and the
analytical solution as well as the error between the ELLAM solution (without using DDM) are
the analytical solution in L1, L2, and L� norms in Table I. In addition, we measure the maximum
and minimum of the DDM solution, the ELLAM solution, and the analytical solution in Table
I to observe any possible undershoot or overshoot of the DDM solution. We present the surface
and contour plots of the DDM solution and the analytical solution in Fig. 5. These experiments
illustrate that the characteristic nonoverlapping DDM solution is comparable with the ELLAM
solution without domain decomposition, while the ELLAM scheme has been shown to be very
competitive with many widely used numerical methods for time-dependent convection-diffusion
PDEs [8, 14, 15].

B. A Horizontal Flow

In this subsection, we carry out numerical experiments to observe the convergence behavior of
the additive Schwarz DDM preconditioner. In the example run, the spatial domain � � [0, 1]
� [0, 1] and the time interval [0, T] � [0, 0.7]. The velocity field is given by V1(x, y) � 1 and
V2(x, y) � 0. The diffusion-dispersion tensor is diagonal

D � �D11 0
0 D22

�,

TABLE I. Results for rotating Gaussian pulse with h � 1/128.

Exact solution No decomposition 2 � 2 decomposition

Umax 0.560, 095 0.561, 706, 477 0.561, 704, 0.28
Umin 0.0 0.0 0.0
L� error N/A 0.002, 369, 060 0.002, 369, 007
L2 error N/A 0.000, 107, 382 0.000, 107, 385
L1 error N/A 0.000, 022, 735 0.000, 022, 749
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with diagonal entries D11 and D22 being piecewise constants as shown in Fig. 6.
A discontinuous inflow Robin boundary data is specified on the left side of the domain

g�y� � �1 �y �
1
2
� �

1
32

0 otherwise
(4.4)

and accordingly

gI :� �vg � D�g� � n. (4.5)

A homogeneous Dirichlet data is imposed on the outflow boundary on the right side of the
domain

FIG. 5. Contour and surface plots of Gaussian pulse with D � 0.0005. (a) Exact solution; (b) h � 1/128,
2 � 2 subdomains; (c) exact solution; (d) h � 1/128, 2 � 2 subdomains.
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gO�y� 	 0, @t � �0, T�. (4.6)

Both the top and the bottom sides are noflow boundaries. The initial condition is given as
u0( x, y) � 0. Because the analytical solution is not available, we compare the numerical
solutions generated by the nonoverlapping DDM with the ELLAM solution on the entire
domain. The numerical solutions obtained with 10 time steps are presented in Fig. 7 and
Table II. The tolerance for both the inner CG iterations and the outer PCG iterations are
chosen to be 10�6. These results show that the characteristic nonoverlapping DDM
generates comparable solutions with the ELLAM scheme without a DDM even though the
diffusion term has jumps.

To observe the convergence rate of the additive Schwarz characteristic nonoverlapping DDM
preconditioner, we measure the number of outer PCG iterations for the preconditioner and the
number of iterations for the ELLAM scheme without DDM in Table III for each of the 10 time
steps. On the basis of the related theoretical convergence analysis for overlapping or nonover-
lapping additive Schwarz DDM preconditioners for elliptic or non self-adjoint parabolic PDEs
[1–4, 17], we expect that the convergence rate of the additive Schwarz characteristic nonover-
lapping DDM preconditioner is of the form (H/h)2 up to some ln(H/h) factors for any fixed time
steps. Here H is the diameter of coarse mesh. Our preliminary numerical results in Table III
confirmed this convergence behavior.

V. SUMMARY

This article is a continuation of the efforts in [21, 22, 23]. We base on an ELLAM
formulation and an abstract additive Schwarz framework to develop a quasi-two-level,
coarse-mesh-free, characteristic nonoverlapping domain decomposition method for the
solution of time-dependent convection-diffusion transport PDEs in multiple space dimen-
sions. This method fully utilizes the hyperbolic nature of governing convection-diffusion
PDEs to choose the appropriate artificial boundary conditions and interface matching
conditions across the internal boundaries of different subdomains. Numerical results show
that the developed domain decomposition method generates accurate numerical solutions

FIG. 6. Values of D11 and D22 on domain [0, 1] � [0, 1].
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without noticeable artifacts. Theoretical analysis of the proposed domain decomposition
method will be presented in our future work.

The authors express their sincere thanks to the referees for their very valuable comments and
suggestions, which greatly improved the quality of this article.

FIG. 7. Contour and surface plots of horizontal flow with h � 1/128. (a) No decomposition; (b) 2 � 2
decomposition; (c) no decomposition; (d) 2 � 2 decomposition.

TABLE II. Approximation errors for the horizontal flow.

No decomposition Decomposition

h 1/128 1/256 1/128 1/256
No. of subdomains N/A N/A 2 � 2 2 � 2
Umin 0 0 0 0
Umax 1.017, 343 1.010, 969 1.036, 412 1.010, 981
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