
An overview of research on Eulerian–Lagrangian localized
adjoint methods (ELLAM)

Thomas F. Russell a,*, Michael A. Celia b

a Department of Mathematics, University of Colorado at Denver, Denver, CO 80217-3364, USA
b Department of Civil and Environmental Engineering, Princeton University, Princeton, NJ 08544, USA

Received 29 January 2002; received in revised form 28 February 2002; accepted 10 March 2002

Abstract

For problems of convection–diffusion type, Eulerian–Lagrangian localized adjoint methods provide a methodology that

maintains the accuracy and efficiency of Eulerian–Lagrangian methods, while also conserving mass and systematically treating any

type of boundary condition. In groundwater hydrology, this framework is useful for solute transport, as well as vadose-zone

transport, multiphase transport, and reactive flows. The formulation was originated around 1990 by the authors, Herrera and

Ewing, in a paper that appeared in Advances in Water Resources [Adv. Water Resour. 13 (1990) 187]. This paper reviews the

progress in the development, analysis, and application of these methods since 1990, and suggests topics for future work.

� 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

The Eulerian–Lagrangian localized adjoint method
(ELLAM) was developed about 10 years ago, with the

first journal publication appearing in Advances in Water

Resources in 1990. Since that time, the method has been

expanded and modified in a number of important ways.

Today, the method can be applied to many practical

problems, and continues to undergo development to

address new and more complex applications.

ELLAM is an attractive numerical approach for so-
lution of contaminant transport problems because it is

general, it is based on a sound theoretical foundation, it

uses a characteristic framework in which approximating

equations are written, and mass conservation is an in-

herent property of the method. The approach is based

on test functions that are defined as solutions to the

formal adjoint operator defined on local space-time

partitions of the domain. The initial journal publication
[11] appeared in Advances in Water Resources, and

dealt with a simple one-dimensional, constant-coeffi-

cient, transient advection–diffusion equation. Celia et al.

showed both the superior numerical performance, and

the mass-conservation properties of the method. Since

that publication, the ELLAM has been developed for,

and applied to, a number of more complex problems,

including two- and three-dimensional advection–diffu-
sion–reaction equations (see, for example, [7,27,55,60]).

In all of these cases, ELLAM performs well because it

combines a Lagrangian approach for the advective

terms with appropriate approximations, consistent with

the Lagrangian framework, for other terms in the

equations. Such an approach often produces effective

and robust numerical methods for complex transport

equations.
In the present paper, we present a general overview

and review of the ELLAM approach for solution of

contaminant transport equations. We begin with a pre-

sentation of the ELLAM framework, in which the

salient features of the method are presented for a one-

dimensional advection–diffusion–reaction equation. We

choose a relatively simple example in order to demon-

strate the basic features of the method in a simple set-
ting. This presentation is followed by a discussion of

how ELLAM has been extended for application to

practical problems. Extensions include two and three

spatial dimensions, nonconstant coefficients, nonlinear-

ities, and details of tracking algorithms. Following this,

we survey application areas for which ELLAM has been

applied, choosing a few example solutions to demon-

strate the kinds of problems that have been solved.
Finally, we provide a few brief comments on other
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Eulerian–Lagrangian methods used to solve transport

equations, discuss how these methods relate to the

ELLAM framework, and conclude with suggestions of

topics for future research.

2. The ELLAM framework

To describe the general ideas that underlie the

ELLAM approach, a simple one-dimensional advec-

tion–diffusion–reaction equation will be approximated

using the method. This allows the important steps in the

procedure to be highlighted and described in a simple
setting. Once the framework is completed for this case, a

variety of extensions will be presented to allow practical

applications to be solved.

To develop the ELLAM framework, the following

advection–diffusion–reaction equation in one space

dimension will be used as a model:

R
ou
ot

þ V
ou
ox

� D
o2u
ox2

þ ku ¼ f ðx; tÞ; 0 < x < L; t > 0:

ð1Þ
For simplicity, assume that the coefficients are con-

stants. The ELLAM idea uses general concepts of lo-

calized adjoint methods [28,29] to define test functions

based on specific solutions to the homogeneous adjoint
equation associated with the governing equation (1).

Test functions for ELLAM use space-time formulations

such that solutions are sought to the following weak

form of the governing equation:Z
Xt

Z
Xx

R
ou
ot

�
þ V

ou
ox

� D
o2u
ox2

þ ku
�
wðx; tÞdxdt

¼
Z

Xt

Z
Xx

f ðx; tÞwðx; tÞdxdt: ð2Þ

Integration by parts in both space and time yields the

adjoint operator, and the test function is chosen to

satisfy the homogeneous version of the adjoint equation,

�R
ow
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� V
ow
ox

� D
o2w
ox2

þ kw ¼ 0: ð3Þ

The ELLAM approximation results from a specific so-

lution to this equation, based on an operator splitting

approach, such that w is required to satisfy the following

equations:

� R
ow
ot

� V
ow
ox

þ kw ¼ 0;

D
o2w
ox2

¼ 0:

ð4Þ

The function satisfying Eq. (4) is linear in x while

varying exponentially along the characteristic directions

given by

dx
dt

¼ V
R
: ð5Þ

Discrete approximations require discretization of the

spatial and temporal domains with subsequent applica-

tion of the ELLAM ideas in this discretized system. Let

the spatial domain be discretized using N discrete points

(nodes), separated by distances Dxi ¼ xiþ1 � xi,
i ¼ 1; 2; . . . ;N � 1. Let the time domain be discretized

using discrete time levels tn separated by Dtn ¼ tnþ1 � tn,
n ¼ 0; 1; 2; . . . In this discrete system, time-stepping from

one time level to the next (tn to tnþ1) requires N equa-

tions for the N unknowns at the new time level. To

construct these equations, one ELLAM test function is

associated with each of the nodal points i at the new

time level tnþ1. This test function is denoted by wnþ1
i ðx; tÞ.

The ELLAM procedure defines test functions that sat-

isfy Eqs. (4) piecewise, on a space-time grid that is

consistent with the characteristic directions of Eq. (5).

One standard choice is the usual piecewise-linear func-

tion defined with respect to the spatial grid points at

time tnþ1, tracking along the relevant characteristics to

time tn, and modified for the exponential behavior due

to the reaction term in the equation:

wnþ1
i ðx; tÞ ¼

x��x�i�1

Dxi�1

� �
exp k

R t � tnð Þ
� �

;

x�i�1 6 x� 6 x�i ; t
n < t < tnþ1;

x�iþ1
�x�

Dxi

� �
exp k

R t � tnð Þ
� �

;

x�i 6 x� 6 x�iþ1; t
n < t < tnþ1;

0; all other x�; t;

8>>>>>><>>>>>>:
ð6Þ

where

x� � x� V
R

tnþ1
�

� t

: ð7Þ

This function is shown schematically in Fig. 1, for the

case of k ¼ 0. The ELLAM equations on the discretized
domain then take the formZ

Xt

Z
Xx

R
ou
ot

�
þ V

ou
ox

� D
o2u
ox2

þ ku
�
wnþ1

i ðx; tÞdxdt

¼
Z

Xt

Z
Xx

f ðx; tÞwnþ1
i ðx; tÞdxdt: ð8Þ

Fig. 1. One-dimensional ELLAM test function.

1216 T.F. Russell, M.A. Celia / Advances in Water Resources 25 (2002) 1215–1231



Integration by parts, and imposition of the constraints

of Eq. (4), lead to the following ELLAM equation:Z
Xx

Ruðx; tnþ1Þwnþ1
i ðx; tnþ1Þdx�

Z
Xx

Ruðx; tnÞwnþ1
i ðx; tnÞdx

þ D
Z tnþ1

tn

Z
Xx

ou
ox

ownþ1
i

ox
dxdt

¼
Z

Xt

Z
Xx

f ðx; tÞwnþ1
i ðx; tÞdxdt; ð9Þ

where the test function wnþ1
i ðx; tÞ is assumed to remain in

the interior of the spatial domain, such that it is zero at

both the left and right boundaries for all times between

tn and tnþ1.

2.1. Boundary conditions

One of the major advantages of ELLAM is the ability

to incorporate boundary conditions into the approxi-

mating equations with no change in the overall ap-

proach. Boundary terms arise naturally in the ELLAM

formulation, and these terms allow specified bound-

ary conditions to be imposed directly. The ELLAM
boundary terms are a result of nonzero values of test

functions intersecting the spatial boundaries of the do-

main. Consider, for example, the case of the 2-D test

function wnþ1
i ðx; tÞ shown in Fig. 2 intersecting the inflow

boundary (x ¼ 0). When the analogue of this occurs in

1-D, integration by parts applied to Eq. (8) leads to the

following expression:Z
Xx

Ruðx; tnþ1Þwnþ1
i ðx; tnþ1Þdx

�
Z

Xx

Ruðx; tnÞwnþ1
i ðx; tnÞdx

þ D
Z tnþ1

tn

Z
Xx

ou
ox

ownþ1
i

ox
dxdt

�
Z tnþ1

tn
Vuð0; tÞ
�

� D
ou
ox

ð0; tÞ
�
wnþ1

i ð0; tÞdt

¼
Z

Xt

Z
Xx

f ðx; tÞwnþ1
i ðx; tÞdxdt: ð10Þ

In this case, the boundary integral at x ¼ 0 accounts

for mass entering the domain through the boundary,

with that mass reaching the location within the domain

where the test function wnþ1
i ðx; tnþ1Þ is nonzero. This

mass is then accounted for in the equation associated

with test function wnþ1
i .

Outflow boundaries are treated in a similar way. A
boundary integral will appear in any ELLAM equation

for which the test function is nonzero along any part of

the outflow boundary, between times tn and tnþ1. If the

outflow boundary is assumed to be the point x ¼ L; then

the function wnþ1
N ðx; tÞ is the only test function that is

nonzero at x ¼ L. If this test function is defined such that

it is equal to one at all spatial points between x�N ðtnÞ and

xN , at time tn, and it follows the same exponential be-

havior as all other test functions, then an additional

boundary term arises along the outflow boundary for

the equation associated with wnþ1
N ðx; tÞ. That term takes

the formZ tnþ1

tn
VuðL; tÞ
�

� D
ou
ox

ðL; tÞ
�
wnþ1

N ðL; tÞdt: ð11Þ

Given the boundary contributions at both the inflow

and outflow boundaries, a general expression for the

discrete ELLAM equations may be obtained by com-

bination of Eqs. (9)–(11), which leads to the following
equation:Z

Xx

Ruðx; tnþ1Þwnþ1
i ðx; tnþ1Þdx

�
Z

Xx

Ruðx; tnÞwnþ1
i ðx; tnÞdx

þ D
Z tnþ1

tn

Z
Xx

ou
ox

ownþ1
i

ox
dxdt

þ
Z tnþ1

tn
Vuðx; tÞ
��

� D
ou
ox

ðx; tÞ
�
wnþ1

i ðx; tÞ
�����x¼L

x¼0

dt

¼
Z

Xt

Z
Xx

f ðx; tÞwnþ1
i ðx; tÞdxdt: ð12Þ

2.2. Conservation of mass

The natural inclusion of all types of boundary con-

ditions in the ELLAM equations leads to a second

advantage of the method, namely global mass conser-

vation. This is true for both the nonreactive and the
reactive forms of the governing equation. Global

conservation can be shown easily by summation of

all equations, meaning summation of Eq. (12) over

all i ði ¼ 1; 2; . . . ;NÞ. Given that
PN

i¼1 w
nþ1
i ðx; tÞ ¼

exp½ðk=RÞðt � tnÞ	, the resulting summed equations take

the form

Fig. 2. Nonzero support of a two-dimensional test function that in-

tersects the inflow boundary.
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kDtn

R

� �� �Z
Xx

Ruðx; tnþ1Þdx�
Z
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Ruðx; tnÞdx
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Z tnþ1

tn
Vuðx; tÞ
��

� D
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ðx; tÞ
�

exp
k
R

tð
�

� tnÞ
������x¼L

x¼0

dt

¼
Z tnþ1

tn

Z
Xx

f ðx; tÞ exp
k
R

tð
�

� tnÞ
�

dxdt: ð13Þ

This equation can be seen as a discrete (in time)

version of the mass conservation statement that results
from integration of Eq. (1) over the spatial domain, and

between times tn and tnþ1.

While the ELLAM equations provide demonstrable

global mass conservation, the equations based on test

functions of Eq. (6) fail to conserve mass locally. If local

mass conservation is desired, then an alternative choice

for test functions, which still satisfies the constraints of

Eq. (4), may be defined as follows:

wnþ1
i ðx; tÞ ¼

exp k
R t � tnð Þ
� �

;
x�i�1 6 x� 6 x�i ; tn < t < tnþ1;

0; all other x�; t;

8<: ð14Þ

where x� is again as in (7). Eq. (12) remains as the
ELLAM expression for this new set of test functions,

with appropriate treatment of the derivatives in the

diffusion integral. The global mass balance statement of

Eq. (13) also continues to hold, because the summation

of test functions is the same for both sets of functions.

The difference is in local mass conservation, where the

local expression (Eq. (12)) now also corresponds to a

statement of (local) mass conservation.
ELLAM schemes based on the test functions of Eq.

(6) are referred to as finite-element ELLAM (FE-

ELLAM) approximations, while those associated with

the test functions of Eq. (14) are referred to as finite-

volume ELLAM (FV-ELLAM) approximations.

2.3. Evaluation of integrals

The general ELLAM approximation equation has
five general integrals: (1) the spatial integral at the new

time level, (2) the spatial integral at the old time level, (3)

the integral along the inflow boundary, (4) the integral

along the outflow boundary and (5) the integral in-

volving the source/sink term. In order to evaluate these

integrals, specific functional forms must be chosen to

represent the unknown uðx; tÞ. To be consistent with the

discretization that has already been defined, a trial
function may be introduced using standard piecewise

polynomials,

uðx; tÞ 
 ûuðx; tÞ ¼
XN
j¼1

UjðtÞ/jðxÞ: ð15Þ

In this equation, the coefficients Uj represent nodal un-

knowns, defined on the fixed grid, and the /j are inter-

polation functions, typically taken to be piecewise-linear

Lagrange polynomials (chapeau functions). With this

interpolation defined, the different integrals may be

evaluated. The first integral is calculated by substitution

of the trial function into the integrand, such thatZ
Xx

Ruðx; tnþ1Þwnþ1
i ðx; tnþ1Þdx


 R
XN
j¼1

UjðtÞ
Z L

0

/jðxÞwnþ1
i ðx; tnþ1Þdx: ð16Þ

For piecewise-linear functions (both /jðxÞ and

wnþ1
i ðx; tnþ1Þ), this yields standard finite element spatial

weights ð1=6; 2=3; 1=6Þ for the unknowns at the new time

level. For the finite-volume ELLAM, the weights are

ð1=8; 3=4; 1=8Þ: Lumping or other procedures may be
applied to these terms, depending on the system being

modeled and the needs of the application.

The second integral is somewhat more complicated,

because the test function has been translated from tnþ1 to

tn, and therefore is no longer aligned with the spatial

grid points (unless, in this case, the Courant number is

an integer). For the simple case of one spatial dimen-

sion, and constant coefficients, this term can be evalu-
ated analytically. To do so, the test functions are defined

explicitly at time tn, and the resulting product of piece-

wise-linear functions is evaluated. Results for this case

are given in [12]. Because this analytical treatment can-

not be used for more complex problems, a second option

should also be considered. This involves numerical in-

tegration of the formZ
Xx

Ruðx; tnÞwnþ1
i ðx; tnÞdx 


XNP
p¼1

Wp Rûuðxp; tnÞ
h i

wnþ1
i ðxp; tnÞ:

ð17Þ

In this equation, p denotes integration points, Wp are

integration weighting factors, xp is the location of the

integration point, and NP is the total number of inte-

gration points. In Eq. (17), evaluation of the test func-

tion at the spatial integration point, at the old time level,

means that the test function has to be tracked back in

time from tnþ1 to tn (define integration points ~xxp at time
tnþ1; backtrack to find xp ¼ ð~xxpÞ� at tn; then wnþ1

i ðxp; tnÞ in

(17) is determined from (6) or (14) at ð~xxp; tnþ1Þ, and

ûuðxp; tnÞ is determined from (15) by interpolation at

ðxp; tnÞ). An alternative is to forward-track the integra-

tion points, then evaluate the test function at time tnþ1

(define integration points xp at time tn; forward track to

find ~xxp at tnþ1 such that ð~xxpÞ� ¼ xp; then wnþ1
i ðxp; tnÞ is

determined from (6) or (14) by interpolation at ð~xxp; tnþ1Þ,
and buuðxp; tnÞ is determined from (15) at ðxp; tnÞ) [48]. An

advantage of this approach is that, because the test

function is defined with respect to the spatial grid at the

new time level, its evaluation is easy. This is true with or

without the exponential behavior associated with reac-

tion terms. With backtracking, the test function is

1218 T.F. Russell, M.A. Celia / Advances in Water Resources 25 (2002) 1215–1231



defined at (in general) irregularly located points ðxp; tnÞ,
and its interpolation to the spatial domain at tn is not

obvious. While numerical integration is not really nec-

essary for this simplified example (because the integrals

can be evaluated analytically, and tracking of test
functions is easy), it will become important in cases of

multiple spatial dimensions, as discussed in the next

section. Also, notice that Eqs. (16) and (17) apply to

both the FE-ELLAM and the FV-ELLAM.

Accurate numerical integration of this second inte-

gral is important to local and global mass conservation,

and to the qualitative appearance of the numerical so-

lution. For global conservation, consider Eq. (13), which
corresponds to the summed test function wnþ1ðx; tnÞ � 1

at the old time level. For global conservation to hold

numerically, the second term must be evaluated exactly.

This is straightforward with forward tracking of inte-

gration points, because they are defined in a regular

fashion at tn, but is difficult or impossible with back-

tracking in a variable velocity field. With forward

tracking, the mass associated with each integration point
is distributed after tracking to the right-hand sides of the

discrete equations, in accordance with the values of the

corresponding test functions, which sum to 1. The po-

tential difficulties lie in the accurate distribution of the

mass (local conservation); if a cell at tnþ1 receives a

disproportionate share of the forward-tracked integra-

tion points, it can gain an excess of mass, resulting in

spurious oscillations in the numerical solution. This
problem is particularly acute with the discontinuous FV-

ELLAM test functions of (14), so that FV-ELLAM

implementations have smoothed these discontinuities to

some extent in order to mitigate this sensitivity

[6,7,23,27]. One way to understand this problem is to

take uðx; tnÞ � 1 in (17); poor distribution of mass then

corresponds to errors in the integration of wnþ1
i ðx; tnÞ.

This integration is generally inexact with forward
tracking due to interpolation, while with backtracking it

will be exact. There is thus a tradeoff between the ad-

vantages/disadvantages of backtracking (preserves flat

solutions, does not conserve mass, test-function evalu-

ation at tn difficult) and forward tracking (oscillations,

conserves mass, easy test-function evaluation). Recent

implementations have favored forward tracking, with

modifications to avoid oscillations.
The third integral is associated with inflow bound-

aries. Again, analytical evaluations can be used for this

simple case, but numerical integration can also be de-

fined. The approach for this integral is analogous to that

for the spatial integral at the old time level. However,

treatment of the boundary integral depends on the type

of boundary condition specified. Because physically re-

alistic boundary conditions at inflow boundaries are
either fixed concentration or fixed total flux, each of

these will be considered in turn, beginning with the total-

flux condition. Because the integrand involves the total

flux, specification of the total flux means that the

boundary integral can be evaluated directly once the test

function is defined. Backtracking the test function al-

lows for analytical evaluation of this integral; otherwise

numerical integration (now performed in time rather
than space) can be defined. In either case, all informa-

tion in the integrand is known, so the results of the in-

tegration are added to the right side of the equation.

When the boundary condition is a fixed concentration,

only part of the integrand is known (the advective flux),

while the diffusive flux is unknown. In this case, the

integral is split, with the known part taken to the right

side of the equation, and the unknown diffusive flux
remaining on the left side of the equation. In early

versions of ELLAM, the diffusive flux at the boundary

was calculated as an unknown (see, for example, [11]).

This adds an extra discrete unknown (oU1=ox), and

causes some difficulties in terms of matrix structure.

Another option is to approximate the diffusive flux by

forward-tracking the boundary values to the new time

level, then using a discrete approximation for ou=ox at
tnþ1, written in terms of the nodal unknowns at the new

time level, fUjðtnþ1Þg. This preserves matrix structure,

although it introduces an asymmetry into the matrix.

The fourth integral is the boundary integral along the

outflow boundary. While ELLAM can accommodate

any type of boundary conditions, for outflow bound-

aries the usual specification is zero diffusive flux. For

simplicity of presentation, we consider only this condi-
tion. When the diffusive flux is specified as zero, the

diffusive part of the boundary integral is zero, and

therefore only the advective part needs to be evaluated.

The boundary integral requires knowledge of the func-

tion u along the outflow boundary, between times tn and

tnþ1. One option is to define the function as a linear

combination of UN ðtnÞ and UN ðtnþ1Þ, along the time axis.

Then the outflow integral, which applies to the equation
associated with node N , becomesZ tnþ1

tn
V ûuðL; tÞ exp

k
R

tð
�

� tnÞ
�
dt

¼
Z tnþ1

tn
V UN ðtnÞcnðtÞ
�

þ UN ðtnþ1Þcnþ1ðtÞ
�

exp
k
R

tð
�

� tnÞ
�
dt; ð18Þ

where the interpolation functions cn and cnþ1 are ap-

propriate piecewise-linear polynomials. This results in

part of the integral adding to the coefficient for the

unknown UNðtnþ1Þ, and the remainder involving known
information and therefore contributing to the right side

of the equation. While more elaborate schemes are dis-

cussed later in this paper, this simple approximation is

reasonable in many cases.

Finally, the fifth integral involves the source or sink

function in the equation. For a continuous function
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f ðx; tÞ, the integral may be evaluated numerically within

the interior of the domain. Or, if the function is suffi-

ciently simple, analytical evaluation may be used. The

more complex case of point singularities is dealt with in

the next section.

3. Extensions for practical problems

This section extends the framework of Section 2 in

various ways. A wide range of extensions has been de-

veloped, and these are somewhat arbitrarily classified as

spatial, temporal, and physical extensions. A given im-
plementation can and has combined more than one of

these concepts.

3.1. Basic spatial extensions

3.1.1. Multiple spatial dimensions, variable coefficients,

conservative form

A rather general approach to these extensions was
first formulated in [48], based in part on [5]. That for-

mulation did not contain a reaction term, but we include

one here to make this an extension of (8). For R ¼
Rð~xx; tÞ, ~VV ¼ ~VV ð~xx; tÞ, D ¼ Dð~xx; tÞ, k ¼ kð~xx; tÞ, f ¼ f ð~xx; tÞ,
the analogue of (1) is

ðRuÞt þr � ð~VV u�DruÞ þ ku ¼ f : ð19Þ
Multiply by the test function wnþ1

i ð~xx; tÞ, where i is now a

multi-dimensional index, note that ðRuÞtwþr � ð~VV u�
DruÞw¼ðRuwÞt�Ruwtþr�ðð~VV u�DruÞwÞ�ðu~VV �rw�
Dru �rwÞ; and integrate over Xx�Xt (where Xx is now
multi-dimensional) to obtain this extension of (8):Z

Xx

Z
Xt

ðRuwnþ1
i Þtdtd~xxþ

Z
Xt

Z
Xx

r� ðð~VV u�DruÞwnþ1
i Þd~xxdt

þ
Z

Xt

Z
Xx

Dru �rwnþ1
i d~xxdt

þ
Z

Xt

Z
Xx

uð�Rwnþ1
it �~VV �rwnþ1

i þkwnþ1
i Þd~xxdt

¼
Z

Xt

Z
Xx

fwnþ1
i d~xxdt: ð20Þ

Then the ensuing extension of (12), imposing the con-

straint

�Rð~xx; tÞwt � ~VV ð~xx; tÞ � rwþ kð~xx; tÞw ¼ 0; ð21Þ
isZ

Xx

ðRuwnþ1
i Þð~xx; tnþ1Þd~xx�

Z
Xx

ðRuwnþ1
i Þð~xx; tnÞd~xx

þ
Z

Xt

Z
oXx

ð~VV u�DruÞ �~nnwnþ1
i dS dt

þ
Z

Xt

Z
Xx

Dru � rwnþ1
i d~xxdt ¼

Z
Xt

Z
Xx

fwnþ1
i d~xxdt:

ð22Þ

This is a direct approximation of the conservative form

(19); most Eulerian–Lagrangian methods start from a

nonconservative form instead. The test function will

satisfy the adjoint Eq. (21), from which it can be de-

termined as follows.
In 1-D, with variable coefficients, note that (5) is still

appropriate, simply making V ¼ V ðx; tÞ, R ¼ Rðx; tÞ. In

(6), the exponents must be replaced with integrals, viz.:

wnþ1
i ðx�ðtÞ; tÞ ¼ x� xi�1

Dxi�1

� �
exp

Z t

tn

kðx�ðsÞ; sÞ
Rðx�ðsÞ; sÞ ds

� �
;

xi�1 6 x6 xi; tn < t < tnþ1; ð23Þ

etc., where x�ðtÞ is the point at time t corresponding to x
at time tnþ1 along the characteristic curve, i.e., in an

analogue of (7) we have

x�ðtÞ � X ðt; x; tnþ1Þ � x�
Z tnþ1

t

V ðx�ðsÞ; sÞ
Rðx�ðsÞ; sÞ ds;

xi�1 6 x6 xiþ1; tn < t < tnþ1: ð24Þ

Thus, the linear factor in (23) is constant along char-

acteristics. In practice, (23) and (24) must be approxi-

mated, meaning that the constraint (21) is satisfied

approximately, rather than exactly as in (9). In multiple

dimensions, the unmodified piecewise-linear functions
can be used to form tensor-product test functions, e.g.,

wnþ1
ij ðx�ðtÞ;y�ðtÞ; tÞ

¼ x� xi�1

Dxi�1

� �
yjþ1 � y

Dyj

� �
exp

Z t

tn

kðx�ðsÞ;y�ðsÞ;sÞ
Rðx�ðsÞ;y�ðsÞ;sÞ ds

� �
;

xi�16x6xi; yj6y6yjþ1; tn < t< tnþ1: ð25Þ

The FV-ELLAM test functions from (14) can be treated
analogously.

The approximations of (23) and (24) can be viewed as

solving the associated ordinary differential equations

analogous to (4) and (5) exactly with approximate val-

ues of k=R and ~VV =R. It is convenient to suppose that R is

exact, and that k and ~VV are approximated by kð~xx; tÞ and

~VV ð~xx; tÞ, respectively. Then, in place of (21), we have

�Rwt � ~VV � rwþ kw ¼ �ð~VV � ~VV Þ � rwþ ðk � kÞw;
ð26Þ

where the right-hand side can be considered an error or

a residual. One could then, instead of dropping the

fourth term on the left-hand side of (20), treat this term

by approximating the right-hand side of (26). This was
first suggested in [48] and implemented in [19]. Note that

for global mass conservation, where w � 1, the ~VV � ~VV
term vanishes, but the k � k term must be accounted for

precisely in a spatially-integrated-average sense if mass-

balance errors are to be avoided.

Particle-tracking algorithms: Tracking is important in

determining the backtracked point x� in (7) that defines

an ELLAM test function, and also in numerical
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integration of the second, third and fourth integrals in

Section 2.3 (old-time-level spatial and inflow/outflow

boundary integrals). This has been handled in many

papers by various standard Euler or Runge–Kutta

methods that we shall not describe here. Some calcula-
tions have used a ‘‘semi-analytical’’ approach formu-

lated in [46], which is exact for flow (velocity) fields of

the following form on Cartesian grids: on each space-

time cell,

~VV ðx; y; z; tÞ ¼ ðvxðx; tÞ; vyðy; tÞ; vzðz; tÞÞ;
¼ ðaþ bxþ ct þ dxt; eþ fy þ gt þ hyt;

iþ jzþ kt þ lztÞ; ð27Þ

vx is continuous in x and discontinuous in y and z across
cell faces, and continuous in t across time steps; vy and vz

are analogous. This is a lowest-order Raviart–Thomas

(RT0) velocity [42] in space at each time step, like the

‘‘linear’’ velocity of MODFLOW [32,37], with continu-

ous linear interpolation in time. This builds on earlier

semi-analytical work that assumed steady flow

(c ¼ d ¼ g ¼ h ¼ k ¼ l ¼ 0 in (27)) [40] or a piecewise-

constant time derivative (d ¼ h ¼ l ¼ 0) [36].
Mixed finite element method for the flow field: In

problems with heterogeneous permeability or formation

properties, mixed finite element methods are known to

yield more accurate flow fields. Also in view of tracking

algorithms designed for the flow fields obtained from the

RT0 mixed method, as just discussed, it is natural to

consider coupling an ELLAM transport code to a flow

model based on RT0, as done in [62]. In that reference,
these methods were applied to 2-D incompressible mis-

cible displacement (solute transport with concentration-

dependent viscosity), including point sources and sinks.

An analogous development for compressible flow was

presented in [63] and will be extended to single-phase

multicomponent flow in a forthcoming paper.

3.1.2. 3-D implementations

Practical issues motivated by 3-D applications were

discussed in [9]. The general framework described in this

section has been implemented in 3-D for both FE-
ELLAM [7] and FV-ELLAM [7,27]. Some numerical

results from these implementations will be presented in

Section 5. The version of FV-ELLAM in [27] is publicly

available as part of the USGS MOC3D codes (see

[26,27,47] for details).

3.1.3. Sources and sinks

Interior sources and sinks, such as wells, present
difficulties to Lagrangian-based methods because of di-

verging and converging flow fields. In particular, the

velocity representation of (27) cannot be the basis of

accurate tracking for a strong source (resp. sink), one in

which the flux across all faces of the source cell is out-

ward (resp. inward). For example, if the flow is radially

symmetric from the cell center, the interpolation of (27)

would yield a velocity of zero at the center, precisely the

opposite of the expected increase in magnitude near the

center.

A remedy for this problem was developed in [25], and
the essential ideas will be described here. A strong

source cell is treated as if there is instantaneous mixing

throughout the cell, with influx at the specified source

concentration cinj and efflux at the resident concentra-

tion UðtÞ, which is spatially constant in the cell. It fol-

lows that the source-cell concentration over the time

step tn 6 t6 tnþ1 is

UðtÞ ¼ UðtnÞ þ ðcinj � UðtnÞÞð1 � e�qðt�tnÞ=vÞ; ð28Þ
where q is the source flow rate and v is the volume of the

source cell. Because (28) determines UðtÞ in the source

cell, no discrete ELLAM equation is needed for that cell.

The efflux from that cell contributes to the right-hand

sides of the discrete equations for the cells that receive

the efflux, via numerical integrals of the inflow-bound-
ary type (see third integral in Section 2.3) with a fixed-

concentration boundary condition and no diffusive flux

(which is neglected in view of the distributed source).

These integrals involve one time dimension (hence, sub-

time steps) and 0, 1, or 2 space dimensions, with forward

tracking of integration points. To conserve mass exactly,

each point carries the average source concentration over

its sub-time step ðtk; tkþ1Þ, i.e.,

Uðtk; tkþ1Þ ¼
1

tkþ1 � tk

Z tkþ1

tk

UðtÞdt;

which is determined analytically from (28).

In a strong sink cell, the concentration is unknown,

so that a discrete ELLAM equation is needed. Mass that

tracks into this cell at any time during the time step is

included on the right-hand side of this discrete equation,
i.e., the mass cannot leave for another cell, and no

tracking within the cell is necessary. The source term

f ðx; tÞ ¼ qUðtÞ=v is used. If greater temporal resolution

of UðtÞ is desired, concepts analogous to the discretized

outflow boundary discussion in Section 3.2.2 can be

applied. In a weak source (resp. sink), where the ambient

flow is strong enough to create an inward (resp.outward)

flux across at least one face of the cell, the usual discrete
equation and the usual tracking based on (27) are kept.

3.1.4. Inactive cells

Many problems with irregular domains are discret-

ized with inactive cells to approximate the shape of the

domain. This is addressed in [27], where there is no test
function associated with an inactive cell. In a cell adja-

cent to an inactive cell, if the inactive cell�s test function

would have been w 6¼ 0 had the cell been active, then w is

distributed among the other nonzero test functions in

proportion to their values; thus, the correct total weight

is maintained.
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3.1.5. Other work

The general formulation of [48] was implemented in

[66] for 2-D advection–diffusion, with results for a ro-

tating Gaussian hill. Early studies of variable coefficients

in 1-D include [23] for advection–diffusion and [59] for
advection–diffusion–reaction with biodegradation. A

series of papers [3,52,56,57,64] considered coefficient

interfaces in 1-D, with a technique of marching across

the domain from the inflow to the outflow boundary,

treating interface conditions as internal boundaries.

Variable-coefficient 2-D formulations appeared for sin-

gle-phase [24,55], reactive [60], and two-phase [6] flow.

Sources and sinks were also considered in [2,26,27,
47,54,62,63].

3.2. Time-stepping procedures

The usual time-stepping procedure in ELLAM stud-

ies has been first-order backward Euler along charac-

teristics. In (12), this applies to the diffusion and source

terms. Considering the diffusion term, with the test
function wnþ1

i as in (6) (Fig. 1), the nonzero contribu-

tions occur where wnþ1
i ðx; tÞ 6¼ 0; call this space-time re-

gion Xnþ1
i . Defining the characteristic direction s such

that

ow
os

� ow
ot

þ V
R

ow
ox

; ð29Þ

we can parametrize Xnþ1
i by

ðX ðs; x; tnþ1Þ; sÞ � x
�

� V
R
ðtnþ1 � sÞ; s

�
;

xi�1 6 x6 xiþ1; tn < s < tnþ1: ð30Þ

Then the diffusion is approximated by backward Euler

in time, viz.

D
Z Z

Xnþ1
i

ou
ox

ownþ1
i

ox
dxds


 DDtn
Z xiþ1

xi�1

ou
ox

ðx; tnþ1Þ ow
nþ1
i

ox
ðx; tnþ1Þdx: ð31Þ

This is the standard integral that would be obtained in a
backward-Euler finite-element formulation. The source

term is treated analogously. For interior test functions

that are zero on inflow and outflow boundaries, the re-

sulting discrete equations in the constant-coefficient

setting of (12) are the same as those of the modified

method of characteristics (MMOC) [17], which is an

Eulerian–Lagrangian predecessor of ELLAM. For the

FV-ELLAM test functions in (14), the same concepts
apply, with appropriate treatment of the derivatives as

before. For variable coefficients, the simple formula in

(30) is replaced with (24), but because the backward-

Euler approximation needs values at time tnþ1 only, the

form in (31) remains the same. This simplicity is the

reason why backward Euler has been most often used.

As with most Eulerian–Lagrangian methods, first-order

time stepping in the characteristic direction, which fol-

lows the flow and experiences relatively small changes in

the solution, is sufficiently accurate for many problems,

even with large time steps (large Courant numbers).

3.2.1. Second-order Runge–Kutta

In [1], a more accurate second-order Runge–Kutta

time-stepping scheme was developed for 1-D advection–

diffusion with FE-ELLAM. This is more complicated,
because it must use values at times earlier than tnþ1 in

integrals like (31), so that the approximations of (23)

and (24) are critical. In particular, Heun�s method was

used to approximate (24), with R � 1:

X ðs; x; tÞ 
 Y ðs; x; tÞ

� x� t � s
2

½V ðx; tÞ þ V ðx� ðt � sÞV ðx; tÞ; sÞ	:

ð32Þ

Then the approximation (31) was replaced with a trap-

ezoidal rule

D
Z Z

Xnþ1
i

ou
ox

ownþ1
i

ox
dxds


 DDtn

2

Z xiþ1

xi�1

ou
ox

ðx; tnþ1Þ ow
nþ1
i

ox
ðx; tnþ1Þdx

�
þ
Z xiþ1

xi�1

ou
ox

ðx�ðtnÞ; tnÞ ow
nþ1
i

ox
ðx�ðtnÞ; tnÞdx

�
; ð33Þ

where x�ðtnÞ ¼ Y ðtn; x; tnþ1Þ from (32). Eq. (33) applies if

wnþ1
i is zero on the inflow and outflow boundaries (i.e.,

an interior test function); otherwise, some additional

terms are required [1]. The expected global order of the

approximations is OðDx2 þ Dt2Þ. Versions based on both

backward and forward tracking for the spatial integral
at the old time level (second integral in Section 2.3) were

developed. The second-order scheme was advantageous

in cases with fine grids and large time steps, where the

time-truncation error of backward Euler would be sig-

nificant. Other papers have considered second-order

Runge–Kutta time stepping for FV-ELLAM for 1-D

advection–diffusion [2], and FE-ELLAM for advection–

reaction in 1-D [54] and 2-D [60].

3.2.2. Discretization of outflow boundaries

This was considered in 1-D in the original ELLAM

papers [11,45]. If the Courant number Cr ¼ V Dtn=Dx is

significantly larger than 1, it is natural to discretize the
space-time outflow boundary in time, so as to describe

the outflowing solution to the same resolution as the

interior solution. The corresponding test functions (6)

for a constant velocity field with Cr 
 2 are depicted

schematically in Fig. 3. For a test function such as wnþ1
Nþ1

in Fig. 3, which is zero in the spatial domain at time tnþ1,
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and with a zero-diffusive-flux outflow boundary condi-

tion, (12) becomesZ tnþ1

tn
VuðL; tÞwnþ1

Nþ1ðL; tÞdt þ D
Z Z

Xnþ1
Nþ1

ou
ox

ownþ1
Nþ1

ox
dxds

¼
Z

Xx

Ruðx; tnÞwnþ1
Nþ1ðx; tnÞdxþ

Z Z
Xnþ1
Nþ1

fwnþ1
Nþ1 dxds:

ð34Þ

The analogue of the backward-Euler approximation
(31) replaces the D integral in (34) with an integral in t at

x ¼ L, which vanishes by the boundary condition. Here

the unknown uðL; tÞ, tn < t6 tnþ1, involves additional

trial-function degrees of freedom, matching the number

of additional test functions. Note that (34) applies

equally well to the indicated (parabolic) advection–

diffusion–reaction problem and to the (hyperbolic) ad-

vection–reaction problem with D ¼ 0; there is no change
in the formulation from one case to the other, and in

particular no artificial boundary conditions are needed.

In either case, the known value uðL; tnÞ closes the system

of equations. The usual incidence structure of the dis-

crete matrix is preserved if the unknowns are numbered

as suggested in Fig. 3.

In 2-D, the discretized outflow boundary involves the

tangential space dimension as well as the time dimen-
sion, in a manner complementary to Fig. 2. The number

of outflowing degrees of freedom at each spatial

boundary point is essentially the Courant number in the

normal direction. This has been implemented for ad-

vection–reaction equations in [60]. A similar effect has

been obtained for advection–diffusion equations in [24]

through the use of finer numerical integration in time at

outflow boundaries. Either approach can be used to

treat sinks as well. As in 1-D, the usual matrix structure

is preserved, except for slight modifications at the cor-
ners of a structured spatial grid.

3.2.3. Local time stepping

The space-time finite-element formulation of
ELLAM is a natural framework for local time stepping.

This was combined with a discretized outflow boundary

in [14] for the 1-D two-phase Buckley–Leverett equa-

tion, which can lead to outflow boundary layers. The

space-time grids, without and with a boundary layer, are

sketched for Cr 
 4 in Fig. 4. For the second-order

Runge–Kutta ELLAM, space-time local refinement was

developed for 1-D linear advection–reaction equations
in [53]. Physical and numerical interfaces in space and

time were treated with a domain decomposition method

designed for general space-time partitions. Grid refine-

ment was based on a posteriori error estimators.

3.2.4. Operator splittings

The splitting in Eq. (4) is not the only one that could

be considered. In the context of 1-D advection–
diffusion–reaction with biodegradation, [59] considered

a variety of possibilities. Other than (4), the principal

alternative suggested by that work was (4) without the

kw term, which then leaves an additional integral

k
R R

uwnþ1
i dxdt on the left-hand side of (12). The test

function is constant along characteristics in this case.

Subsequent work has preferred the splitting in (4).

Fig. 3. Test functions near an outflow boundary.

Fig. 4. (a) Outflow boundary elements. (b) Boundary-layer elements.
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3.3. Physical extensions

This subsection considers generic physical extensions

of the discretized equations, not specialized to particular

applications. Applications are addressed in Section 5.

3.3.1. Compressibility

The extension of ELLAM concepts to compressible

transport equations is straightforward. Assuming that

the pressure pð~xx; tÞ is known from a flow equation, and

hence that the porosity /ð~xx; pÞ and the density q ¼ qðpÞ
are determined, mass conservation is expressed by the

following modification of (19):

ðRquÞt þr � ð~rru�Dð~rr; pÞruÞ þ kqu ¼ qf ; ð35Þ

where / is absorbed into R, and ~rrð~xx; tÞ ¼ q~VV is the mass

flux. The nonlinear couplings to the flow equation create

higher-level complexities, but once a numerical de-
coupling is chosen, the application of ELLAM to (35)

involves nothing beyond the techniques developed for

(19). In particular, in coefficient quotients such as ~VV =R
and k=R, the new factors of q cancel. In combination

with a mixed method for flow, this was implemented in

[63]. A single-phase multicomponent extension is being

developed in a forthcoming paper.

3.3.2. Nonlinear flux

Unsaturated flow can be formulated in such a way

that the nonlinearities are confined to the flow equation,

and the transport equation is qualitatively similar to (19)

[6]. The 1-D two-phase Buckley–Leverett problem yields
a nonlinear transport equation and has been solved with

ELLAM in [14,57]. The analogue of Vu in (24) is a

nonlinear flux V ðuÞ that can be normalized to an in-

creasing function with V ð0Þ ¼ 0, V ð1Þ ¼ 1. The essential

idea, based on [18], was to split the nonlinear flux into

two terms,

V ðuÞ ¼ V ðuÞ þ bðuÞu; ð36Þ
where V ðuÞ would yield the correct physical (possibly

shock) solution u of the hyperbolic conservation law

ut þ ðV ðuÞÞx ¼ 0 with the old-time-level solution uðtnÞ as

initial data. In some cases, V ðuÞ is the convex hull of the

function V ðuÞ; in general, an approximation of V ðuÞ
could be used. The choice of V ðuÞ is such that u does not

develop shocks. This enables u to be substituted for u in

the nonlinear flux to obtain a linear operator, which has

an adjoint, so that ELLAM can be applied. The residual

b term remains in the analogue of (22), grouped with

diffusion (capillary forces), and tends to cancel it.

3.3.3. Compositional model

The preceding approach appears to be specialized to

relatively simple two-phase flow systems that can be

modeled with a nonlinear flux function. For more

complex systems, such as three-phase black-oil and

compositional models from the petroleum industry, a

more general formulation will be needed. A first attempt

was implemented in [41] for compositional reservoir

simulation. This procedure solves a flow equation to

obtain a pressure and a total velocity ~VV . Associated with
each hydrocarbon component i is a component velocity
~VV i of the form

~VV i ¼ Ni
o

Ni

fo

So

�
þ
Ni

g

Ni

fg

Sg

�
~VV ; ð37Þ

where Ni is the total number of moles of component i in

all phases, Ni
o (resp. Ni

g) is the number of these moles in

the oil (resp. gas) phase, fo ¼ ko=ðko þ kgÞ is the frac-

tional mobility of oil, So is oil saturation, and fg and Sg

are analogous for the gas phase. Thus, the vectors ~VV i

and ~VV have the same direction. ELLAM uses the ve-

locity ~VV i in the conservation equation for component i.
Other capillary and gravity terms that deviate from the

total-velocity direction are separately treated explicitly.

This could impose stability constraints that could negate
some of the advantages of ELLAM (e.g., lack of Cou-

rant-number restrictions); for a robust implementation,

full interstitial phase velocities including implicit capil-

larity and gravity might be required. Such a formulation

might be based on tracking of mixtures within each

phase, according to the full phase velocities, followed by

flash calculations based on the total of all fluids arriving

in a cell through all phases.

4. Error analysis

Theoretical analysis of ELLAM has been spear-

headed by Wang, with the assistance of Ewing and
others [20,21,50,51,58,61,67]. To date, error estimates

have been proved only for FE-ELLAM applied to single

scalar linear equations. However, within that limitation,

the results are strong and significant. Problems in 1-D

and 2-D, from pure advection to advection–diffusion–

reaction (thus, any P�eeclet number from 0 to 1), with

constant or variable coefficients, and with all types of

boundary conditions have been considered. Large
(greater than 1) and small (less than 1) Courant numbers

have been analyzed. With piecewise-linear trial func-

tions and backward-Euler time stepping, optimal-order

L2 convergence of OðDx2 þ DtÞ has been proved in all

cases. A literature survey of theoretical work on other

methods can be found in [50]; it can be summarized with

the statement that, to our knowledge, comparable op-

timal-order estimates are not known for any other
method over the same range of parameter values.

The most comprehensive early analysis appeared in

[61], covering 1-D advection–diffusion with constant

coefficients and all combinations of inflow and outflow

boundary conditions (Dirichlet, Neumann, total flux).

The basic error estimate has the form
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max
n

kUð�; tnÞ � uð�; tnÞkL2ðxÞ þ kUðL; �Þ � uðL; �ÞkL2ðtÞ

6CðDx2 þ DtÞ; ð38Þ

where U is the ELLAM approximation, u is the exact
solution, and C is a constant independent of Dx and Dt.
The second term in (38) estimates the error of the ap-

proximation to the outflowing concentration; if the

outflow boundary condition is Dirichlet, in which case

the outflowing concentration is known, this is replaced

with an estimate of koU=oxðL; �Þ � ou=oxðL; �Þk that is

essentially OðDt=
ffiffiffiffiffiffi
Dx

p
Þ. A result analogous to this was

obtained in all of the papers, assuming sufficient
smoothness of the exact solution u (typically H 2, two

square-integrable derivatives). If u is especially smooth

(H 3) and the grid is uniform, a ‘‘superconvergence’’ re-

sult (higher order of convergence at certain points than

is possible globally) also holds for the solution gradient

(diffusive flux) at cell faces:

X
n

XN
i¼1

oU
ox

ðxi�1=2; tnÞ
����

 (
� Uðxi�1=2; tnÞ

����2Dx
!

Dt

)1=2

6CðDx2 þ DtÞ: ð39Þ

In the sum in (39), Dt is modified near the inflow

boundary to be the time in which influx travels from the
boundary to xi�1=2, if that time is less than Dt. This type of

result was obtained in the papers that included diffusion.

The arguments to obtain these estimates are more

complex than those for MMOC [17] and related meth-

ods. The just-mentioned modification of Dt introduces a

degeneracy into the diffusion near an inflow boundary,

and the discretization of the outflow boundary in certain

cases can cause further indefiniteness in the equations.
Techniques to overcome these theoretical difficulties

were begun in [61].

Reactions were first analyzed in [20], which treated

1-D advection–reaction equations with constant coeffi-

cients. The test functions satisfied (4) and hence had the

form of (6). Without diffusion, the only boundary con-

dition is an inflow Dirichlet condition. The estimate (38)

was shown, requiring additional smoothness (H 3) on u.
Then the scope of [61] and [20] was combined in [58],

with advection–diffusion–reaction. The estimates (38)

and (39) were as in [61], with an additional technique

that removed a Dx2kou=otkL2ðH2Þ term from the results of

[61], where L2ðH 2Þ refers to a norm that involves L2 in

time and H 2 in space. This introduced a new term

Dx2kukL1ðH3Þ in cases of small Courant number. The idea

was that in advection-dominated problems, a s-deriva-
tive (following the flow, with s defined as in (29)) would

be smaller than a t-derivative, making it desirable to

remove kou=otk. Since the truncation error of backward

Euler involves second time derivatives o2u=ot2, which

had already been replaced by o2u=os2 in the analysis of

[61], it is difficult to tell whether the removal of the lower

time derivative Dx2kou=otkL2ðH2Þ at the cost of

Dx2kukL1ðH3Þ is valuable.

Variable-coefficient 1-D advection–reaction [21] and

advection–diffusion–reaction (all combinations of

boundary conditions) [50] were then analyzed. In [21],
(38) of the form proved in [58] was obtained for two

ELLAM schemes; in one of these, errors in tracking

through variable velocity fields were compensated for by

introducing residual advective terms into the scheme,

along the lines of the V � V term in (26). Without

diffusion, the H 3-dependence was already necessary as in

[20], so that the removal of Dx2kou=otkL2ðH2Þ as in [58] was

cost-free in this case. In [50], (38) and (39) were shown for
two analogous schemes, with a nonuniform (but quasi-

uniform) grid. The Dx2kou=otkL2ðH2Þ term could not be

removed in this case, or in the 2-D cases discussed next.

Finally, 2-D variable-coefficient advection–diffusion

(total-flux inflow and Dirichlet outflow boundary con-

ditions) [51] and advection–reaction [67] equations were

analyzed. For advection–diffusion, (38) and (39) were

shown, with (38) requiring W 2;1-smoothness (two
bounded derivatives). The multi-dimensionality led to

this additional smoothness requirement. For advection–

reaction, (38) was obtained, with H 3-smoothness needed

as in [20,21]; all of the zero-diffusion results have re-

quired this.

One limitation of this range of results is that they all

depend on at least H 2-smoothness of the solution, an

assumption that can be violated as the P�eeclet number
tends to 1. That is, the results apply to advection of

smooth solutions, but not to shocks. Another limitation

is that the results assume exact integration, and as is

well-known for characteristic Galerkin methods, nu-

merical integration for hyperbolic equations (infinite

P�eeclet number) can lead to stability problems [38].

5. Applications

ELLAM approximations have been applied to a

number of test cases and practical problems involving

contaminant transport in porous media. These include
linear advection–diffusion equations in one, two, and

three dimensions; linear and nonlinear advection–diffu-

sion–reaction equations in one and two dimensions;

simulations involving contaminant transport in both

saturated and unsaturated zones of the subsurface; and

nonlinear transport associated with two-phase flow

problems.

Standard one-dimensional problems have been re-
ported by many authors, beginning with the original

publications of Celia et al. [11] and Russell [45] and

going through recent publications of Binning and Celia

[7] and Heberton et al. [27]. While these and others

demonstrate the effectiveness of the algorithm, two

publications stand out in terms of comprehensive
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comparisons of ELLAM approximations to other nu-

merical approaches. Wang et al. [54] and Al-Lawatia

et al. [1] have compared ELLAM to a number of other

approaches, using the standard one-dimensional test

problems involving a Gaussian hill and a square wave,
each transported along a one-dimensional domain. In

those papers, ELLAM using Runge–Kutta methods to

track along characteristics were compared against

Galerkin, quadratic Petrov–Galerkin (QPG), cubic

Petrov–Galerkin (CPG), continuous and discontinuous

Galerkin methods (CGM, DGM), streamline diffusion

finite element methods (SDM), monotonic upstream-

centered scheme for conservation laws (MUSCL), and
essentially nonoscillatory methods (ENM). Versions of

both forward tracking and back-tracking were used in

the ELLAM approximations. Wang et al. [54] solved the

case of zero diffusion, while Al-Lawatia et al. [1] solved

cases with nonzero diffusion. Wang et al. [54] also in-

cluded a numerical demonstration of convergence rates.

In both of these papers, a range of time and space steps

was used to solve the example problems, and error
measures were used to demonstrate that the ELLAM

solutions were consistently as good as or better than all

other methods tested, while providing strong computa-

tional advantages because of the large allowable time

steps. These comparisons were extended to two dimen-

sions in [55,60], using the rotating cone problem as the

test case. The range of numerical methods tested cor-

responded to those in the one-dimensional tests. Similar
results were found.

Additional two-dimensional test problems have been

presented by various authors [6,24,27]. In [27], a model

two-dimensional radial flow and transport problem is

solved, and the transport problem based on solute

leaching into a nonuniform flow field first described and

solved by Burnett and Frind [8]. Heberton et al. [27] also

solved a series of transport problems in uniform flow
fields, with flow direction varying with respect to grid

direction, to test grid orientation effects. While observ-

able, grid orientation effects were not significant.

Several three-dimensional problems have also been

solved using the ELLAM algorithm. Heberton et al. [27]

solved the transport equation in a uniform flow field,

with a continuous point source. They also solved the

three-dimensional version of the problem of Burnett and
Frind [8] on a 141 � 15 � 91 grid. Fig. 5 compares

concentration contours obtained with (a) a modification

of the 3-D finite-element model of Burnett and Frind

(approximately 4,000 time steps) and (b) the MOC3D

ELLAM model (7 time steps, Courant number 
30). It

is clear that ELLAM can obtain similar results with

much larger time steps in this case. Binning and Celia [7]

solved a similar problem, but with a patch boundary
source along the inflow boundary. Binning and Celia [7]

also solved a three-dimensional advection–diffusion

transport problem using a spatially variable velocity

field and a three-dimensional patch source as part of the

initial conditions. This case was modeled after the large-

scale tracer experiments performed at the Cape Cod field

site (see, for example, [33] for a description of the site).

Binning and Celia [7] generated a spatially variable re-

alization of the hydraulic conductivity field, based on

measurements reported in [30], to generate a variable

velocity field based on cell-centered finite differences.
Tracking procedures using the method of Pollock [40]

were used in a forward-tracking ELLAM algorithm,

with piecewise linear trial functions, to model the

transport of the nonreactive tracer bromide. Behavior of

zeroth, first, and second moments of the concentration

field follow the behavior demonstrated by the exper-

imental plume [22], and the plume has the kind of ir-

regular shape expected in this kind of transport system.
A typical snapshot of the plume is shown in Fig. 6.

Nonlinear equations have also been solved using

ELLAM. The three major problems that have been

solved are (1) contaminant transport and biodegradation

in saturated porous media, where the nonlinearity is as-

sociated with the reaction terms; (2) contaminant trans-

port in unsaturated soils, where transport is coupled to a

nonlinear flow equation (Richards� equation) and the
transport is governed by nonlinear coefficients arising

from the flow solution; and (3) two-phase flow equations

where manipulation of the governing equations into

Buckley–Leverett types of equations leads to nonlinear

advective and diffusive fluxes that need to be handled in

the context of ELLAM. Biodegradation was first

modeled using ELLAM by Wang et al. [59]. A linearized

version of the governing equations was solved using the
general procedure outlined in [12]. For the case of aer-

obic biodegradation, the model two-equation system

consisted of an equation for the contaminant and an

equation for the concentration of oxygen. These equa-

tions are coupled through the reaction terms, which are

nonlinear in the concentrations. The equations were

solved sequentially, and comparison to example calcu-

lations reported earlier in [10,31] demonstrated the
effectiveness of the ELLAM approach. A similar ap-

proach was followed by V�aag et al. [49], who compared

Fig. 5. Three-dimensional simulation results for nonuniform-flow test

case in which aTH ¼ 10aTV: (a) finite-element model (modified from [8,

Fig. 8c]), (b) numerical ELLAM solution using Cr ¼ 30. Source is

indicated by arrows at the top of the vertical slice; contour interval is

0.2 relative concentration.
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different linearization approaches, and described appli-

cations to problems in both groundwater hydrology

(biodegradation of contaminants) and oil reservoirs

(souring by sulfate reducing bacteria).

Models involving unsaturated flow and contaminant

transport were developed in [6] and applied to flow and

transport in both homogeneous and heterogeneous un-

saturated soils in two spatial dimensions. Both conser-
vative and nonconservative forms of the governing

transport equation were used. Because of the complex

multi-dimensional flow fields, the choice of equation

forms was shown to depend in part on local versus

global conservation properties inherent in the numerical

representation of the flow field. The main application of

the algorithm was to a field experiment carried out in the

unsaturated zone at the Cape Cod field site (see [44] for
a description of the experiments and the site). Hetero-

geneous soil properties were used to define the system,

and the nonlinear flow and transport equations were

solved. The ELLAM approximations captured spatial

variability of the contaminant, and allowed for very

efficient solutions for the transport problem.

While the transport solutions reported by Binning

and Celia [6] for the unsaturated-zone problem were
highly efficient, the flow part of the problem was solved

by standard Eulerian methods and therefore required

significant computational effort. To apply ELLAM

types of approximations to two-phase flow problems,

the general approach followed by Espedal and Ewing

[18] can be followed. Dahle et al. [14] took this approach

and solved Buckley–Leverett types of equations using an

ELLAM approximation. The governing equation in-

volves nonlinear advection and diffusion terms, with

tendencies to form shock fronts. Because of the non-

linearities, characteristic tracking and equation solution

must be performed iteratively. Dahle et al. [14] used

ELLAM in combination with local time stepping pro-

cedures (to handle boundary layers) to solve the

two-phase flow equation. Different combinations of

boundary conditions were solved for a one-dimensional
water-flood problem, which exhibits a very sharp front

combined with a rarefaction wave. Solutions were shown

to be excellent, including proper mass balances. Some of

the mathematical details are described in Section 3.3.2.

A recent application of ELLAM approximations was

reported [62,63] for miscible transport associated with

injection/extraction well systems arranged in a five-spot

pattern. In those simulations, compressible flow equa-
tions were solved using mixed finite element methods,

providing accurate velocities for the ELLAM transport

simulations. Examples included a range of mobility ra-

tios, material heterogeneity, and tensor dispersions with

different values of dispersivities and diffusion coeffi-

cients. Results demonstrated that the ELLAM allows

large time steps while maintaining accurate solutions.

6. The ELLAM framework as a context for other related
methods

6.1. Finite difference Eulerian–Lagrangian methods

Finite difference-based Eulerian–Lagrangian methods

(ELM�s) have been used in a variety of fields, including

Fig. 6. Two snapshots of 3-D ELLAM solution for Cape Cod plume [7].
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ground-water transport [13] and surface-water transport

[4]. This class of approximations again treats the ad-

vective transport in a characteristic framework, while

treating the diffusive transport in an Eulerian frame-

work. Because there is no weak form associated with
these equations, the governing equation is typically

written in nonconservative form. For typical flow and

transport systems, this involves combination of the mass

balance equation for the overall fluid phase with the

mass balance for the individual component of the phase.

One-point (in space) finite-difference approximations are

written for the characteristic solutions, and this advec-

tive projection is then combined with the diffusive terms
to yield an approximation at the new time level. The

characteristic solution would typically follow a back-

tracking strategy, involving spatial location xi at time

tnþ1 (see Fig. 1). The characteristic passing through that

point is tracked back to time level tn, and the associated

spatial point, x�i , referred to as the �foot of the charac-

teristic�, is located. In the simplest case, the resulting

equation isbUUnþ1
i ¼ Uðx�; tnÞ; ð40Þ

where bUUnþ1
i refers to the advective approximation for

the unknown concentration at the new time level. Be-

cause x� generally does not correspond to a nodal lo-

cation, the value of the function at this location must be

interpolated from nodal values. This interpolation is a

critical step, and much effort has been spent to try to

optimize the interpolation.

In the ELLAM context, we may view the FDELMs
as approximations to the general ELLAM equation,

where spatial integrals at time tnþ1 are evaluated using

one-point numerical integration, where that point is

chosen as the nodal location xi. This produces a lumped

mass matrix. At the previous time level, tn, again a one-

point integration is used, with the integration point

located at x�. To compensate for the relatively poor

approximation to the integral, higher order interpolants
are often introduced to improve the evaluation at tn.
Boundary conditions are usually restricted to simple

fixed-concentration or zero-diffusive flux conditions.

The diffusive terms are typically treated with an implicit

approximation, with standard finite difference approxi-

mations in space. Mass is typically not conserved.

Overall, in the ELLAM context, FDELMs may be

viewed as simplified approximations that use low-order
interpolation at tnþ1, high-order interpolation at tn, one-

point approximations to the spatial integrals, and a

simplified treatment of boundary conditions.

6.2. Characterisic Galerkin methods and the modified

method of characteristics

Characteristic Galerkin methods form a broad class

of finite element-based approximations in which advec-

tive fluxes are treated in a characteristic framework,

while other terms are treated in an Eulerian type of

framework. This method is usually attributed to Piron-

neau [39], with subsequent significant publications in-

cluding [15,16,34,35]. While sometimes different in
minor details, the Characteristic Galerkin Method

overlaps broadly with the so-called MMOC [17]. The

properties are similar to the FDELMs of the preceding

subsection, except in the spatial integrals at times tnþ1

and tn. As is typical with Galerkin-type methods, the

mass matrix is unlumped. This makes it easier for these

methods to avoid numerical dispersion than it is for

FDELMs, because the unlumped mass matrix can
counteract the diffusive effects of interpolation at x�.
Thus, the high-order interpolation often used with

FDELMs is typically not necessary, and is replaced

with relatively low-order numerical integration. As with

FDELMs, mass is generally not conserved, and general

boundary conditions are difficult to treat.

6.3. Particle tracking methods

Particle tracking methods usually involve represen-

tation of dissolved mass as a cluster of discrete particles,

each having a prescribed mass such that the total mass is

preserved. Each of these particles is transported by
forward tracking along characteristics. At prescribed

time intervals, random motions are added to the parti-

cles to account for diffusion. If reactions are taking

place, additional modifications need to be included,

depending on the complexity of the reactions. Ideally,

each particle maintains its own identity throughout the

transport process, such that the main piece of informa-

tion is the location and mass of the particle at any given
time. A switch to concentration measures leads to mix-

ing and loss of individuality for particles, and efforts are

often made to avoid use of both particles and concen-

trations.

In the ELLAM context, forward tracking of inte-

gration points (see Eq. (24), tracked forward instead of

backward) may be seen as analogous to particle track-

ing. In this case, each integration point carries with it an
amount of mass, and it is transported along character-

istics. However, because ELLAM is concentration-

based, the masses transported by each integration point

are ‘‘mixed’’ at the end of each time step, and the inte-

gration point locations are set back to their original

locations for the next time step. Because packets of mass

(particles) are not tracked continuously in ELLAM, but

only between time steps, ELLAM cannot, in general,
reproduce the particle tracking algorithm. However, for

more complex problems such as those involving

reactions, where the reactions are a function of local

concentrations, particle methods must revert to con-

centrations to accommodate reaction terms. For such

cases, particle methods approach the forward-tracking
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ELLAM algorithm. Diffusion and dispersion terms are

usually approximated by a random-walk algorithm in

particle methods, such that an additional random dis-

placement is applied at the end of the advective tracking

step. In ELLAM algorithms, diffusion and dispersion
terms are treated naturally in the context of the ap-

proximating equations.

6.4. USGS MOC algorithm

Finally, we compare the ELLAM approach to one of

the most popular methods for solution of contaminant

transport equations, the MOC method of the USGS

[32]. In that method, discrete packets (finite volumes) of

fluid are tracked via characteristic tracking over a time

step. This procedure is analogous to the tracking of in-

tegration points in ELLAM. The USGS-MOC algo-

rithm then converts the tracked mass into nodal
concentrations, for the purpose of calculating changes in

contaminant mass for each fluid volume due to diffusion

and dispersion. These changes in mass are then applied

to the solute mass in each of the individual packets of

fluid, but the location of those packets is maintained.

Therefore, while treating diffusion on a concentration

basis, the random-walk part of the particle method is

avoided. However, by keeping track of the location of
the individual fluid packets, complete mixing within

each cell at the end of each time step is avoided. This

method suffers from a lack of mass conservation, al-

though it often provides good numerical performance.

7. Conclusions and future work

ELLAM has been applied successfully to a wide va-

riety of linear and nonlinear transport problems in one,

two, and three dimensions. For some typical test prob-

lems, it has been shown to outperform other well-known

methods, conserving mass while taking large, accurate

time steps. For sufficiently smooth exact solutions, the

theoretical results to date show optimal-order conver-

gence over the full range of P�eeclet and Courant num-
bers.

A significant limitation in current ELLAM imple-

mentations is the absence of a mechanism to control

nonphysical oscillations. ELLAM solutions will be os-

cillation-free on coarser grids than solutions from

standard methods such as centered finite differences, but

ELLAM will still oscillate on grids that are too coarse to

assure three or four degrees of freedom across a front. It
should be possible to combine the ELLAM formulation

with a form of flux limiting, as has already been done for

the modified method of characteristics [43]. This would

minimize oscillations and would remove one of the

principal obstacles to wider use of existing ELLAM

codes.

The efficiency of existing implementations could be

substantially improved. The backtracking and forward

tracking that defines the space-time test and trial func-

tions, and that contributes to numerical integration, can

be done in parallel, because each tracked point is inde-
pendent of all of the others. To date, this has not been

implemented on parallel architectures. The tracking is a

major part of the overall computational effort, especially

when time steps are large and a point is tracked across

several cells in a time step. Another issue of efficiency is

the calculation of the mass integral at the old time level

tn. Existing algorithms are rather crude, either in accu-

racy or in the use of a large number of integration
points, and large improvements should be possible.

The flexible framework of ELLAM lends itself nat-

urally to more general space-time grids than have been

investigated up to now. There is no conceptual barrier to

the use of distorted or unstructured spatial grids. The

formulation also accommodates space-time local re-

finement, with interface terms in the form of physically

meaningful integrals. The efforts in this direction to date
have been limited to one space dimension. Another

natural use of ELLAM would be to extend the range of

effectiveness of state-of-the-art ‘‘elliptic’’ methods, such

as multigrid, which are most effective for self-adjoint

(nonadvective) problems; ELLAM can handle all or

most of the nonself-adjoint advection in many problems,

leaving a self-adjoint or nearly self-adjoint problem that

could be solved efficiently with elliptic methods. An
analogous theme, improving the effectiveness of wave-

lets and multiresolution analysis for multidimensional

advection–reaction problems, was pursued in [65], where

an unconditionally stable explicit ELLAM scheme was

developed.

The development of Eulerian–Lagrangian methods

for complex fluid systems, such as three-phase black-oil

and compositional models, is still in its infancy, partic-
ularly in three dimensions. Efforts in this direction will

be ongoing, perhaps along the lines discussed in Section

3.3.3, with appropriate extensions of the source/sink

treatment in Section 3.1.3. Finally, while there are many

theoretical results for FE-ELLAM, there are presently

none for its finite-volume counterpart. As the local

conservation of the FV formulation and its compati-

bility with existing finite-difference codes make it at-
tractive for applications, a firm theoretical foundation

would be worthwhile.
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