
3.7 WG FEM (P0, P0;AC0) for Darcy Equation in a
General Form

Darcy eqn. general form is considered here:
8
><

>:

r · (�K(rp� f)) ⌘ r · u = s in ⌦,

p = pD on �D,

u · n = uN on �N ,

(3.24)

where f is a known additional term, e.g., gravity. For convenience, we may write g = Kf
sometimes.

The variational form for (3.24) is
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s q �
Z

�N

uN q +
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(Kf) ·rq. (3.25)

WG FE Scheme. We assume ⌦ is a 2-dim polygonal domain equipped with a quasi-
uniform convex quadrilateral mesh Eh. We use WG(P0, P0;AC0) finite elements.

We define WG finite element shape functions Sh as ... The WG finite element scheme
is

Ah(ph, qh) = Fh(qh), 8qh 2 Sh, (3.26)

where the bilinear form and linear form are

Ah(ph, qh) =
X

E2Eh

Z
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(Krwph) ·rwqh. (3.27)
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E2Eh
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Qh(Kf) ·rwqh. (3.28)

Here Qh is the local projection from L
2(⌦)2 to the broken space AC0(Eh).

Post-processing for velocity, flux. After the numerical pressure ph is solved from
(3.26), we compute the elementwise numerical Darcy velocity

uh = Qh(�K(rwph � f)) = Qh(�K(rwph)) +Qh(Kf). (3.29)

Note that Qh(Kf) is needed for both assembly of the global RHS and post-processing
for the numerical velocity. Thus pre-computation is helpful.

The elementwise edgewise bulk fluxes are calculated ad hoc as follows
Z

e

uh · ne, 8e ⇢ E
@ 8E 2 Eh, (3.30)
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where ne is the outward unit normal vector to E
@ . Actually no quadrature is needed.

The mid-point formula su�ce, since uh is linear on each edge (proof shall be provided
later).

Some details about implementation. Note that we are dealing the numerical ve-
locity in the local AC0 spaces. Note also that

rwph = rw

⇣ 4X

i=0

ci�i

⌘
=

4X

i=0

cirw�i =
4X

i=0
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dijwj

⌘
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4X

j=1

⇣ 4X
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⌘
wj . (3.31)

Accordingly,

Qh (�Krwph) =
4X

j=1

4X

i=0

cidijQh (�Kwj) =
4X

j=1

4X

i=0

cidij

4X

k=1

↵jkwk. (3.32)

This involves three main formulas.

(i) Elementwise ph|E is a linear combination of 5 basis functions ( �0 for element
interior, �1,�2,�3,�4 for the 4 edges)

ph|E =
4X

i=0

ci�i. (3.33)

The elementwise 5 coe�cients ci(0  i  5) are extracted from the numerical
solution for pressure.

(ii) Elementwise, for the 5 basis functions, the discrete weak gradients are established
as linear combinations wj(j = 1, 2, 3, 4) as follows

rw�i =
4X

j=1

dijwj, 0  i  4. (3.34)

(iii) Finally, we deal with the local L2-projection:

Qh (�Kwj) =
4X

k=1

↵jkwk. (3.35)

See Liu,Tavener,Wang, SIAM J.Sci.Comput. (2018) p.B1247 (top) on how to do
find the projection coe�cients.

Implementionwise, for (i), (ii), and (iii), we deal with three arrays cof, CDWGB, and
ProjCof and their composition.
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Bilinear mapping and Piola matrix. See Liu,Tavener,Wang, J.Comput.Phys. (2016)
also. Let E = P1P2P3P4 be a convex quadrilateral with four vertices Pi = (xi, yi), i =
1, 2, 3, 4 that are oriented counterclockwise. The bilinear mapping from the reference
element Ê = [0, 1]2 to the quadrilateral E can be expressed as

⇢
x = a1 + a2x̂+ a3ŷ + a4x̂ŷ,

y = b1 + b2x̂+ b3ŷ + b4x̂ŷ,
(3.36)

where x̂ = (x̂, ŷ) 2 Ê and x = (x, y) 2 E. The eight coe�cients ai, bi(i = 1, 2, 3, 4) can
be directly calculated using the vertex coordinates. The Jacobian matrix of the bilinear
mapping is

J =

"
a2 + a4ŷ a3 + a4x̂,

b2 + b4ŷ b3 + b4x̂

#
. (3.37)

The Jacobian determinant is a linear polynomial in x̂, ŷ:

J = det(J) =

����
a2 a3

b2 b3

����+
����
a2 a4

b2 b4

���� x̂+

����
a4 a3

b4 b3

���� ŷ. (3.38)

The Piola matrix is simply the Jacobian matrix divided by its determinant.

PE = P(x̂) =
J(x̂)

J(x̂)
. (3.39)

The Piola transformation maps a vector field defined on Ê to a vector field defined on
the quadrilateral E (Matrix-vector muliplication):

v(x) = PE v̂(x̂). (3.40)

Local, broken, and global AC spaces.

Numerical velocity in local and global AC spaces. For each quadrilateral element
E, uh|E is established in the local AC0(E) space. But the bulk flux normal continuity
implies that the numerical velocity, after being glued together over the whole mesh, is
also in the global AC space AC0(Eh).

By post-processing, we obtain the elementwise 4 coe�cients for expressing the nu-
merical velocity as a linear combination of the local basis (using the normalized coor-
dinates and Piola transformation)

w1 =


1
0

�
, w2 =


0
1

�
, w3 =


X

Y

�
, w4 = PE


x̂

�ŷ

�
, (3.41)

where PE is the Piola matrix, (x̂, ŷ) reference coordinates, (xc, yc) element center, X =
x� xc, Y = y � yc.
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We shall consider another basis (FluxBas), {f1, f2, f3, f4}, based on the edge bulk
normal flux, as preparation for transition to a global basis. There is no doubt that

fj =
4X

k=1

cjkwk, j = 1, 2, 3, 4. (3.42)

It is expected that for 1  i, j  4,

�ij =

Z

ei
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ei

4X
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cjkwk =
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cjk

Z

ei

wk =
4X

k=1

bikcjk.

Here bik =
R
ei
wk is recorded for convenience. This implies that elementwise

C = (B�1)T , C = [cjk]4⇥4 , B = [bik]4⇥4 . (3.43)

In summary, for each quadrilateral element,

• We compute edgewise 4 bulk normal fluxes for the normalized and Piola-transformed
basis functions in (3.41);

• Form the above results as a 4⇥ 4 matrix;

• BIT: Matrix B inverted and transposed, and then it is called C;

• The entries of C will be used for linear combination of the normalized basis func-
tions to form the new edgewise flux-oriented basis functions.

Over the whole quadrilateral mesh, we glue together these flux-based new basis func-
tions to get a (global) basis for the global AC0 space with some adjustments regarding
normal vector directions. This is done so because a function in the global AC0 space is
completely determined by the normal fluxes across the edges.

Example. An example from Girault,Vassilev,Yotov, Numer.Math. (2014) has been
tested.

Code packet. Here is a self-contained Matlab code packet:

DarcyMINI_DarcyGen_WG_QuadriPkPkACk.zip
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