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Lecture 21.6:

Boundary conditions

Part 3a: Homogenous Dirichlet 
boundary conditions

http://www.dealii.org/


http://www.dealii.org/    Wolfgang Bangerth

 

Zero Dirichlet conditions

Consider this simple example:
● Solve the Laplace equation with zero boundary values:

● Assume we use the following mesh:

{1,5,6}: “real” degrees of
freedom

{0,2…4,7…9}: Constrained
to zero

−Δu  = f        in Ω
      u  = 0       on Γ=∂Ω
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Zero Dirichlet conditions

There are three approaches:
● Consider only “free” degrees of freedom
● Consider all degrees of freedom

– do local assembly without boundary conditions
– copy to global system
– eliminate boundary DoFs

● Consider all degrees of freedom
– do local assembly without boundary conditions
– eliminate boundary DoFs
– copy to global system

Criteria: All approaches are correct; which one we like 
best is determined by considerations of algorithm design!
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Zero Dirichlet conditions

Approach 1:
● Don't enumerate constrained degrees of freedom
● Only enumerate the 3 unconstrained ones:

 1 0,      5 1,      6 2→ → →

0
1

2 3 4

5

6

7
8

9

X
0

X X X

1

2

X
X

X

http://www.dealii.org/


http://www.dealii.org/    Wolfgang Bangerth

 

Zero Dirichlet conditions

Approach 1:
● Then assemble a 3x3 linear system as usual:
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Zero Dirichlet conditions

Advantages of approach 1:
● All degrees of freedom are really “free” (i.e., determined 

by a linear system)
● Linear system is much smaller (3x3 vs 10x10)
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Zero Dirichlet conditions

Advantages of approach 1:
● All degrees of freedom are really “free” (i.e., determined 

by a linear system)
● Linear system is much smaller (3x3 vs 10x10)

But: This size reduction doesn't matter on finer meshes!

      1 vs 9 DoFs              9 vs 25 DoFs           49 vs 81 DoFs
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Zero Dirichlet conditions

Disdvantages of approach 1:
● The FEM is at its best if you can do the same on every 

cell:
– when enumerating degrees of freedom
– when assembling
– when evaluating the solution at individual points
– … 
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Zero Dirichlet conditions

Disdvantages of approach 1:
● If Dirichlet conditions only on parts of the boundary: 

Some boundary nodes would have to be treated 
differently than others.
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Zero Dirichlet conditions

Disdvantages of approach 1:
● What to do in cases of vector-valued problems and 

conditions of the sort  u.n=0?
● Example: Fluid flow with velocity components (u

x
,u

y
)

● Boundary condition here is n
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Zero Dirichlet conditions

Approach 2:
● Enumerate all degrees of freedom regardless of boundary 

conditions

Variation 2a:
● Compute local contributions regardless

of boundary DoFs
● Assemble into one big linear system
● Zero out rows and columns

for boundary DoFs {0,2,3,4,7,8,9}
● Fix up zero rows
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Zero Dirichlet conditions

Example for approach 2a:
● Compute local contributions regardless of boundary DoFs
● Assemble into one big linear system

(forget about sparsity for a moment)
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Zero Dirichlet conditions

Example for approach 2a:
● Compute local contributions regardless of boundary DoFs
● Assemble into one big linear system
● Zero out rows and columns for DoFs {0,2,3,4,7,8,9}
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Zero Dirichlet conditions

Example for approach 2a:
● Compute local contributions regardless of boundary DoFs
● Assemble into one big linear system
● Zero out rows and columns for DoFs {0,2,3,4,7,8,9}

The resulting system has a 3x3 sub-block for “free” DoFs
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Zero Dirichlet conditions

Example for approach 2a:
● Compute local contributions regardless of boundary DoFs
● Assemble into one big linear system
● Zero out rows and columns for DoFs {0,2,3,4,7,8,9}
● Fix under-determination:
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Zero Dirichlet conditions

Result for approach 2a:

We get a linear system of the form

The solution satisfies 0
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Zero Dirichlet conditions

Result for approach 2a:

We get a linear system of the form

The solution satisfies 0
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Zero Dirichlet conditions

Summary approach 2a:
● Compute local contributions regardless of boundary DoFs
● Assemble into one big linear system
● Zero out rows and columns for boundary DoFs
● Fix up zero rows

This results in a linear system that:
● Has the desired solution
● Is invertible
● Has a few more zeros in it
● Is symmetric if the original matrix was symmetric
● Is SPD if the original matrix was SPD
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Zero Dirichlet conditions

Implementation approach 2a (step-4):

void Step4::assemble_system {
    …;
    for (cell=...) {
        ...assemble cell_matrix, cell_rhs...;
        ...add cell_matrix, cell_rhs to system_matrix, system_rhs...;
    }

    std::map<types::global_dof_index,double> boundary_values;
    VectorTools::interpolate_boundary_values (dof_handler, 0,
                                            ZeroFunction<dim>(),
                                            boundary_values);
    MatrixTools::apply_boundary_values (boundary_values,
                                      system_matrix, solution, system_rhs);
}
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Zero Dirichlet conditions

Summary approach 2a:
● Compute local contributions regardless of boundary DoFs
● Assemble into one big linear system
● Zero out rows and columns for boundary DoFs
● Fix up zero rows

Advantages:
● Can do the exact same thing on

every cell during assembly/postprocessing
● Relegate handling b.c. to a separate

part of the code, independent of assembly
● Can use same solver regardless of boundary conditions
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Zero Dirichlet conditions

Summary approach 2a:
● Compute local contributions regardless of boundary DoFs
● Assemble into one big linear system
● Zero out rows and columns for boundary DoFs
● Fix up zero rows

Disadvantages:
● We have a few more rows and columns
● We have to modify the linear system

after global assembly
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Zero Dirichlet conditions

Approach 2:
● Enumerate all degrees of freedom regardless of boundary 

conditions

Variation 2b:
● Compute local contributions regardless

of boundary DoFs
● Zero out rows and columns

for boundary DoFs {0,2,3,4,7,8,9}
● Fix up zero rows
● Assemble into one big linear system

0
1

2 3 4

5

6

7
8

9

http://www.dealii.org/


http://www.dealii.org/    Wolfgang Bangerth

 

Zero Dirichlet conditions

Example for approach 2b:

Recall that the linear system

is computed from contributions of all cells:
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Zero Dirichlet conditions

Example for approach 2b:

Recall that the linear system

is computed from contributions of all cells. For example:
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Zero Dirichlet conditions

Example for approach 2b:

Recall that the linear system

is computed from contributions of all cells.

In reality, of course, we only store the
dense 3x3 sub-block:
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Zero Dirichlet conditions

Example for approach 2b:

Recall that the linear system

is computed from contributions of all cells.

Zero out rows and columns DoFs {0,2,3,4,7,8,9}:
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Zero Dirichlet conditions

Example for approach 2b:

Recall that the linear system

is computed from contributions of all cells.

Zero out rows and columns DoFs {0,2,3,4,7,8,9}:
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Zero Dirichlet conditions

Example for approach 2b:

Recall that the linear system

is computed from contributions of all cells.

Fix up under-determinedness:
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Zero Dirichlet conditions

Example for approach 2b:

Recall that the linear system

is computed from contributions of all cells.

Then add to global linear system:
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Zero Dirichlet conditions

Summary approach 2b:
● Compute local contributions regardless of boundary DoFs
● Zero out rows and columns for boundary DoFs
● Fix up zero rows
● Assemble into one big linear system

Actual implementation:
● The last three operations are all done

at the same time
● The local contributions are not modified
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Zero Dirichlet conditions

Implementation approach 2b (step-6):

void Step6::assemble_system {
    ConstraintMatrix constraints;
    VectorTools::interpolate_boundary_values (dof_handler, 0,
                                            ZeroFunction<dim>(),
                                            constraints);
    …;
    for (cell=...) {
        ...assemble cell_matrix, cell_rhs...;
        cell>get_dof_indices (local_dof_indices);
        constraints.distribute_local_to_global (cell_matrix, cell_rhs,
                                              local_dof_indices,
                                              system_matrix, system_rhs);
    }
}
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Zero Dirichlet conditions

Summary approach 2b:
● Compute local contributions regardless of boundary DoFs
● Zero out rows and columns for boundary DoFs
● Fix up zero rows
● Assemble into one big linear system

Advantages:
● Can do the exact same thing on

every cell during assembly/postprocessing
● Relegate handling b.c. to a separate

part of the code, independent of assembly
● Can use same solver regardless of boundary conditions
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Zero Dirichlet conditions

Summary approach 2b:
● Compute local contributions regardless of boundary DoFs
● Zero out rows and columns for boundary DoFs
● Fix up zero rows
● Assemble into one big linear system

Disdvantages:
● We have a few more rows and columns
● We have to modify the linear system

after local integration or during
copy-local-to-global
(both options are easy and cheap)
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Summary

We are driven by algorithm design considerations:
● We want to do the exact same thing on every cell
● We want to isolate handling of boundary values to as few 

code pieces as possible

● Dealing with small, dense, local
contributions is simpler than with
global linear systems

Consequently:
● Enumerate all degrees of freedom
● Integrate locally regardless of boundary conditions
● Deal with boundary values during assembly or after
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A final implementation detail

As a postscript:
Consider a linear system of the form

This matrix is ill-conditioned if

Consequence:
● We should not place 1.0 on the diagonal
● Algorithm instead use values “similar to other entries”

(
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a11 a15 a16

1
1
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)=(
0
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)
|aij|≫1    or   |aij|≪1
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