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Exam Policy

(i) No calculator, textbook, homework, or any other references should be used. Please
write down all necessary steps, partial credit will be given if deserved.

(ii) You could use one letter-size 2-sided Cheat Sheet for this exam.

Good luck!



(10 points) Problem 1. True or False, circle your answer (2 points for each item, no
partial credit).

(i) ﬂT)\ (F) If z(t) is a solution of the ODE z”(t) + 42'(t) + 3z(t) = 0, then
lim z(t) = 0.
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(u)@) (F)  The function z(t) = €' + e is a solution to the 3rd order ODE
2" (t) + 32" (t) — 4z(t) = 0.

(iii) ( (I ) (F) Suppose y1(t) = 3te™ and yo(t) = (1 + t2)e~t are both solutions of a

2nd order ODE y"(t)+p(t)y'(t) +q(t)y(t) = 0. Then y;(¢), y2(t) form a fundamental
set of solutions.
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(iv) (T) < (F) VA 2 x 2 real matrix has at least one real eigenvalue.

(v) (T) ((F)) The ODE z"(t) + 9z(¢) = 0 models a damped harmonic motion.
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(10 points) Problem 2. Consider t;le autonomous ODE system

| { 2(t) = (z,y) =~y + 2@ +17 — )

y'(t)=g(z,y) =z —y(@®+y° - 1)

Determine whether the following statements are True or False, circle your answer (2
points for each item, no partial credit).

(i) @ (F)  z(t) = cos(t),y(t) = sin(t) is a solution of the ODE system.
(ii) @ (F)  The partial derivative f,(z,y) is continuous on the whole plane R2.

(i) (T)) (F) There exists a unique solution curve on the phase plane that passes
through the point A(1,0).

SN
(iv)@ (F)  There exists a unique solution curve on the phase plane that passes
rough the point B(—0.5,0).

(v) (T) ((F)) There is a solution curve on the phase plane that passes through both
points A(1,0) and B(—0.5,0). :
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(10 points) Problem 3. In an experiment,
o A 5-kg mass is attached to a spring;

o The displacement of the mass-spring equilibrium from the spring equilibrium is
measured to be 0.75m;

e The mass is then displaced 0.36m upward from the mass-spring equilibrium;

o Then the system is given a sharp downward tap, imparting an instantaneous down-
ward velocity of 0.45m/s.

Assume there is no damping present. Set up (but do not solve) an initial value problem
for the resulting motion.
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(10 points) Problem 4. Find@real—valued general solution for the ODE \‘{)
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(10 points) Problem 5. Find the solution for the initial value problem

V') —2/(®) +y(t) =0, y(0)=2, y'(0)=-3.
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(10 points) Problem 6. Consider a 4th order constant coefficient linear ODE

y@(t) —y(t) = 0.
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(i) Find all roots of the characteristic equation;

(ii) Write down a real-valued general solution. S P\-,5
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(10 points) Problem 7. Consider a second order ODE
o’ (t) + 27/ (t) = 3z — z°.
(i) Convert the above ODE into a first-order ODE system:;
(ii) Find all equilibria of the first-order ODE system.
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(10 points) Problem 8. Consider an ODE system x'(t) = Ax(t) with A = [ g —411 ] .

It is known that A = 5 + 2¢ is an eigenvalue of A and w = [ 1 _1 9% } is an eigenvector
assocaited with A.
‘} (i) Write down a real-valued general solution for the ODE system;
3 (ii) Classify the equilibrium at the origin (stable/unstable? center/nodal/saddle/spiral?)
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(10 points) Problem 9. Given an order 3 matrix A =

2 11
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are two eigenvalues of A. Find one eigenvector for each of the two eigenvalues.
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(10 points) Problem 10. Consider an ODE system x'(t) = Ax(t) with A =

It is known that

e 0 is an eigenvalue with algebraic multiplicity 1 and has an eigenvector [—2, -1, 1]7;

e —1 is an eigenvalue with algebraic multiplicity 2 and has an eigenvector [1,0,0]%.

Find a general solution for the ODE system.
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