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Overview

We construct some optimal linear codes over [F; through
projective geometry, using the geometric methods such
as projective dual and geometric puncturing.
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1. Basic notions

Fg = {(a1,a2,...,an) | ay,...,an € Fg}.

FOI’ a — (al, ...,an),b — (bl, ,bn) & Fn,

the (Hamming) distance between a and b is
d(a,b) = [{t | a; 7 bi}|.

The weight of a is wt(a) = |{i | a; # 0} = d(a,0).

An [n,k,d]; code C means a k-dimensional subspace
of Iﬁ‘g with minimum distance d,

d min{d(a,b) | a = b, a,b € C}

min{wt(a) | wt(a) # 0, a € C}.

The elements of C are called codewords.



For an [n, k,d], code C, a generator matrix G is a kxn
matrix over F, whose k£ rows form a basis of C.

We assume G has no all-zero column.

The weight distribution (w.d.) of C is the list of num-
bers A; = [{c € C | wt(c) = i}|.

The weight distribution with
(AO, Ada ceey Ai7 ) — (1, o ..., W, )
IS also expressed as
olgqe...;w...

Two [n,k,d]; codes C1 and Cp are equivalent if there
exists a monomial matrix M with entries in g such
that C> coincides with C1M = {ecM | ¢ € C1}.



A good [n,k,d],; code will have

small length n for fast transmission of messages,

large dimension k to enable transmission of a wide
variety of messages,

large minimum distance d to correct many errors.

Optimal linear codes problem.

Optimize one of the parameters n, k, d for given
the other two.



An [n,k,d]; code C is
N-optimal if A[n —1,k,d]q

K-optimal if A[n,k+ 1,d],

D-optimal if A[n,k,d+ 1]4.

N-optimal codes are K-optimal and D-optimal.

Problem 1. Find ny(k,d), the minimum value of n
for which an [n, k,d], code exists for given k,d,q.

An [n,k,d]; code is called optimal if n = ngy(k,d).



T he Griesmer bound
k—1 d
nQ(kvd) Z gCI(kad) .= Z |Vz“
i=0 | 4

where [x] is @ smallest integer > x.

Griesmer (1960) proved for binary codes.
Solomon and Stiffler (1965) proved for all gq.

A linear code attaining the Griesmer bound is called
a Griesmer code. Griesmer codes are optimal.

Since ng(k,d) = gq(k,d) for k = 1,2, we assume k > 3.



Known results for small ¢

The exact values of ngy(k,d) are known for all d for

q=2, k<8,
q=3, k<5,
q=4, k<4,

¢q=5,7,89, k<3.

ns(4,d) is not determined yet only for
d =81,82,161,162.

Landjev-Rousseva announced Algs(4,d),4,d]s codes
for d = 82,162 at ALCOMA15 (March 2015). Hence

nes(4,d) = gs(4,d) +1 for d = 82,162.
n5(4,d) = 95(4,d) or 95(4,d) + 1 ford=81,161.



Known results for small ¢

The exact values of ngy(k,d) are known for all d for

q=2, k<8,
q=3, k<5,
q=4, k<4,

¢q=5,7,89, k<3.

ns(4,d) is not determined yet only for
d =81,82,161,162.

Landjev-Rousseva announced Algs(4,d),4,d]s codes
for d = 82,162 at ALCOMA15 (March 2015). See

http://www.mi.s.osakafu-u.ac.jp/ "maruta/griesmer.htm.

for the ny(k,d) tables for some small ¢ and k.



2. Geometric method

PG(r,q): projective space of dim. r over Fq
j-flat: j-dim. projective subspace of PG(r,q)

0; = IPGG. Dl =¢ +¢ 1+ +q+1
Assume C has no coordinate which is identically zero.

(G: a generator matrix of C

The columns of G can be considered as a multiset of n
pointsin > = PG(k—1, g) denoted by M. Conversely,
M gives linear codes which are equivalent to C.

J; = the set of all j-flats in >



> 3 P: i-point < P has multiplicity ¢ in Mg
vo= max{¢ | AP : ¢-point in X}
C,={PeX | P:i-point}, 0 <7<~
A1+ -+ As: the multiset consisting of the s sets
A1, ,Ag in X
sA =A14+ -4+ Aswhen A1 =---= Ag= A.
Then, Mo =0C1 +2C5 + -+ + v9C,.
For any set S in X, Mg(S) is the multiset
{Pe Mg | PeS}.

The multiplicity of S, denoted by mg(S), is defined as

0
me(S) = [Mc(S)| = _Zli°|5ﬂ0¢|-



Then it holds that

me(X),
max{me(w) | m € Fr_o}.

n
n —d

Conversely, a multiset on 2= satisfying the above equal-
ities gives an [n, k,d]; code in the natural manner.

Let a; ;= |{m € Fr._o | me(m) = 1}|.
The list of a;'s is the spectrum of C. Note that

a;, = A,_;/(g—1) for 0 <i<n—d.



Then it holds that

me (),
max{me(w) | m € Fr,_o}.

n

n—d

Conversely, a multiset on 2 satisfying the above equal-
ities gives an [n, k,d]; code in the natural manner.

Example 1. Take Cs =%, i.e., M = s> with s € N,
> =PG(k—1,9q).

Then C is a Griesmer [s0;_1,k, sq" 1], code.

Since mge(mw) = sO,_» for any © € Fj._o, Ash, » = 0r_1
and every non-zero codeword has weight sqk_l.

C is called an s-fold simplex code.



Example 2.
Let C be a [20,4,10], code with generator matrix G =

4.1
O 1
1 0
1 0
1 0

R OOR
OO+
OO+
== O
== O
oK
oo+
= O = =
= O = =
@I
O KFBH=
o

=

Then C is Griesmer with w.d. 011011123141

¢, = {0010,0011,0100,0101,0110,0111, 1000, 1001}
C» = {1010,1011,1100,1101,1110,1111}

Me = C1 + 205

0001 is the only O-point in PG(3,2).

Q 1. How can we construct G7



Lemma 1. (Maruta-Oya, 2011)
C: [n,k,d]q code
If Mys D A: a t-flat and d > ¢
= 3C": [n— O k,d]q code with d' > d — ¢’

The above C’ can be constructed from the multiset
M by deleting A. We denote the resulting multiset

by Mclz MC—A



Lemma 1. (Maruta-Oya, 2011)
C: [n,k,d]q code
If Mys D A: a t-flat and d > ¢
= 3C": [n— O k,d]q code with d' > d — ¢’

The puncturing to construct new codes from a given
In, k,d]q code by deleting the coordinates correspond-
ing to some geometric object in PG(k —1,¢q) is called
geometric puncturing, see

T. Maruta, Construction of optimal linear codes by geometric puncturing,

Serdica J. Computing, 7, 73—80, 2013.



Lemma 1. (Maruta-Oya, 2011)
C: [n,k,d]q code
If My D A: a t-flat and d > ¢
= 3C": [n— O k,d]y code with d' > d — ¢’

It could happen that the punctured code C’ has the
same minimum distance with the original code C, see

I. Bouyukliev, Y. Kageyama, T. Maruta, On the minimum length of linear

codes over Fs, Discrete Math. 338, 938—953, 2015.



Lemma 1. (Maruta-Oya, 2011)
C: [n,k,d]q code
If Mc D A: a t-flat and d > ¢
= 3C": [n— O k,d]q code with d' > d — ¢’

Lemma 2. (Bouyukliev-Kageyama-M, 2015)
Let C be an [n,k,d]; code with a,_4; = 1 such that
a;=0forn—d—qt<i<n—dforsometeN. Let H
be the (n — d)-hyperplane. If M (H) contains a t-flat
A, then My — A gives an [n — 0, k,d],; code.



Example 2. How to construct a [20,4,10], code C
Co: 2-fold simplex [30,4,16], code
1
Ci1: [23,4,12], code
} geometric puncturing
C: [20,4,10], code

M, =25 (X =PG(3,2))
!
Mec, =25 -6 (d: a plane)
J geometric puncturing

Me=2>X—-(0+¢) (£ aline)



Q 2. How many [20, 4, 10]> codes are there?

We use the package Q-Extension, which can be down-
loaded from Iilya Bouyukliev’'s website:

http://www.moi.math.bas.bg/~iliva/

for free, see

[.G. Bouyukliev, What is Q-Extension?, Serdica J.
Computing 1 (2007) 115-130.



Q 2. How many [20,4,10], codes are there?

Ans. There are three up to equivalence:
(1) Meg=2—(§+¢6) (£¢96)

w.d. 011011123141 spec. (ag,as,a1p0) = (1,3,11)
(2) Mg =2 —(§+¢6) (£C6)

w.d. 011012122161, spec. (aq,as,a1p9) = (1,2,12)
(3) Mg =7

w.d. 011019123, spec. (ag,a1g9) = (5, 10)



Q 2. How many [20,4,10]> codes are there?

Ans. There are three up to equivalence:
(1) Meg=2x—-(6+¢) (£LI)

w.d. 011011123141 spec. (ag,as,a1p) = (1,3,11)
(2) Me =2 —(§+¢) (£C¥6)

w.d. 011012122161, spec. (ag,as,a1p) = (1,2,12)
(3) My =7

w.d. 011019125 spec. (ag,a1p) = (5,10)

Q 3. What is Mg in (3) 7 (Hint: there are five 2-pts)



Ans. (3) C: [20,4,10], code with w.d. 011019125,
Q 3. What is Mg 7?7 (Hint: there are five 2-pts)

Ans. Let \; be the number of -points. Then
e (A\g,A1,A2) =(0,15,5)
e My —%X (X=PG(3,2))
gives an MDS [20 — 03 = 5,4,10 — 23 = 2], code.
o Mpc=2+ K
where K is a b-arc in 2.

An s-set K in PG(r,q) is an s-arc if no r+ 1 points of
K are on a hyperplane.



Q 2. How many [20,4,10], codes are there?

Ans. There are three up to equivalence:
(1) Me=2X-—-(64+¢) (£ Z9)
w.d. 011011123141
(2) Me=2X-—-(64+¢) (£ C9)
w.d. 011012122161
(3) M=+ K (K: 5-arc)
w.d. 01101912°




Remark. Helleseth proved that every [g>(k,d), k, d]>
code with d < 2k—1 is obtained from an sX by deleting
some flats or adding some arc or a point, where > =
PG(k—1,2), see

T. Helleseth, A characterization of cods meeting the
Griesmer bound, Information and Control 50 (1981),
128—159.



Q 2. How many [20,4,10], codes are there?

Ans. There are three up to equivalence:

(1) Meg=2—(§+¢6) (£
w.d. 011011123141

(2) Meg=2> — (9

/) (£CH)

w.d. 011012122161
(3) M=+ K (K: 5-arc)

w.d. 011010125

Q 4. When can we find r flats A4, ..

contains A+ ---+ Ay 7

., Ay SO that s>



3. Geometric puncturing from simplex codes

Let > =PG(k—-1,q), let r,s € N and let u1q,...,ur be
integers with O < upr < up_1 < <up < k—2.

Q 4. When can we find u;-flats A; (1 < <7r) so that
s2_ contains A1+ ---+ Ay 7

Obvious when r < s.

If at most g — 1 of wuq,...,ur are the same value, then
s> —(A14+---+A,) gives a Griesmer code by Lemma
1.

Assume r > s+ 1.



The following result was essentially proved by Belov-
Logachev-Sandimirov (1974) for ¢ = 2 and by Hill
(1992) for any prime power gq.

Lemma 3.
There exist u;-flats A; in M (1 <75 <r) s.t. the mul-
tiset s> contains A1+ ---+ A, provided
s+1
(a) 221 w;, <s(k—1)—1, and
(b) # of i's with u; = u is at most Ny(k —1 —u)
for any integer u with 0 <u <k — 2,

where Ny(m) is the number of monic irreducible poly-
nomials in Fy[z] of degree m.



Proof. FormeN, 1 <m< k-1, let Z,, be the set
of irreducible monic polynomials of degree m over Fy.
For f(z) =ag+ajx+ - +a,,_12m 1+ 2™ ec T, let
F(f) be the (k—m—1)-flat containing the k—m points

P(ag,...,am_1,1,0,...,0), P(0,aq,...,a,,_1,1,0,...,0), ...
..., P(0,...,0,ap,a1,...,a;,—1,1).

e P(bg,b1,...,0_1) in X is in F(f) < the polynomial
g(z) =bg+byz+---+b,_128 1 is divisible by f(z).
From condition (b), one can find r distinct irreducible

monic polynomials f; € Zp_,._1 for 1 < < r. Then
A, = F(fz) iIs a u;-flat.



Since the least common multiple of any s+ 1 of the
polynomials f1,..., fr has degree at least

s+1 s+1
>(k—u;—1)=(k—-1)s—1— > u;+k>k
1=1 1=1

by the condition (a), any s + 1 of Aq,...,A, have
no common point. Hence, the multiset s> contains
A+ + A




Since the least common multiple of any s+ 1 of the
polynomials f1,..., fr has degree at least

s+1 s+1
> (k—uj—1)=(k—-1)s—1— > u+k>k
1=1 1=1

by the condition (a), any s+ 1 of Aq,..., A, have
no common point. Hence, the multiset s> contains
A+ 4 A

Note. N,(m) = 1 S pu(e) g"™e,

elm

where p(m) is the Moebius function defined by

(1 if m=1,
w(m) =< (—=1)% if m is the product of w distinct primes,
\ 0 if m is divisible by the square of a prime.



Let d € N to construct an [n,k,d], code.

Since s-fold simplex [gq(k, s¢"~1), k, s¢*~1], codes exist
for any s € N, we assume d is not divisible by ¢*—1.
Then, d can be uniquely expressed with s = [d/¢" 1]
as

.
d=sq¢""1 - Y q¥ (1)
=1

where r and w;'s are integers satisfying

k—22>wuy >up>--->upr >0, (2)
uj > Ujqpqaq for 1<j<r—q+1. (3)
The condition (3) means that at most ¢g—1 of uq,...,ur

can take any given value.



To construct a code of length n = sé’k 1 — Zk_g u;0;,

we shall make a multiset s> — (A1 4+ --- 4+ Ar) with
some u;-flats A, (1 < j < r) if possible. Then, by
Lemma 1, the multiset gives a [gq(k,d), k, d]; code.
Q 5. When is it possible?
Ans. (1) r <s.

_|_
(2) r > s+ 1 and Z u;, < s(k—1)—1 by Lemma 3

since Ng(m) > q — 1

Note. The Griesmer codes constructed in this way

are called the Griesmer codes of Belov type.



Lemma 3.
There exist u;-flats A; in N (1 <35 <r) s.t. the mul-
tiset s> contains A1+ ---+ A, provided
s+1
(a) > u; <s(k—1)—1, and

1=1
(b) # of i's with u; = u is at most Ny(k —1 —u)
for any integer u with 0 <u <k — 2,

where Ny(m) is the number of monic irreducible poly-
nomials in Fy[x] of degree m.



To construct a code of length n = sé’k 1 — Zk_g u;0;,

we shall make a multiset s> — (A1 4+ --- 4+ Ar) with
some u;-flats A, (1 < j < r) if possible. Then, by
Lemma 1, the multiset gives a [gq(k,d), k, d]; code.
Q 5. When is it possible?
Ans. (1) r <s.

_|_
(2) r > s+ 1 and Z u;, < s(k—1)—1 by Lemma 3

since Ng(m) > q — 1

Note. The Griesmer codes constructed in this way

are called the Griesmer codes of Belov type.



To construct a code of length n = s6,_1 — Zf;g u;0;,

we shall make a multiset s> — (A4

A,) with

some uj-flats A; (1 < j < r) if possible. Then, by
Lemma 1, the multiset gives a [gq(k,d), k, d]; code.

Q 5. When is it possible?
Ans. (1) r <s.

+1
(2) r > s+ 1 and sz u; < s(k—1)—1 by Lemma 3

1=1

since Ng(m) > q— 1.

Note. The above is impossible if

+1
r>s4 1 and szl w; > s(k — 1), see [Hill, 1992].
1=



To construct a code of length n = s0,_1 — Zfzg u;0;,
we shall make a multiset s> — (A1 4+ --- + Ar) with
some u;-flats A; (1 < j < r) if possible. Then, by
Lemma 1, the multiset gives a [gq(k,d), k, d]; code.

Q 5. When is it possible?
Ans. (1) r <s.
+1
(2) > s+ 1 and szluz- <s(k—1)—1 by Lemma 3

1=

since Ng(m) > q— 1.

Q 6. What can we do when
+1
r>s41 and leui>s(k—1)?
1=



Thm 4. Let w=s-+ 1 and assume
2 u;, = s(k—1) — 14t with an integer ¢, 1 <t <gqg—1.

Then there exists a [gq(k,d) + t, k,d]q code if one of
the following conditions holds:

(a) Uyy—t+1 = """ = Uw > Ugyy4-1 and
Nq(k —m) > tq+ dp—1;
(b) uy—_t41 =" =uw, r =w and Ng(k —m) > tgq,

(C) w; =ujqp1 =+ =uUjqy_1 = uyw + 1 fOr some ¢ and
Ng(k—m —1) > tq + dm.



Example 3.

It is known that n3(6,189) = ¢3(6,189) + 2.

For g =3, k=6 and d = 189, we have
d=3>-2.33, s=1, uiF+ur=s(k—1)—-1 + 2.

d can be also expressed as

d=3°-6-32withs=1, v} +ub=s(k—1) 1.
Since N3(3) = 8, one can find planes 61, ...,0g SO that
> = PG(5,3) contains 61 + --- + dg, Where 61,..., ¢
are planes corresponding to six monic irreducible poly-
nomials of degree 3 over F3. Then, the multiset
> —(614+---+b6) gives a [g3(6,189)+2,6,189]3 code.



Thm 4. Let w=s-4+ 1 and assume
w
> u; =s(k—1)—141¢t with an integert¢, 1 <t <g—1.

=1

Then, there exists a [gq(k,d) + t,k,d]q code if one of
the following conditions holds:

() Uy—t41 =+ = Uw > Uyy1 ANd
Ng(k —m) > tq + dyp—1;
(D) Uy_y41 =+ =uw, r =w and Ng(k —m) > tq,
(C) uj = ujp1 =+ =uUj44_1 = uw + 1 for some 7 and

Nq(k_m_l)ZtQ‘l‘dm-

Especially when t = 1, we get the following.



_|_
Assume r > s+ 1 and u_sz u; = s(k—1).

’[,_

Thm 5. (Kageyama-M)
(1) For ¢ =2, [ga(k,d) + 1,k,d], code.

(2) 7gqg(k,d) +1,k,d]q code if 1 <s<k—3, ¢g>3 and
if one of the following conditions holds:

(@) ugq1 > ugyp ifr>s+1;
(b) r =54 1;

(C) ue = ugz41 + 1 for some integer ¢

(3) lgq(k,d) + 1,k,d]q code for
(k=2)g"F 1 —kg"2+1<d < (k—2)¢" 1 — (k—1)g" 2
for ¢ > k > 3.



Thm 5 (2) yields the following.

Corollary 6. 3 [gq(k,d) + 1,k,d],; code for

(@) sqg" "1 —5¢" 2 —2¢° +1<d<s¢F 1 —s5¢"2 — ¢
forl1 <s<k—-—3,q9q>s+1, k>4,

(b) (k—3)¢" 1 —(k—2)¢" 2 4+1<d< (k—3)g" !
—(k—=3)¢F2—2¢k 3 forqg>k—-—2>3;

() qk—l _ qu/Q +1<d< qk—l _ qk/Q _ qk/Q—l
for all g if k is even;,

(d) qk—l _ 3q(k—1)/2 +1<d< qk—l _ 2q(k—l)/2
for ¢ > 3 if k£ is odd.



Thm 7. (Klein-Metsch, 2007)
A Rt P T S
Let d = sqg — X tiq “with 0 <t; <q.

=1

kol k1o k—4
Assume t; > 0, to =0 and X ¢t,q" 7" < rqg" ™. Then

1=3
nq(k,d) > gq(k,d) + 1 if the following conditions hold:
(a) s < min{ty,k — 1}.
(b) t1 < (¢+1)/2.
(c) t14+7r < g and r is a non-negative integer.



Thm 7. (Klein-Metsch, 2007)
A Rt P T S
Let d = sqg — X tiq “with 0 <t; <q.

=1

kol k1o k—4
Assume t; > 0, to =0 and X ¢t,q" 7" < rqg" ™. Then

1=3

nq(k,d) > gq(k,d) + 1 if the following conditions hold:
(a) s < min{ty,k — 1}.

(b) t1 < (¢g+1)/2.
(c) t14+7r < g and r is a non-negative integer.

k—4 .

Ex. d = (k—2)¢* 1 —(k—1)¢F2— Z d;q’, ¢ > 2k—3,
]:

k>4,0<dy 4<k—3,0<d;<q-—1forj<k-5.



Thm 7. (Klein-Metsch, 2007)
A Rt P T S
Let d = sqg — X tiq “with 0 <t; <q.

=1

kol k1o k—4
Assume t; > 0, to =0 and X ¢t,q" 7" < rqg" ™. Then

1=3

nq(k,d) > gq(k,d) + 1 if the following conditions hold:
(@) s<min{t1,k—1}. s=k—2, 11 =k—1

(b) t1 <(¢g+1)/2. < qg=>2k—-3

(c) t14+7r < q and r is a non-negative integer. r = k-2

k—4 .

Ex. d = (k—2)¢* 1 —(k—1)¢F2— Z d;q’, ¢ > 2k—3,
]:

k>4,0<dy 4<k—3,0<d;<q-—1forj<k-5.



ng(k,d) = gq(k,d) for d > (k —2)¢" 1 — (k. — 1)¢* 2.

ng(k,d) > gq(k,d) for

e d=(k—2)¢" 1 —(k—1)¢"2(:=dq) for
g>k, k=23,4,5; for¢g>2k—3, k> 6 (M, 1997).
oedi— (k—2)¢"F%4+1<d<dyforqg>2k—3, k>4
(Klein-Metsch, 2007).

Thms 5 and 7 determine nqy(k, d):

Corollary 8. ny(k,d) = gq(k,d) + 1 for
di— (k=2)¢"%4+1<d<dyifg>2k—3and k > 5.



Example 4. For the case when ¢ = 5 and k£ = 5,
[g5(5,d) + 1,5,d]s codes exist for d = 491-495, 551-
575, 876-975, 1251-1375 by Thm 5 and Cor 6, at
least 57 of which are optimal.



Example 4. For the case when ¢ = 5 and k£ = 5,
[g5(5,d) + 1,5,d]s codes exist for d = 491-495, 551-
575, 876-975, 1251-1375 by Thm 5 and Cor 6, at
least 57 of which are optimal.

Q 7. Find ny(5,d) for ¢ > 5 for

(D) ¢* - -¢?+1<d<q¢*-¢>—q
(2) 2¢* +1<d<2¢*+¢% — ¢,

3) ¢*—¢®>-2¢°+1<d<q*—¢>-¢>

+1
Note that S_zl u; > s(k — 1) for the above d.

1=



4. Construction of g-divisible codes

An [n,k,d]q code is called m-divisible if all codewords
have weights divisible by an integer m > 1.

Thm 9. (Ward, 1998)

Let C be a Griesmer [n,k,d]p, code with p prime.
If p® divides d, then C is p®-divisible.



Lemma 10. C: m-divisible [n,k,d], code, ¢ = p",
p prime, m=9p", 1 <r<h(k—2), \g> 0, with spec.

Gy d—im — g fOr 0 < < w — 1.

= dC*: t-divisible [n*,k,d*]q code with
t = qk_Q/ma n* = ntq — %ek—lv d* = ((?’L — d)q - ’I’L)t,
whose spectrum is

Q¥ % it = )"L for O S ) S YO
where \; = |C;| (# of i-points for C).
C* is called a projective dual (p.d.) of C, see

A.E. Brouwer, M. van Eupen, The correspondence between projective codes

and 2-weight codes, Des. Codes Cryptogr. 11 (1997) 261—-266.



The multiset Mg« is given by considering the hyper-
planes H with mge(H) = n —d — jm as j-points in the
dual space >*of Z for0<j3j<w—1.
Example 5.
C1: 3-div [19,6,9]3
with spec. (ai1,a4,a7,a19) = (6,114,201,43)
J projective dual
Ci: 27-div [447,6,297]3 (n* = 3a1 + 2a4 + a7)
with spec. (alos3,ais5g) = (19,345)

P(ag,a1,...,a5) € PG(5,3) is a j-point for Cj if
wt((ag, -..,a5)Go) = 35 + 9.



Q 7. Find ng¢(5,d) for ¢ > 5 for

(1) g*—¢®>—¢?+1<d<¢*—q¢>—q
(2) 2¢*+1<d<2¢*+¢% —q,

(3) ¢*—¢>—2¢°+1<d<q*-q¢>—q¢°




Lemma 11. 3 ¢-div. [¢°+4q,5,¢° —q]s code with spec.

2 o) 3 3 2
(aO,CLq,CLQQ) — (q 2 C], q4 o q2 q 17 4 +2q ‘I‘Q)

Lemma 12. 3 ¢-div. [¢°,5,¢° — 3q], code with spec.
(a07 QAgq, a’2(p a’3q> — (%(q o 1)(2q _I_ 5) _l_ 17
3 .2
¢* + 5T +3q, 3(%), (2).
K: an s-arc in PG(r,q) if

e K is a set of s points in PG(r,q).
e NO r+ 1 points of K are on a hyperplane.

When g > r, there exists a (¢ + 1)-arc.



Lemma 11. There exists a ¢-divisible [¢°+q,5,¢%2—q]q
code Co with spectrum

>
(ag, aq, azq) = (£54,¢%* — ¢q

3 2
2 | q | 1,2q ‘|‘§>C] ‘|‘CI).

Construction

¢: line, §: plane with /Nd =0 in X = PG(4,q)

K ={Qq,Q1,..-.,Qq}: a (¢+1)-arcind

t=A{Po, P1,..., P}, li = (P, Qq)-

Setting C1 = (U/_yl;) \ ¢ and Co = X\ C1, we get a
g-divisible [¢2 + ¢,5,¢% — qlq code Co.



> =PG(4,q9)
eNo=10

K: a(g+1)-arciné
li = (P, Q)

q
Ci1=(C(U )\?
1=0

= (o is a g-divisible
[¢°+4q, 5, ¢°—q]q code.




Lemma 12. There exists a g-divisible [¢2,5, ¢° — 3¢]q
code C3 with spectrum

(CL(), Aq, A2q, a’3q) — (%(q — 1)(2q + 5) + 1,
3_ .2
¢ + 5434, 3(3), (3)):

Construction
H: hyperplane of >~ = PG(4,q)

P: point € H
K={Q1,...,Qq}: a g-arcin H

Setting C; = (U!_,1;) \ P and Co = >\ C7, we get a
g-divisible [¢2, 5, ¢° — 3¢]4 code Cs.



H: a hyperplane of X = PG(4,q)

K: g-arcin H

P: a point of > out of H

l1,--+,1g: lines through Ps.t. U\_{(,NH) =K
C1 = (Uj_1l) \ P, Co =X\ Cq

= (3 is a g-divisible [¢%,5, ¢% — 3¢]4 code.

> P

ZAN

ney




Lemma 11. 3Cs: g-div. [¢° + q,5,¢° — q]q code with

2 o) 3 3 2
(aO,CLq,CLQQ) — (q 2 C], q4 o q2 q 17 4 +2q ‘I‘Q)

Lemma 12. 3C3: ¢-div. [¢2,5,¢9° — 3q]; code with
(ag, aq, asg, a3q) = ((q¢ —1)(2¢ +5) + 1,

0t + 5% + 34, 3(9), (9)
K: an s-arc in PG(r,q) if

e K is a set of s points in PG(r,q).
e NO r+ 1 points of K are on a hyperplane.

When g > r, there exists a (¢ + 1)-arc.



Thm 13.
Co: g-divisible [¢° + ¢, 5, ¢° — q]4 code
} projective dual
C5: q°-divisible [¢* 4+ 1,5,¢* — ¢3], code
J geometric puncturing
[¢*+1—t(q+1),5,q* —q¢>—tq]g code for 1 <t <qg—1

o n* =q¢*+1=ygy5¢*—¢>)+ 1.
e C3 is not optimal, for 3[g,(5,d),5,d], if d = ¢* — ¢>.
e [ he resulting codes are optimal, giving

ng(5,d) = gq(5,d)+1 for ¢*—¢>—¢°+1 < d < ¢*—¢>—q.



Lemma 11. 3Cs: g-div. [¢° + q,5,¢° — q]q code with

2 o) 3 3 2
(aO,CLq,CLQQ) — (q 2 C], q4 o q2 q 17 4 +2q ‘I‘Q)

Lemma 12. 3C3: ¢-div. [¢2,5,¢9° — 3q]; code with
(ag, aq, asg, a3q) = ((q¢ —1)(2¢ +5) + 1,

0t + 5% + 34, 3(9), (9)
K: an s-arc in PG(r,q) if

e K is a set of s points in PG(r,q).
e NO r+ 1 points of K are on a hyperplane.

When g > r, there exists a (¢ + 1)-arc.



C3: g-divisible [¢?,5,¢% — 3q]q code
} projective dual

C%: q-divisible [204 + 1,5,2¢%], code
with weights 2¢* and 2¢* + ¢2.



Lemma 14. (Hill-Newton, 1992)
C: [n,k,d]q code
Co: [no,k — 1,dp]q code

If 3¢ € C with wt(c) > d + dg
= 3C": [n+ ng, k,d + dp]q code

e \We apply Lemma 14 to
C: [204 4+ 1,5, 2q4]q code, wt(c) = 2¢* + ¢°
CO: [q2 _I_ 17 47 q2 _ Q]q code.

= 3C": [20% + ¢° + 2,5,2q¢% + ¢° — q]4 code



Thm 15.
C3: g-divisible [¢?,5,¢° — 3q]q code
} projective dual
C%: g?-divisible [204 4 1,5,2q¢%], code
I Lemma 14 with [¢° + 1,4,¢° — qlq
[292L +¢° +2,5,2¢* + ¢° — ¢]q code
J geometric puncturing

[267 + ¢* + 2 — u1,5,2¢* + ¢* — (u+ 1)q]q code
forO<u<qg—2

o n* = 20% = g,(5,2¢%) + 1.
e C} is not optimal, for 3[gy(5,d),5,d]q if d = 2¢*.



Thm 15.
C3: g-divisible [¢2, 5, ¢° — 3q], code
J projective dual
C%: g?-divisible [204 4 1,5,2q¢%], code
I Lemma 14 with [¢° + 1,4,¢° — qlq
[292L + g2+ 2,5,2¢% + g% — qlq code
} geometric puncturing

[267 + ¢° + 2 — u1,5,2¢* + ¢* — (u+ 1)q]q code
forO<u<qg—2

e [ he resulting codes are Griesmer, giving

ng(5,d) = gq(5,d) for 2¢* +1 < d < 2¢* 4+ q¢% —q.



5. Open problems

Q 7. Find ng¢(5,d) for ¢ > 5 for

(1) ¢*—¢>—¢?+1<d<¢*—¢>—q
(2) 2¢*+1<d<2¢*+¢% —q,
B)¢*—®—2¢°+1<d<q*—¢>—¢°

+1
Note that %Z u; > s(k — 1) for the above d.

1=1

We have solved the above question for (1) and (2).

But it is still open for (3)!



Problem 2. 3 g-div. [(¢+ 1)?,5,¢°]q code?

C: g-divisible [(¢ + 1)2,5, ¢°%], code
J projective dual

C*: g°-divisible [¢* — ¢° — ¢, 5,¢* — ¢ — ¢°], code.
n*=q*—q¢*—q=945,¢"— ¢ —¢*) + 1.
C* is optimal, for Alge(5,d),5,d]q if d = q¢* — ¢ — ¢°.
If C is projective, then the spectrum is
(a1, ag+1,a0441) = ((51), ¢* 24224, 3+5(75 1) +1).
e A [9,5,4], code does not exist.
o A ¢-div. [(¢+ 1)2,5,¢°]; code exists for ¢ = 3,4, 5.
e For g = 4, there are 31 such codes, two of which

are non-projective: (a1,as,ag9; A>) = (14,208,119;1)



Conjecture. n4(k,d) < gq(k,d) + k —2 for k > 3.

Problem 3. Construct [gq(k,d) + k — 2,k,d]; codes
for all g,d and k > 3.

For k = 3, the conjecture is valid for all ¢ < 19, see
Simeon Ball's website:

S. Ball, Table of bounds on three dimensional linear
codes or (n,r)-arcs in PG(2,q),
http://www-ma4.upc.es/~simeon/codebounds.html



Conjecture. n4(k,d) < gq(k,d) + k —2 for k > 3.

Problem 3. Construct [gq(k,d) + k — 2,k,d]; codes
for all g,d and k > 3.

For k = 3, the conjecture is valid for all ¢ < 19, see
Simeon Ball's website:

S. Ball, Table of bounds on three dimensional linear
codes or (n,r)-arcs in PG(2,q),
http://www-ma4.upc.es/~simeon/codebounds.html

Thank you for your attention!
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